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Abstract

A hesitant fuzzy set extends the notion of a fuzzy set by allowing membership values to be represented as sets of values
drawn from a predefined domain, typically the real unit interval. In this paper, we introduce a novel framework in
which membership values are instead drawn from the power set quantale of a semigroup. This shift is motivated by the
fact that such a power set quantale admits residuation, thereby offering a rich algebraic setting for the development of
the theory of hesitant fuzzy sets and hesitant fuzzy relations. We provide several characterizations of hesitant fuzzy
relations, with particular emphasis on hesitant fuzzy equivalences, their classes and partitions, as well as hesitant fuzzy
quasi-orders.

Keywords: Hesitant fuzzy sets, power set quantale, hesitant fuzzy equivalences, hesitant fuzzy partitions, hesitant
fuzzy quasi-orders.

1 Introduction

Fuzzy set theory was introduced by Lotfi A. Zadeh in 1965 [38] as a mathematical framework for dealing with imprecise,
vague, or uncertain information. Unlike classical (crisp) set theory, where an element either belongs or does not belong
to a set, fuzzy set theory allows for degrees of membership. Fuzzy sets are used in any field where knowledge is imprecise
or qualitative, such as control systems, decision making, image processing and pattern recognition, artificial intelligence,
expert systems, and medical diagnosis.

Over time, various generalizations of fuzzy sets have been proposed to better capture different forms of uncertainty.
Gehrke et al. [I6] provided a solid theoretical foundation for interval-valued fuzzy sets, showing how they can be
naturally studied within the framework of lattice theory. In 1976, Zadeh [40] proposed type-2 fuzzy sets, where the
membership function is represented as a fuzzy set rather than a single crisp value, thus enabling a more nuanced
representation of uncertainty. Other important developments include rough sets by Pawlak [27] and intuitionistic fuzzy
sets by Atanassov [2].

The theory of fuzzy sets has provided a foundation for the development of various relational structures, including
fuzzy equivalence relations and fuzzy quasi-orders, which are essential in modeling similarity, clustering, and hierarchical
structures under uncertainty. Zadeh originally introduced the notions of fuzzy equivalence relations and quasi-orders in
[39]. Belohldvek further elaborated these ideas and he established a formal algebraic and relational framework [6]. Later,
Bélohldvek and Vychodil (2005) introduced fuzzy equational logic, providing a method for reasoning about fuzzy equality
and relations [7]. Ciri¢ et al. conducted a comprehensive analysis of fuzzy equivalence relations and the corresponding
equivalence classes and partitions [I1], while Ignjatovié¢ et al. explored the properties of fuzzy quasi-orders [20]. More

Corresponding Author: M. Tasié
Received: September 2025; Revised: August 2026; Accepted: August 2026.
https://doi.org/10.22111/ijfs.2026.52427.9390


https://orcid.org/0000-0001-7011-1484
https://orcid.org/0000-0003-3126-1265
https://orcid.org/0000-0002-9853-3993
https://orcid.org/0000-0001-8625-4682
https://orcid.org/0000-0003-0563-4267

2 M. Tasié, S. Stanimirovi¢, J. Ignjatovié, M. Cirié, M. Stankovié

recently, Ghodousian et al. investigated structural and optimization aspects of fuzzy relation equations, including the
characterization of their feasible solution sets and conditions for feasibility [17].

In many real-world applications, especially those involving multiple experts or incomplete information, it is more
appropriate to assign several possible membership values to an element rather than a single one. While classical fuzzy
set theory effectively models gradual transitions between truth values, it is limited by assigning a single membership
degree to each element, which may fail to capture the hesitation arising from multiple plausible evaluations. To address
this limitation, Torra and Narukawa defined hesitant fuzzy sets in 2009, [35], allowing the membership grade of an
element to be expressed as a finite set of values, typically from the unit interval [0,1]. This formulation explicitly
captures hesitation and provides a natural extension of Zadeh’s original fuzzy set theory.

This concept was further developed in subsequent works. Xu and Xia [37] introduced hesitant fuzzy elements as the
basic building blocks of hesitant fuzzy sets, while Dehmiry et al. [I5] extended the framework to hesitant £-fuzzy sets
by replacing the unit interval with a lattice structure. In addition, Dehmiry et al. generalized hesitant fuzzy relations to
hesitant £-fuzzy relations in [I4], further increasing the expressive power of the framework. More recently, Talafha et al.
[32] proposed a new structure of hesitant fuzzy relations based on a hesitant fuzzy Cartesian product and a lattice-based
framework, with an application to academic performance assessment. Other recent studies have explored hesitant fuzzy
structures from different perspectives. For instance, Sup-hesitant fuzzy ideals and p-ideals have been studied in the
setting of BCK/BCl-algebras by Takallo et al. [24], while Tilahun [33] investigated hesitant fuzzy subalgebras, ideals,
and congruences on autometrized algebras, as well as characteristic equations and level subsets of hesitant fuzzy sets
and relations. In addition, hesitant fuzzy soft sets have been investigated through new numerical characteristics such
as scored-energy, with applications to clustering and decision-making [1J.

Despite these developments, most existing approaches to hesitant fuzzy sets are primarily based on numerical
structures and aggregation operators (cf. [34] B5]). As a result, they do not provide a general algebraic framework
supporting residuation and the systematic study of relational structures, such as quasi-orders and equivalence relations.
Bustince et al. showed that hesitant fuzzy sets equipped with Torra’s operations do not satisfy the law of absorption
[10]. Jara et al. addressed this problem and, in their work [21], proposed a definition of a symmetric order on hesitant
fuzzy sets, which resulted in a lattice structure. Nevertheless, the corresponding symmetric meet and join operations
do not coincide with those defined by Torra. Although residuated structures have been considered in some works (e.g.,
[28]), they are typically developed under additional assumptions or restricted to specific subclasses of hesitant fuzzy
sets. Recently, Merino et al. [23] proposed an order-oriented framework for hesitant fuzzy elements, demonstrating
that several classical orders fail to induce lattice structures, whereas the symmetric order yields scores that satisfy key
normative criteria for scoring functions.

In addition, previous studies on hesitant fuzzy equations have primarily focused on solving specific systems using
numerical or parametric methods. For example, Babakordi and Allahviranloo [3] introduced methods for solving hesitant
fuzzy systems of the form AX = B, defining norms of hesitant fuzzy vectors and introducing the concepts of hesitant
fuzzy zero, “almost equal”, “less than” and “equal” of two hesitant fuzzy numbers. The solution of the system is
obtained via a minimization problem. Furthermore, Babakordi and Taghi-Nezhad [4] studied partial and half hesitant
fuzzy equations and classified solution types. Further developments include fully hesitant parametric fuzzy equations
131].

While the previously mentioned contributions offer practical computational techniques, they do not provide a fully
algebraic framework for reasoning over relational structures. In contrast, our approach provides a unified algebraic
setting in which systems of relational inequalities and equations can be analyzed via residuation. In this work, we
establish the foundational framework, leaving detailed applications and computational studies for future research.

A major open problem in this area is the construction of an algebraic structure for hesitant fuzzy sets that is both
residuated and supports efficient solving of equations using residuals. Such a structure would generalize classical fuzzy
logic while preserving the expressive power of hesitant evaluations.

This paper proposes a novel framework for hesitant fuzzy sets and relations based on power set quantales induced by
semigroups. The proposed approach provides an algebraic framework for the study of hesitant fuzzy relational structures,
with particular emphasis on residuation and relational properties. It enables a systematic analysis of hesitant fuzzy
relations within a power set quantale setting, without requiring further specialization of hesitant fuzzy sets to obtain a
residuated algebraic structure.

Our primary contribution lies in proposing a novel framework based on power set quantales, providing a residuated
algebraic structure over which hesitant fuzzy sets and relations can be naturally defined and solved straightforwardly.
We begin with a semigroup (S, *), where * denotes a binary associative operation on S. From this semigroup, we
construct its power set P(S), and define a binary operation on subsets A, B C S by

AR B={a*b|a€ Aandbe B}.



Hesitant fuzzy sets and hesitant fuzzy relations with membership values in power set quantales 3

This construction yields an algebraic structure called a quantale. We refer to this structure as the power set quantale
of a semigroup S, and we develop the theory of hesitant fuzzy sets and hesitant fuzzy relations over such quantales.

The approach developed in this paper focuses on the algebraic treatment of hesitant fuzzy sets and relations within
the framework of power set quantales induced by semigroups. Although inspired by fuzzy set theory, this approach is not
merely a replacement of the underlying space of membership values by a power set structure. In the present framework,
hesitant fuzzy sets assign to each element a value from the power set quantale of a semigroup S. This leads to a distinct
algebraic setting in which the power set quantale operations are induced by the set-theoretic structure and the operation
of the underlying semigroup. The resulting quantale-based framework provides a natural setting for residuation and
the study of hesitant fuzzy relational structures, while also laying the foundation for future investigations of relation
inequalities and equations. The residuation property provides a natural tool for characterizing and computing greatest
solutions of relation inequalities and equations.

Within this setting, we introduce and study hesitant fuzzy equivalence relations and hesitant fuzzy quasi-orders and
investigate their connections with hesitant fuzzy partitions and the corresponding classes of equivalence. These results
extend the theory of hesitant fuzzy relations to a broader algebraic setting and open new directions for research on
uncertainty modeling in non-standard logical frameworks.

While quantale-based approaches and hesitant fuzzy sets have been investigated independently throughout the
literature, their combination in the form considered in this paper has not been previously addressed. The contributions
of the present work include:

- Introducing a novel algebraic framework for hesitant fuzzy sets based on power set quantales constructed from
semigroups;

- Extending classical and fuzzy relational properties to this framework and investigating their structural character-
istics;

- Developing a residuated algebraic structure that provides a foundation for the analysis of hesitant fuzzy relational
systems and future studies of hesitant fuzzy relation inequalities and equations.

The results of the paper provide an algebraic framework for modeling relations in situations where disagreement
among experts, measurement variability, or insufficient information may lead to many degrees of similarity. In such
settings, hesitant fuzzy relations allow similarity evaluations to be represented as sets of possible values. The char-
acterization of hesitant fuzzy equivalence derived in this paper offers a mathematical foundation for creating hesitant
fuzzy partitions, which may be treated as clusters of related items. This paradigm is effective in making similarity
evaluations in uncertain fields including medical diagnosis, document classification, and image recognition. Another
important applications include multi-expert decision making. Many decision-making processes involve specialists eval-
uating alternatives based on several factors. Their assessments often yield many evaluation values rather than a single
score. Hesitant fuzzy relations can model evaluations without premature aggregation. Using hesitant fuzzy equivalence
relations, experts can detect indistinguishable alternatives, whereas hesitant fuzzy quasi-orders can reflect preference
or dominance relations. Such structures are crucial in multi-criteria decision analysis, where options must be ranked or
classified despite evaluation uncertainty.

The remainder of this work is organized into the following sections. Section[2]introduces the algebraic structures used
throughout the paper, such as lattices, semigroups, monoids, quantales, and investigates their properties. Furthermore,
it explores the residuation properties in quantales, as well as the power set quantale construction from a given semigroup.
Section [3] provides a generalization of hesitant fuzzy sets using values in the power set quantale. Specifically, it provides
the definition of hesitant fuzzy sets and their key properties, such as residuation. Section [4] gives the definition and
basic properties of hesitant fuzzy relations. In Section [5] we provide a characterization of hesitant fuzzy equivalences.
We define the indistinguishability and extensionality with respect to an equivalence, as in the case of fuzzy equivalences,
and provide the construction of equivalences from hesitant fuzzy sets. Finally, we provide their connection with hesitant
fuzzy partitions and hesitant fuzzy semi-partitions. In Section [6] hesitant fuzzy quasi-orders are studied, and the natural
hesitant fuzzy equivalences induced by them are defined. Related constructions such as aftersets and foresets are also
discussed. In the final section, we present several concluding remarks.

2 Preliminaries

Within this section, we present basic notions that we use throughout the paper. The terminology and fundamental
concepts are based on references [5, 8 9], [I8]. For further information about the application of quantales, we refer to
[29).
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A lattice is a partially ordered set (S, <) in which every finite subset of S has a supremum and infimum, or as a
tuple (S, A, V) in which binary operations A and V on S satisfy the laws of commutativity, associativity, and absorption.
These two definitions are mutually interchangeable. In addition, a lattice is complete if supremum and infimum exist
for an arbitrary subset of S.

A semigroup is an ordered pair (S, %), consisting of a nonempty set S equipped with an associative binary operation
* (multiplication or the product). Furthermore, a monoid is a tuple (S, x, 1) in which (S, %) is a semigroup and 1, is
the identity element on S.

A (partially) ordered semigroup (resp. ordered monoid) is a tuple (S, *,<) (resp. a tuple (S,*,1. <,)) such that
(S, %), is a semigroup (not necessarily commutative), (S, <) is a (partially) ordered set, and the (partial) order < is
compatible relative to the multiplication x, i.e. for all a,b,c € S, it holds

a<b = cxa<cxb and axc<bxc.
A quantale is an algebra Q = (@, V, A, ®,0, 1), in which the following conditions hold:

Q

1) (@, V,A,0,1) forms a complete lattice with least element 0 and greatest element 1;
(Q2) (Q,®) is a semigroup, which does not have to be commutative;
)

(Q3) for arbitrary a € @ and {b;};,cr C @ the following infinite distributive laws hold
a® (\/bi> =\/(a®@b), (\/bi> ®a=\/(b:®a). (1)
iel iel iel iel

The operation ® is called multiplication. If ® is a commutative operation on @), then Q is called a commutative
quantale. If the semigroup (@, ®) has the identity element (i.e., if there exists 1g such that (Q,®, lg) is a monoid),
then Q is called a unital quantale, and if this identity coincides with the greatest element 1, then @ is called an integral
quantale. The least element 0 is the zero of the semigroup (Q, ®), i.e. a®0=0®a =0, for every a € Q. A commutative
integral quantale in which 1g is also the greatest element (i.e., 1 = 1g), is known as a complete residuated lattice.

In what follows, let Q@ = (Q, A, V,®,0,1) denotes a quantale. Due to the infinite distributivity, quantale Q admits
two binary operations \ and / on Q, defined as:

a\b:\/{ceQ|a®c<b}, (2)
b/a:\/{ceQ|c®a<b}, (3)

for any a,b € Q. We call a\b the right residual of b by a, and b/a the left residual of b by a. The following residuation
property holds:

a®b=c & a<c/b & b<ad\c (4)
for each a, b, c € Q. The following is valid for each a,b,c € Q:
b<c = a®b<a®c¢, bRa<c®a, a\b<a\e, bla<c/a.

If ® is a commutative operation on @, then it holds a\b = b/a, for all a,b € Q. In that case, the operations \ and /
are denoted by —. Then, the residuation property becomes

a®b<c & a<sb—g, (5)
for all a,b,c € Q. Also, in that case, we define a new operation on @), called the biresiduum, as:
a+b=(a—=b)A(b—a),

for all a,b € Q.
Let 1g be the identity element for ® in a unital commutative quantale Q@ = (Q,V,A,®,0,1). Then, for any
a, b, c € Q, the following properties are satisfied (cf. [30]):

lg +a=a, (6)
(a—=b)®@(b—c)<(a—c), (7)
(b)) @b c) <(as0). (8
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These properties follow directly from the residuation property.

In the sequel, we provide an example of a quantale that is presented in the papers [19, 22]. Kruml and Paseka
in [22] referred to this example as the most general example that leads to any quantale. Example is particularly
significant, as it serves as a starting point for the key results of the present study.

Example 2.1. Let (S, *) be a semigroup, and let P(S) denote the power set of S, ordered by inclusion. Then, (P(S),C)
is a complete lattice. Define the operation of multiplication ® on P(S) as

A@B={axb|a€ Abe B}, (9)

for all A, B € P(S). From the definition of ®, it follows that multiplication is isotone in both arguments, that is, for
all A, B,C € P(S),

ACB = A®CCB®C and C®ACC®B. (10)

Moreover, ® distributes over arbitrary unions. In particular, for any family {A;}ier C P(S) and any B € P(S), we
have:

(U Ai> ®B=|J4®B), B (U Ai> = JB®A4,). (11)

i€l icl iel iel

Then P(S) = (P(S),U,N,®,0,5) forms a quantale, known as the power set quantale of S. It is clear that P(S) is a
commutative quantale (resp. unital quantale) if (S, %) is a commutative semigroup (resp. (S,*,1.) is a commutative
monoid). In the latter case, the identity for the multiplication ® is given by lg = {1.}. The right residual B\A of A
by B and the left residual A/B of A by B are respectively defined as:

B\A={ceS|B®{c} C A}, (12)
A/B={ceS|{ct®BC A}, (13)

for every A, B € P(S) (see [19]). We call \ and / the left and right residuum operations on P(S). The residuation
property is satisfied for every A, B,C € P(S):

ABCC & ACC/B < BCA\C. (14)
Remark 2.2. The following alternative definitions for the residuals hold:

J{ceP®) | BeCC A ={ceS|Ba{c}C A4},
J{ceP®) | ceBC A ={ceS|{c}eBC A4},

for all A, B € P(S). By definition of ® in @D, for B,C € P(S5), we have:

BeC={bxc|beB,ceC}=|J(Ba{c}).
ceC

Hence, for any C C S,
BRCCA & B{cCA, foralceC.

Thus, the largest such set C consists exactly of all elements ¢ € S satisfying B ® {c} C A, which proves the claim. The
second equality follows analogously. However, we stick to the original definitions (@ and of the residuals in power
set quantales for the sake of simplicity.

If the multiplication operation * in the semigroup S is commutative, then the multiplication operation ® in P(S)
is also commutative. In that case, the left and right residuum operations coincide, and therefore we denote both by
the same symbol —, that is, A — B = A\B = B/A, for all A, B € P(S). We refer to — as the residuum operation on
P(S). The biresiduum operation on P(S) is defined by A <> B= (A — B)N (B — A), for all A,B € P(9).

Example 2.3. We provide some examples of power set quantales.
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1. Let S = [0,1] be the real unit interval equipped with a t-norm x. Then, the structure (S,*,1) is a commutative
monoid. According to Earample it follows that the structure (P(S),U,N, ®,0,S) forms a commutative unital
power set quantale, where @ is defined by @, and where the identity element is given by 1g = {1}. The residuals
are calculated by and , and they are equal as ® is a commutative operation on P(S). In other words,
B\A = A/B, for every A, B € P(S).

We further adopt the following conventions:

o If x is the Godel t-norm, specified as a x b = min{a, b}, for every a,b € S, P(S) is called the Godel power
set quantale;

e If % is the Lukasiewicz t-norm, specified as a * b = max{0,a + b — 1}, for every a,b € S, P(S) is called the
Lukasiewicz power set quantale;

e If x is the product t-norm, specified as a xb = a - b (the usual multiplication), for every a,b € S, P(S) is
called the product power set quantale.

For example, let A ={0.1,0.3,0.7} and B = {0.3,0.5,0.6} be two subsets of S, and let P(S) be the Gidel power
set quantale. Then, A® B = {0.1,0.3,0.5,0.6} and A — B = B\A = A/B = {0.1,0.3}. Furthermore, if P(S) is
the product power set quantale, then

A® B = {0.03,0.05,0.06,0.09,0.15,0.18,0.21, 0.35, 0.42},
and B\A=A/B = 0.

2. Consider the set N of natural numbers equipped with the minimum operation A. Then, the ordered pair (N, \) forms
a commutative semigroup. According to Ezample the structure (P(N),U,N,®,0,N) forms a commutative
power set quantale, where ® is defined as @[), which takes the form A® B = {aAb|a € A andb € B}, for
every A, B € P(N). For example, if A ={1,2,3,4,5,6} and B = {4,5,6,7,8}, then A® B ={1,2,3,4,5,6} and
A—B=DB\A=A/B=1{1,2,3,4,5,6}.

3. Let S = {(a1,a2,a3,a4) | a1,a2,a3,a4 € Z} be the set of all four-dimensional vectors with integer coordinates.
Define a binary operation & on S by componentwise addition:

(a1, a2, a3, as) B (b1,ba, b3, bs) = (a1 + b1, a2 + ba, az + b3, as + ba).

Since componentwise addition of vectors is associative, (S, ®) is a semigroup. Moreover, the neutral element for &
is the vector (0,0,0,0), hence, (S, ®) forms a commutative monoid. Consequently, the structure (P(S),U,N, ®,0,S)
forms a unital power set quantale, where ® is defined by

A B={a®b|a€c Abe B},
for all A,B C S. As an illustration, let A, B C S be defined by
A=1{(1,2,1,-1),(1,0,2,1)}, B=1{(1,0,0,1),(1,-2,1,3)}.
By applying the quantale multiplication and the corresponding residuum operation, we obtain
A® B =1{(2,2,1,0),(2,0,2,2),(2,-2,3,4)},

A — B={0,-2,-1,2},

B— A={0,2,1,-2}.
The vectors in S may be interpreted as evaluations with respect to four criteria. Since different experts may assign
different evaluations to the same object, a subset of S can be used to represent the collection of all evaluations

assigned to that object. In this way, the power set quantale provides an algebraic structure for representing and
manipulating hesitant information arising from multiple expert opinions.

4. Now we present an example of a non-commutative power set quantale. Let
S ={123,132,213,231, 312,321},

be the set of all permutations of M = {1,2,3}, linearly ordered by the lexicographic order <. Then, the structure
(S, <,0,1) constitutes a complete lattice structure with least and greatest elements denoted by 0 = 123 and 1 = 321,
respectively.
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Consider the composition o of permutations as the usual composition of mappings. Consequently, (S,o) is a
noncommutative semigroup (for example, 132 0 312 = 213 and 312 0 132 = 321). According to Example
(P(S),U,N,®,0,8) is a power set quantale, where @ is defined by (9), that is, A® B ={p1ops | p1 € A and ps €
B}, for every A, B € P(S). Consider the particular example where A = {123,132,213} and B = {213,312}.
According to Ezample[2.1] we get the residuals B\A = {213,231} and A/B = 0.

In the next remark, we point out the connection between the residuum operation in P(.S) and the residuum operation
in S, in the case when S is the real unit interval and the multiplication operation on S is a left-continuous or continuous
t-norm.

Remark 2.4. Let P(S) be the power set quantale of a semigroup S. Then, for arbitrary a,b € S, we get

{af\{b} ={z e S[{aj@{z} C{b}} ={z € S|axz =10},
{p}/{a} ={zeS|{z}@{a} C{b}} ={z € S|z*xa=0}

In other words, we have that {a}\{b} is the set of all solutions to the equation a * x = b in S, whereas {b}/{a} is the
set of all solutions to the equation x xa =b in S.

In what follows, let S = [0, 1], let * = ® be an arbitrary left-continuous t-norm on [0, 1], and let — be the residuum
operation (residual implication) on [0, 1] corresponding to ®. Since the left-continuous t-norm ® is commutative on
S = [0,1], it follows that the multiplication operation in P([0,1]) is also commutative, and hence the left and right
residuum operations on P([0, 1]) coincide. However, in this case we will not denote this operation by —, as noted above,
but we will retain the notation \ (or /), to clearly distinguish it from the residuum operation on [0, 1], for which we
already use the symbol —.

As known, for any a,b € S, a — b is the greatest solution to the inequality a ® < b, and according to [12, Lemma
2], if the set {a}\{b} = {b}/{a} is non-empty, i.e., if a®x = b is a solvable equation in [0, 1], then a — b is also greatest
solution to this equation, that is, @ — b is the greatest element in {a}\{b}.

If the set is {a}\{b} is empty, meaning that the equation a ® x = b is not solvable, then the relationship between
the {a}\{b} and a — b is not so clear. However, if ® is a continuous t-norm, this relationship can be made considerably
clearer. Recall that a continuous t-norm ® satisfies the divisibility condition

a® (a—b)=aAlb, (15)
for every a,b € [0, 1], whose equivalent form is
b<a = (Bzrel0,1])a®x=h, (16)

for every a,b € [0,1] (cf. [6, Theorem 2.36 and Lemma 2.90] or [7, Lemma 1.39]). Now, according to and the fact
that the interval [0, 1] is linearly ordered, for arbitrary a,b € [0, 1] we have that

b<a & {a}\{b}#0 and a<b < {a}\{b} =0,

and therefore
Wb { T({a}\{b}) if {a)\{b} #0,
1 if {at\{b} =0,

where T X represents the greatest element of a set X.
It is interesting to observe that for a # b, the equation a ® x = b has no solution in [0, 1] if and only if all elements
of [0, 1] are solutions to a ® z < b.

3 Hesitant fuzzy sets over the power set quantale

Various definitions of hesitant fuzzy sets exist in the literature. Assume that X is a universal set. Torra [34] introduced
a hesitant fuzzy set on X as a function h assigning to each x € X a subset of [0,1], with X being a finite set. Each
such subset of [0, 1], referred to as a hesitant fuzzy element, represents the membership values of z. In particular, when
h(zx) forms a nonempty closed interval, the hesitant fuzzy set reduces to an intuitionistic fuzzy set.

In the same work [34], Torra proposed an alternative formulation of hesitant fuzzy sets based on sets of membership
functions. Given a collection of n membership functions M = {pi,...,un}, the corresponding hesitant fuzzy set
har : X — P([0,1]) is defined as:

har(z) = | {n(@)}-

pneM
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Table 1: Comparison between the proposed approach and the approach in [34]

Feature ‘ Quantale-Based Approach ‘ Approach by Torra ‘

Values h(x) Subsets of a monoid 5, i.e., Multisets, tuples, or fuzzy
elements of the power set P(S) | numerical values

Join and meet Classical set-theoretic Based on t-norms and

operations union and intersection t-conorms

Underlying Quantale P(S), equipped Not a lattice; operations do

structure with union and intersection not satisfy the absorption laws

Main focus Axiomatic, algebraic approach Semantically driven approach
based on quantales rooted in fuzzy logic context

Pei and Yi [28] provided another definition, describing a hesitant fuzzy set h on X as a collection of ordered pairs
h = {{z,h(z)) | x € X}, where h(z) is a collection of distinct values in [0, 1], corresponding to the membership degrees
of x in h.

In the present section, we consider a notion of a hesitant fuzzy set with values in the power set quantale of an
arbitrary monoid. Let S = (S, *,1,) be a monoid, and let @ = P(S) be the power set of S. Recall from Example
that the structure P(S) = (P(9),U,N, ®, D, S), where the multiplication ® is defined as @, forms a unital quantale
with the identity element 1g = {1.}. This structure is referred to as the power set quantale of S.

Definition 3.1. Let X be a nonempty set (a universal set). Furthermore, let S = (S, *,1,) be a monoid, let Q = P(S)
be the power set of S, and let @ = (P(S),U,N,®,0,S) be the power set quantale of S. Then, a hesitant fuzzy set on X
over Q, or simply a hesitant fuzzy set, is any function h : X — Q.

Throughout the rest of this work, X denotes a universal set and Q denotes the unital power set quantale of a monoid
S. Some particularly important hesitant fuzzy sets are:

1. Empty hesitant fuzzy set: hg(z) = 0, for each x € X,
2. Full hesitant fuzzy set: hg(x) = S, for each z € X.

For a hesitant fuzzy set h : X — @ and x € X, we say that h(z) is the hesitant fuzzy element of h. In fact, h(zx)
represents the membership value of x in h. The set of all hesitant fuzzy sets on X taking membership values in Q is
denoted by QX.

As stated in Deﬁnition in this paper, hesitant fuzzy sets are modeled as functions of the form h : X — Q = P(5)
where the values are given as subsets of a monoid S. The union and intersection operations between two hesitant fuzzy
sets h1 and ho are defined pointwise as follows:

(h1 @] hg)(x) = hl(l‘) U hQ(l‘), (h1 n hg)(x) = hl(x) N hg(l‘),

for all x € X. These operations correspond to the standard quantale structure Q, with union and intersection serving as
the join and meet operations, respectively, which differs from the algebraic frameworks proposed by Torra [34] and Pei
and Yi [28]. This formulation is significant for two reasons. First, in some sense, it generalizes the well-known definitions
of a hesitant fuzzy set proposed by Torra. Second, the algebraic richness of quantales offers a robust foundation for
structuring hesitant fuzzy sets, which in turn facilitates the development of the results established in this work. In
Table [3| we present a brief comparative overview between our approach and that in [34]. This comparison highlights
the fundamental structural and operational distinctions between the two frameworks.
The crisp part of a hesitant fuzzy set h on X, denoted by c(h), is a classical (crisp) subset of X described by

ch)y={z € X |1g C h(z)}. (17)
The height of h, represented by ||h||, is given by
18] = | (). (18)
reX

The crisp equivalence relation on X, given by ker h = {(z,y) € X x X | h(x) = h(y)}, is the kernel of a hesitant fuzzy
set h on X.
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Let hy,ho € QX. We say that h; and hy are equal (h; = hy) when hy(x) = hy(z) for all x € X. Likewise, we say
that h; is included in hy (hy C hg) when hy(x) C ha(z) for all x € X. Endowed with this partial order, the structure
9(X) = (Q%,U,N, hy, hs) is a complete lattice where hy and hg are the least and greatest elements, respectively. The
meet (intersection) (,c; h; and join (union) |J;c; hi of an arbitrary family {h;}ie; of hesitant fuzzy sets on X are
functions from X into @ defined by:

iel

(ﬂ m) (x) = [ hi(w), (U m) (x) = [J hi(x)

i€l iel iel iel

for every € X. As usual, we identify the structure Q(X) with the carrier set QX. In addition, the multiplication of
hesitant fuzzy sets is defined as the binary operation ® on Q(X) by:

(h1 ® ho)(z) = hy1(z) ® ha(z) = {a*b | a € hy(x) and b € ho(z)},

for every x € X. Since (S, #) is a semigroup by assumption (see Example [2.1)), the induced operation ® on Q¥ is
associative. More precisely, for all hy, ho, hs € QX and = € X, associativity of * implies:

(h1 @ (h2 ® h3))(x) = hi(z) ® (he(x) ® hs(x)) = hi(z) @ {B* v | B € ha(x), 7 € hs(x)}
={ax(B*x7)|a€ hi(x),B € ha(z),y € hs(z)}
={(axB)*v|a€ hi(x),B € hy(z),y € h3(z)}
= hi(z) @ ((ha2(x) ® h3(x))
= ((h1 ® h2) @ h3)(z).

Moreover, since ® is isotone under inclusion in each argument, that is, for all hy, ke, hg € QX
hiChy = hi®h3Cho®hy and h3®hy C hzQ® ha,

it follows that (QX,®) forms a partially ordered semigroup.
In addition, since the infinite distributive laws are satisfied in Q(X), for any family of hesitant fuzzy sets
{hi}ier € Q(X) and any hesitant fuzzy set g € Q(X), the following holds for all z € X:

(U hi(x)> ® g(z) = U (hi(z) @ g(z)),

icl el
) ® (U hi(g;)> =J (9(x) ® hi(x)).
el iel

Therefore, the structure Q(X) = (Q¥,U,N, ®, hy, hs) forms a quantale. In such a quantale, the residuals are defined
as follows. For arbitrary hi, ho € Q(X), the right residual ho\hy of hy by ho is defined by:

(ho\h1)(z) = {c € 5| hao(z) @ ¢ C hy(2)},
and the left residual hy/hg of hy by hs is defined by:
(h1/h2)(z) ={c € S| c® ha(z) C hi(2)},
for all z € X. For arbitrary hq, ho, hs € Q(X) the following residuation property holds:
hi®hy Chs < hy Chg/ha < hy C hi\hs.
If Q(X) is a commutative power set quantale, the right and left residuals coincide and we write:
(h1 = h2)(@) = (h2\h1)(x) = (h1/h2)(2),
for all z € X. The operation — is referred to as the residuum. Therefore, the residuation property is defined as follows

hi®hy Chs & hy Chy — hs, (19)
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where hq, ho, hs € Q(X) are arbitrary hesitant fuzzy sets on X. The commutativity of ® allows the introduction of the
concept of biresiduum in a standard way, i.e.,

(hy © ho)(x) = (b = ha)(x) O (ke = h1)(2), (20)

for all hy,he € Q(X) and all z € X. Recall that the term biresiduum was introduced in Section [2| Here, we extend it
to the commutative quantale of hesitant fuzzy sets.

Remark 3.2. Note that this setting provides all the structural properties needed for the remainder of the paper. In par-
ticular, since S is a monoid, the quantale Q 1is unital. The existence of the unit element in Q ensures the existence
of the corresponding neutral element lg in Q(X), which is used in the definition of a normalized hesitant fuzzy set,
ensuring their well-defined normalization property. Moreover, since Q is a complete residuated quantale, the induced
structure Q(X) is also residuated, so that left and right residuals exist. These properties together ensure consistency of
the induced hesitant fuzzy relational framework in the sense that all induced operations are well-defined and compatible,
and support all subsequent constructions in the paper.

Throughout the paper, hesitant fuzzy sets are represented as row vectors. In the following example, we apply the
residuation property to compute the greatest solution of hesitant fuzzy inequalities of the forms h®@u C g and w®h C g,
where v and w are unknown hesitant fuzzy sets on X.

Example 3.3. Let X = {x1, 29,23}, let Q be the product power set quantale such that S = [0,1] and axb=a-b for
all a,b € S. Consider the hesitant fuzzy sets h and g on X, defined as follows:

h=[{01,05} {0} {051}, g=[{05} {005} {051}].

We now consider the following hesitant fuzzy inequalities on Q:
h®ucg, w®hCy, (21)

where u and w are unknown hesitant fuzzy sets on X. Observe that ® is commutative here. Consequently, the left and
right residuals coincide and, by the residuation property , we obtain:

w(zy) = h(z1) — g(z1) = {0.1,0.5} — {0.5} ={ce€ S| c®{0.1,0.5} C{0.5}} =0,
u(ze) = w(xa) = h(za) = g(z2) = {0} = {0,0.5} ={ce S| c® {0} C{0,0.5}} =0,1],
w(zz) = h(zz) = g(zz) = {0.5,1} = {0.5,1} ={ce S| c®{0.5,1} C {0.5,1}} = {1}.

Hence, the greatest solution to the inequalities 18:

u=w=0 [0,1] {1}].

4 Hesitant fuzzy relations over the power set quantale

Recall that X denotes a universal set. For the remainder of the paper, S is presumed to be a commutative monoid, so
the power set quantale Q@ of S will be a commutative quantale and will have a unique residuum operation. A hesitant
fuzzy relation R on X is any function from X x X into (). For hesitant fuzzy relations, the inclusion, equality, ordering,
joins, and meets are introduced in the same way as for hesitant fuzzy sets. Given two hesitant fuzzy relations R; and
Ry on X, their composition is a hesitant fuzzy relation R; o Ry on X defined by

(Ri o Ro)(w,y) = | (Bu(w.a) ® Ra(a,y)), (22)

for any z,y € X.

Given a hesitant fuzzy relation R on X, its inverse is the relation R~! determined by R™!(y,x) = R(z,y), for any
x,y € X. By the definition of the inverse relation, (R~!)~! = R. The identity hesitant fuzzy relation Ax on X is given
by:

1 if x =,
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The zero and full hesitant fuzzy relations on X are given by
O(z,y) =0 and I(x,y)=S5,

respectively, for any z,y € X.
We denote by QX*X the collection of all hesitant fuzzy relations on X. For any h € Q¥ and R € QX*X, the
compositions h o R and R o h are hesitant fuzzy sets on X defined by

(hoR)(x) = |J My) ® R(y,x), (Roh)(z)= ] R(z,y)®h(y),

yex yeX

for all z € X. The composition h; o ho of two hesitant fuzzy sets hy, hy € QX is defined by

(hy o hy)( U hyi(x) ® ho(x), (23)

zeX

for all z € X. The value h; o hy represents the degree of overlap between hy and ho. For a hesitant fuzzy relation R on
X we introduce the n-th power R™ of R inductively as follows: R® = Ax and R"t! = R" o R, for each n € Ny, where
N, represents the set of positive integers and Ng = NU {0}.

Proposition 4.1. Let Ry, Ry, R3,T € QX*X be hesitant fuzzy relations on X, and let {R;}ic; € QX*X be a family
of hesitant fuzzy relations on X. The properties stated below hold:

Rio(R20 R3) = (Ri0Rz)o Rs, (24)

RiICRy = RioR3CRy0R3, RzoR;C R30R,, (25)

o (URZ) =J@ory, (URZ) o = J(RioT). (26)
i€l el el i€l

Proof. We first prove property . By the definition of composition of relations and the associativity of ®, for
arbitrary x,y € X, we obtain:

Ryo(RyoRs)(z,y) = | J (Ri(z,0) ® (R2 0 R3)(a,y)) = (Rl(x,a)@) U (RQ(a,b)®R3(b,y))>

acX acX beX

U U ((Ri(x.a) ® Ra(a.b)) @ Ry(b.y))

acX beX

U ( U (Rl(m,a) ® Rz(a,b)) ® R3(b, y))

beX \aeX

= ((R1 0 Rz2) o R3)(z,y).

To prove property , assume that Ry(z,y) C Ra(z,y) for all z,y € X. Then, by the isotonicity of ®, for all
x,y € X we obtain:

(Ri o Re)(x,y) = | (Ri(x,0) @ Ra(a,9)) € |J ((Ra(w,a) ® Ra(a,y)) = (Rz o Re)(x,y)-

acX aeX

The remaining inclusion can be proved analogously.
Property follows from the distributivity of ® over arbitrary joins. For arbitrary z,y € X, we have:

o <U Ri> (z,y) = U (T(aﬁ a)® (U Ri> (a, ) U U (z,a) ® Ri(a,y)) = U(ToRi)(as,y).

i€l i€l aeX icl
The remaining equality can be proved analogously. O
The next proposition characterizes the structure formed by all hesitant fuzzy relations on X.

Proposition 4.2. The algebra R(X) = (QX*¥X,U,N,0,0,I) forms a unital quantale in which the least element is the
zero hesitant fuzzy relation 0, the greatest element is the full hesitant fuzzy relation I, and the identity element is the
identity hesitant fuzzy relation Ax.
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Proof. One can readily verify that the structure (QX** U, N, 0,1), is a complete lattice in which 0 is the least element
and I is the greatest element. In addition, this lattice is distributive. Since holds, the structure (QX*X, o), forms
a semigroup, and moreover, (QX XX o A x) is a monoid. Finally, the infinite distributivity law also holds, which
completes the proof of the proposition. O

In what follows, we identify the structure R(X) with its carrier set QX*X.

If X is a finite set of cardinality n, then every R € R(X) can be interpreted as n x n hesitant fuzzy matrix over Q,
i.e. the matrix in which the elements are subsets of S. For two hesitant fuzzy relations Ry, R2 € R(X) and two hesitant
fuzzy sets hi, ho € Q(X), Ry o Rs is the matrix product, whereas h; o Ry can be treated as an 1 x n by n X n matrix
product and R; o h; as the product of an n x n matrix with the column vector hi{ (the transposed vector hi), i.e. as
vector-matrix products. Also, we can interpret hi o ho as the scalar product of hA; and hs.

Given a hesitant fuzzy relation R on X, we say that it is:

(R) Reflexive, if 1g C R(x,x), for each z € X, i.e., if Ax C R;
(S) Symmetric, if R(x,y) = R(y,x), for each x,y € X, i.e., if R = R7!;
(T) Transitive, if
R(z,y) ® R(y,2) C R(z, 2), (27)
for each z,y,z € X, ie.,if RoRCR.

Moreover, if R is reflexive, then R C R o R, and if R is a reflexive and transitive hesitant fuzzy relation then
Ro R = R. A reflexive and transitive hesitant fuzzy relation on X is called a hesitant fuzzy quasi-order on X. A
hesitant fuzzy relation on X, is called a hesitant fuzzy tolerance relation if it is reflexive and symmetric. It is called a
hesitant fuzzy equivalence relation (or simply a hesitant fuzzy equivalence) if it is reflexive, symmetric, and transitive.

A hesitant fuzzy equivalence F on X is called a hesitant fuzzy equality relation on X, or just a hesitant fuzzy equality
on X, if for all z,y € X, 1g C E(x,y) implies z = y. For F being a hesitant equality on X, a hesitant fuzzy relation
R is referred to as E-antisymmetric if for all z,y € X, the condition R(z,y) ® R(y,x) C E(z,y) is satisfied. We call a
reflexive, F-antisymmetric and transitive hesitant fuzzy relation a hesitant fuzzy FE-order.

Consider a hesitant fuzzy relation R on X. The smallest transitive hesitant fuzzy relation R satisfying R C R* and
R' =,,en R" is called transitive closure of R. The transitive closure R' of an arbitrary hesitant fuzzy relation R can
be expressed as

R'=|JR" (28)
neN

Further, for each x € X, the R-afterset of x is the hesitant fuzzy set zR € Q(X) given by zR(y) = R(z,y) and the
R-foreset of x is the hesitant fuzzy set Rz € Q(X) given by Rxz(y) = R(y,x), for any y € X. The collections of all
R-aftersets and R-foresets are represented by X/R and X\ R, respectively.

If F is a hesitant fuzzy equivalence relation, we denote E, instead of xtF = Fx and we refer to E, as the hesitant
fuzzy equivalence class (equivalence class for short) of E induced by z. Hence, E,(a) = E(z,a), for all a € X. The
collection of all equivalence classes of F is referred to as the factor set of X with respect to F, and is denoted by X/FE,
ie.,

X/E ={E, |z ¢ X}. (29)

We have already noted that if X is a finite set containing n elements, then a hesitant fuzzy relation R on X can be
represented as an n X n hesitant fuzzy matrix over Q. In that case, R-aftersets correspond to row vectors and R-foresets
correspond to column vectors of R.

In the following example, a hesitant fuzzy relation on X over the Godel power set quantale Q is represented by a
matrix, and its transitive closure is computed.

Example 4.3. Let X = {x,y} be a universal set, and let Q be the Gddel power set quantale defined in E:mmple
where S = [0,1] and a * b = min(a,b) for all a,b € S. Consider a hesitant fuzzy relation R on X that is reflexive and
symmetric, represented by the following matriz:

_[{0.1,0.5,1}  {0.1,0.2}
~ | {0.1,02} {051} |



Hesitant fuzzy sets and hesitant fuzzy relations with membership values in power set quantales 13

We compute the transitive closure of R. Applying the algorithm described above, we first obtain R?:

~ [{0.1,0.2,05,1}  {0.1,0.2}

R? )
{0.1,0.2} {0.1,0.2,0.5,1}

A direct verification shows that R%2 o R = R2, i.e., R? is transitive. Therefore, R? is the transitive closure of R. Note
that the obtained relation is a hesitant fuzzy equivalence on X.

5 Hesitant fuzzy equivalences, hesitant fuzzy equivalence classes and hes-
itant fuzzy partitions over the power set quantale

The current section provides the characterization of hesitant fuzzy equivalences and their relationship to hesitant fuzzy
partitions and hesitant fuzzy semi-partitions.

Let £(X) be a set of all hesitant fuzzy equivalences on X, i.e., £(X) is a subset of R(X). The set £(X) admits a
partial order on £(X) induced by the C ordering on R(X). Moreover, the following characterization holds.

Theorem 5.1. The structure (£(X),U,N) forms a complete lattice, in which the meet N coincides with the usual
intersection of hesitant fuzzy relations, while the join U of two hesitant fuzzy equivalence relations E1 and Ey is defined
as follows:

EyUE,=(|{H€&X)|E CH and Ey C H}.

Valverde [36] established that the meet of a family of fuzzy equivalence relations is itself a fuzzy equivalence relation
(Proposition 3.1). Motivated by this result, we formulate the following statement as a direct consequence of the
preceding theorem.

Corollary 5.2. Given a family {E;}icr of hesitant fuzzy equivalences on X, the relation E(z,y) = (\;c; Ej(z,y), is
itself a hesitant fuzzy equivalence on X.

Before stating the next results, we introduce several specific types of hesitant fuzzy sets that will be used in the
sequel.

Definition 5.3. A hesitant fuzzy set h on X is said to be normalized if there exists x € X such that 1g C h(x).

Definition 5.4. A hesitant fuzzy set h on X is said to be extensional with respect to (WRT) a given hesitant fuzzy
equivalence E if

hz) @ E(z,y) € h(y), (30)
and it is said to be indistinguishable WRT to E if
h(z) @ h(y) € E(z,y), (31)

for every x,y € X. Moreover, if h is normalized, extensional, and indistinguishable WRT to E, h is called a hesitant
fuzzy point WRT to E.

The following lemma provides two basic properties of a normalized hesitant fuzzy set with respect to the operations
® and —, used in later proofs.

Lemma 5.5. Let h,g € Q(X). If 1g C h(a), for some a € X (i.e., if h is normalized), then the following properties
hold:

9(x) € h(a) @ g(x), (32)
h(a) = g(x) € g(x), (33)
for every x € X.

Proof. Since 1g C h(a) and 1g ® g(x) = g(x) for each x € X, the monotonicity of ® yields 1g ® g(z) C h(a) ® g(x),
which proves (32]). Furthermore, follows from the property @ and the antitonicity of — in the first argument. [J



14 M. Tasié, S. Stanimirovié, J. Ignjatovié, M. Cirié, M. Stankovié

Lemma 5.6. A normalized hesitant fuzzy set h on X is indistinguishable WRT to E € £(X) if and only if it is included
in some equivalence class of E.

Proof. Assume that h is a normalized hesitant fuzzy set on X, i.e. 1g C h(a), for some a € X. According to (32),
h(z) C h(a) ® h(z) for every x € X. Next, suppose that h is indistinguishable WRT to E, that is holds. Then,

h(z) C h(a) ® h(z) C E(a,z) = E,(x),

for all x € X; thus h

C E,. For the converse direction, assume that h C FE, for some a € X. It follows that,
h(z) C E(a,z), and h(y) C FE

(a,y), for all z,y € X. By the monotonocity of ® and as F is symmetric, we get:
h(z) ® h(y) € E(a,2) ® E(a,y) € E(z,y),
for every z,y € X, hence h is indistinguishable WRT to E. O

The following lemma establishes a connection between hesitant fuzzy points and equivalence classes induced by a
hesitant fuzzy equivalence relation.

Lemma 5.7. A hesitant fuzzy set h on X is a hesitant fuzzy point WRT to E € £(X) if and only if h is an equivalence
class of E.

Proof. Assume that h is a hesitant fuzzy point WRT to a given E € £(X). Since h is normalized, then according to
Lemma we have h C E, for a € X such that 1g C h(a). Moreover, from and the fact that h is extensive WRT
to E, it follows:

E.(z) Ch(a) ® Ey(z) = h(a) ® E(a,x) C h(z),

for every z € X, meaning that E, C h. Hence, we showed that E, = h. To prove the converse implication, assume
that h = E, for some a € X. Since F, is an equivalence class, 1g C FE(a,a) = h(a), meaning that h is normalized.
Moreover, as E is transitive, it holds:

hz) © E(z,y) = E(a,2) ® E(z,y) € E(a,y) = h(y),

for every x,y € X, so h is extensive WRT to E. Finally, by using the fact that E is symmetric and transitive, the
following holds:

h(z) @ h(y) = E(a, ) ® E(a,y) € E(z,y),
for all z,y € X. Thus, h is indistinguishable WRT to E. O

The properties of hesitant fuzzy equivalences stated below are standard in related settings; however, for completeness,
we provide their proofs.

Lemma 5.8. The following assertions hold for an arbitrary E € £ (X):
(a) |[E @ Ey|| = E(x,y),
(b) 1g C E(z,y) © E, = E,,
for every x,y € X.
Proof. (a) Let E € £(X) be arbitrary. Then, for every z,y € X,
1B 0 Byl = | (Bo(@) @ By(a) = | (B(@.0)® E(a.9)) = E Bla,y) = E(ay),
a€Xx a€Xx

where the last equality holds due to reflexivity and transitivity of E.

(b) Let E;, = E,. Since E is an equivalence relation, it follows E(y,y) =
as lg C E(y,y), we also have 1g C F(x,y). Conversely, suppose that 1y C E(z,y). For every a € X, due to the
transitivity of ' and :

Ey(a) = E(y,a) € E(z,y) © E(y,a) C E(r,a) = Ey(a).

Analogously, we prove that E;(a) C Ey(a). Hence, E, = E,. O
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To construct hesitant fuzzy equivalence relation from a given hesitant fuzzy set h on X, we define the relation Ej,
by:
Ep(z,y) = h(z) & h(y) for every x,y € X. (34)
In what follows, we show that a Fj, is a hesitant fuzzy equivalence on X. First, for every x € X, 1g ® h(z) = h(z),
and by the residuation property , it follows that 1g C h(z) — h(x). Hence,

lg € h(x) < h(z) = Ep(x, x),

for every x € X. Consequently, Ej, is reflexive. Symmetry follows from the commutativity of the biresiduum, i.e., for
every z,y € X, we have:

En(z,y) = h(z) < h(y) = h(y) < h(z) = En(y, 2).
Finally, the transitivity of Ej follows directly from property . Therefore, E}, is a hesitant fuzzy equivalence on X.

Example 5.9. This example illustrates how formula can be used to construct the corresponding hesitant fuzzy
equivalences E,?, E,f and E,I; in a Godel, Lukasiewicz, and product power set quantales, respectively, which are defined
in Example (2.3).

Let X = {z,y, 2z} be the underlying universe in each of the three cases. First, consider a hesitant fuzzy set h on X
over the Gddel power set quantale given by h(x) = h(y) = {0.1,0.6} and h(z) = {0.3,1}. The corresponding equivalence
18:

{0.1}u0.6,1] {0.1}U[0.6,1] 0
Ef = [{0.1}U0.6,1] {0.1}U[0.6,1] 0
0 0 {0.3,1}

Next, we consider a hesitant fuzzy set h on X over the Lukasiewicz power set quantale, defined by h(xz) = {0,0.9},
h(y) = {0.6,1} and h(z) = {0,0.4,0.7}. In this case:

{0,0.1,1} ¢ {0}
EBF = 0 {1} 1]
{0} 0 [0,0.3]U{1}

Finally, consider a hesitant fuzzy set h on X over the product power set quantale, defined by h(x) = {0,0.7}, h(y) =
{0.2,0.7,1} and h(z) = {0.2,0.6}. The resulting equivalence is:

{0,1y 0 0
El = 0 {1} 0
0 0 {1}

Example 5.10. Let Q@ = (P(Np),U,N, ®,0,Ny) be the power set quantale of the semigroup (Ny,-), in which
A®B={a-blac Abe B},

for every A, B C Ny. Let X = {xz,y} and take h to be the hesitant fuzzy set on X over Q, given by

- [10,4,8,12}
©{0,8,16,24} |

Applying formula , we obtain the relation

_ oy {0
B oy {0,1}] |

It is straightforward to verify that Ey, is reflexive and symmetric. Moreover, EpoEy = Ey, and therefore Ey, is transitive.
Consequently, Ey, is a hesitant fuzzy equivalence on X over Q.
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The previous example illustrates the construction of hesitant fuzzy equivalences generated by a single hesitant fuzzy
set. We now extend this idea to families of hesitant fuzzy sets. Consider a family of hesitant fuzzy sets H on X.
According to Corollary the hesitant fuzzy relation on X given by:

Eq.[(fﬂ,y) = m Eh(xay)v (35)
heH

for all x,y € X, is a hesitant fuzzy equivalence on X.

Remark 5.11. Recall that the collection of fuzzy sets defined on the same universe forms a residuated lattice where
the greatest element coincides with the unit element, denoted by 1. In contrast, in the hesitant fuzzy setting the unit
element does not, in general, coincide with the greatest element.

In the classical fuzzy setting, a fuzzy equivalence can be obtained from a given fuzzy set in several ways. In addition to
the construction via biresiddum considered above, the following two fuzzy relations are also known to be fuzzy equivalence
relations:

o [f@ere) dety g [I@efe) i @) £ ),
Fi(e.y) {1 go=y, IOV {1 if () = (), (39

for every z,y € X (see [11]).
We can extend the definitions in to the hesitant fuzzy setting and define the relations E}, E) € QX*X as follows

h(z) @ h(y) ifx # vy,

E// , —
T ifz=y, h(2,y)

(37)

Ej(z,y) = { {h(fﬂ) @h(y) if h(z) # h(y),

T if h(x) = h(y),
for every xz,y € X, where T C S is an arbitrary subset containing the multiplicative identity 1. of S (that is, 15 CT).

However, Ej; and E} need not be hesitant fuzzy equivalences on X for any such T. The following example illustrates
this observation.

Example 5.12. Let X = {x,y,z}, let T C S = [0,1] be an arbitrary subset such that 1 € T, and let h be a hesitant
fuzzy set on X over the Godel power set quantale Q given by

h= [{0.3} {0.4,0.5) {0.1}} . (38)
Using , we obtain that Ej is given by

T {03} {0.1}
B, = {03} T {01}|.
{01} {01} T
Since a Nb € {a,b} CT foralla,b €T, we have that TRQT =T AT ={aAb|a,be T} CT. On the other hand, since

1 €T, we have thata=a N1 €T AT, for each a € T, so we get that T CT ANT =T QT. Therefore, TQT =T.
Now, if0.3¢ T or 0.1 ¢ T, then

E,oEy(2,2)=T®TU{03}®{03}U{01} ®{0.1} T =T U{0.3}U{0.1} £ T = E} (x,z).
Otherwise, if 0.3 € T and 0.1 € T, then
E,oEy(z,y) =T ®{0.3} U{0.3} ® TU{0.1} £ {0.3} = E} (x,y).

Therefore, in both cases we obtain that Ej is not transitive, and consequently, it is not a hesitant fuzzy equivalence
relation on X.

On the other hand, since, h(z) # h(y), h(y) # h(z), and h(z) # h(zx), it follows that E} = E}/, and hence E}/ is not
a hesitant fuzzy equivalence relation on X either.

We now turn to the notion of partitions induced by equivalence relations. A family of crisp subsets X = {X,;};er
of a set X is said to be a semi-partition of X if X; # () and X; N X; = 0, for all 4,5 € I. The family X = {X;}ics
satisfying (J;c; Xis = X is referred to as a cover of X. A semi-partition of X which is also a cover of X is termed a
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partition of X. In the crisp case, the collection of all equivalence classes of an equivalence relation on X is a partition
of X and every element of X belongs to one and only one equivalence class X;.

A precise definition of partitions induced by fuzzy equivalence relations can be found in the work of Murali [25].
Ciri¢ et al., in [11] defined fuzzy partitions and fuzzy semi-partitions following the approaches of De Baets [I3] and
Ovchinnikov [26]. According to them, a fuzzy partition of X is a collection of all distinct equivalence classes generated
by a fuzzy equivalence relation on X. A fuzzy semi-partition is a collection of equivalence classes (not necessarily all)
of some fuzzy equivalence on X.

In this section, we define analogous concepts in the context of hesitant fuzzy equivalences. A family X of normalized
hesitant fuzzy sets on X forms a hesitant fuzzy partition of X if it coincides with the collection of all mutually distinct
equivalence classes induced by a hesitant fuzzy equivalence on X. Any subset of a hesitant fuzzy partition of X is
referred to as a hesitant fuzzy semi-partition of X.

Lemma 5.13. A hesitant fuzzy set on X is normalized iff it contains an equivalence class of a hesitant fuzzy equivalence
on X.

Proof. (=) Let h be a normalized hesitant fuzzy set on X. Hence, there exists a € X such that 1g € h(a). Let define
the hesitant fuzzy equivalence E on X via biresiduum (34)),

E(z,y) = h(z) < h(y), forallz,yeX.
Consider the equivalence class E,. By definition of biresiduum and property of Lemma we obtain:
E.(z) = E(a,z) = h(a) +> h(xz) C h(a) = h(z) C h(x),

for all x € X. Consequently, £, C h.
(<) Counsider a hesitant fuzzy set h on X that contains an equivalence class E, of some hesitant fuzzy equivalence
E on X. Observe that 1g C E,(a) for every a € X. Since E, C h, h is normalized. O

Example 5.14. Observe that equivalence classes of an arbitrary hesitant fuzzy equivalence are normalized hesitant
fuzzy sets. For illustration, consider the hesitant fuzzy equivalence E = EE given in FExample , Denote by E, the
equivalence class induced by x € X, i.e., E,(y) = E(z,y) for every y € X. In particular, since E, = E,, and by
reflexivity of E, we obtain:

lg C Ey(x) = Ey(x).

The same reasoning applies to the class E,. Moreover, E, is also a normalized hesitant fuzzy set since 1g C E,(2).
To illustrate the converse, consider the normalized hesitant fuzzy set h on X = {x,y,z} over the Gédel power set
quantale, given by:

h= {03,051} {0.2,03} {0.3,06}.
Using formula , we obtain the following hesitant fuzzy equivalence E on X:

{1} 0 {0.3}
E=1 0 {02}uU[0.3,1] 0
{0.3} 0 {0.3} U [0.6,1]

Thus, h contains the equivalence class E...

Remark 5.15. Observe that, in the classical fuzzy setting, a normalized fuzzy subset coincides exactly with equivalence
class of a fuzzy equivalence on the same universe (see Theorem 3.1 in [11]). However, in the hesitant fuzzy setling,
a normalized hesitant fuzzy set only contains an equivalence class of a hesitant fuzzy equivalence relation. This an
observation is illustrated in Exzample[5.17)

One of the structural reasons for this difference is the lack of integrality of the underlying structure. In the classical
setting of complete residuated lattices, the structure is integral, meaning that the multiplicative identity coincides with
the greatest element, 1 = T. Therefore, the requirement that a normalized fuzzy set contains the multiplicative identity
is equivalent to requiring that its membership value reaches the greatest element.

In contrast, in the power set quantale @ = (P(S),U,N, ®,0,S), the multiplicative identity 1o and the greatest element
T = S are generally different. Hence, normalization only requires that the multiplicative identity 1g is contained in
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a hesitant fuzzy element, while the corresponding hesitant fuzzy element may contain additional elements of S and
therefore need not coincide with the greatest element T .

The lack of integrality of the underlying quantale has another important consequence: the relations defined in
need not be transitive. Indeed, for classical fuzzy relations defined by , transitivity follows from the fact that the
product of two elements a and b of a complete residuated lattice is bounded above by their meet, that is,

a®b<and,

which is a direct consequence of the fact that the multiplicative identity is the greatest element. However, in a non-integral
quantale, this inequality does not hold in general.

Example 5.16. This example shows that, in contrast to the classical fuzzy setting, a hesitant fuzzy set does mot
necessarily coincide with the equivalence classes of the induced hesitant fuzzy equivalence relation. Consider a semigroup
(Z4,+4), where Zy = {0,1,2,3} is and +4 denotes addition modulo 4. Let Q = (Z4,U,N,®,0,Z4) be the power set
quantale induced by this semigroup. Further, let h be the hesitant fuzzy set on X = {x,y, 2z} over Q given by

n= (0.2} {13} {o,11]. (39)
The corresponding hesitant fuzzy equivalence relation on X induced by h using formula is given by

{0,2} {1,3} 0]
E, = [{1,3} {0,2} 0
0 0 {0}]

It is immediately clear that h contains the equivalence class E,. However, h does not coincide with the equivalence
classes of E.

We now state a lemma characterizing all hesitant fuzzy equivalence relations WRT to which a hesitant fuzzy set is
extensional.

Lemma 5.17. The collection of all E € £(X) WRT to which a hesitant fuzzy set h is extensional forms the principal
ideal generated by Ey, defined in .

Proof. Let E € £(X) and h € Q(X). To establish the claim, it is enough to show that h is extensional w.r.t. E iff
E C Ej. Recall that Ej,(z,y) = h(z) <> h(y) for every z,y € X (see (34)).
We first prove that, if h is extensional WRT to E, then E C E;. By extensionality, for all z,y € X:

h(z) ® E(z,y) C h(y), h(y) @ E(y,z) C h(z). (40)

Since E is symmetric, the second inclusion is equivalent to h(y) ® E(z,y) C h(z). Applying the residuation property
to we obtain:

E(z,y) C h(z) = h(y), E(z,y) C h(y) = h(z).
Hence,
E(z,y) € (h(z) = h(y)) N (h(y) = h(z)) = h(z) < h(y).

Therefore, E(x,y) C Ep(z,y) for all z,y € X, i.e., E C Ep.
Conversely, assume that F C Ey, i.e., E(x,y) C Ep(x,y) for every x,y € X. By definition of E},, we have:

E(z,y) € h(z) < h(y) € h(z) = h(y),
and hence,
E(z,y) C h(z) — h(y). (41)
By applying residuation property to (4I]), we obtain:
h(z) ® E(z,y) C h(y),

which shows that h is the extensional with respect to E. O
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The following theorem gives several equivalent conditions for a family of normalized hesitant fuzzy sets to form a
hesitant fuzzy semi-partition of X.

Theorem 5.18. Given a family H of normalized hesitant fuzzy sets on X, the following statements are equivalent:
(i) H forms a hesitant fuzzy semi-partition of X ;

(ii) Given any h,g € H:

U r@) @g(@) € () hy) < 9v); (42)
reX yeX

(i) Given any z,y € X:
U r@)@n) € () 9@) < g). (43)
heH geM

Proof. (i) = (ii). Take H to be a hesitant fuzzy semi-partition of X. Hence, H consists of equivalence classes determined
by a hesitant fuzzy equivalence E on X. Then, for arbitrary h,g € H, there exist a,b € X satisfying h = E, and
g = Ep. According to Lemma [5.8]

E(a,b) = [|[E.® By|| = [[h®gll = | h(z) ® g(x).
reX

Next, choose an arbitrary y € X and set Fy = f. According to Lemma f is a hesitant fuzzy point WRT to F, and
specifically, f is extensional WRT to E. Then, by Lemma E C Ey. However, we further have:

E(a,b) C Ef(a,b) = f(a) < f(b) = Ey(a) <> Ey(b) = Eu(y) < Ep(y) = h(y) < g(y),

which yields:
E(a,b) C ) hly) < g(v)-

yeX

h(z) ® g(z) C h(y) < g(y), (44)

for every h,g € H, x,y € X. According to definition of biresiduum, for arbitrary h,g € H and x,y € X, we have:

h(z) @ g(z) € h(y) = 9(y), h(y) ®@g(y) € h(z) = g(z).
Residuation property , together with the commutativity of ® implies that
h(z) @ g(x) Ch(y) = gly) < hz)©g(z) @ h(y)

Cg(y)
& hz)@h(y)@g(r) € g(y)
& h(z)®@h(y) C g(z) —

Analogously, it can be shown:

h(y) ® g(y) € h(z) = g(z) < h(z) @ h(y) € g(y) = g().
Hence,
h(z) @ h(y) C g(x) < g(y), (45)

for every h,g € H and z,y € X. Hence, (iii) follows.
(iii) = (i). Suppose that condition (iii) is satisfied. It can be equivalently written as , forall h,g € H, z,y € X.
Now, choose an arbitrary h € H. For any x,y € X, it holds that:

h(z) @ h(y) € ) 9(x) < g(y). (46)
geEH
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Recall that, according to Corollary the hesitant fuzzy relation E3 on X given by , is a hesitant fuzzy equivalence
on X. By 7 for any z,y € X, we obtain:

h(z) @ h(y) € Exn(z,y),

which means that h is indistinguishable with respect to Ey. By the definition of Eyx, we have Fy; C Ej. According
to Lemma [5.17] this fact is equivalent to the one that h is extensional WRT to Fy. Finally, h is normalized by the
assumption; thus h is a hesitant fuzzy point WRT to Ey. Thus, by Lemma h corresponds to an equivalence class
of E3. As h was chosen arbitrarily, it means that each h € H is an equivalence class of Ey; thus, H is a hesitant fuzzy
semi-partition of X; therefore, (i) follows. O

Theorem [5.18 not only provides algebraic conditions under which a family of normalized hesitant fuzzy sets on X
constitutes a hesitant fuzzy semi-partition of X, but also offers computational insights. Rather than providing full
computational details, we only outline the main aspects of the computational analysis. To do so, assume that the set
X, the monoid of values S and the family of normalized hesitant fuzzy sets H on X are all finite. Denote |X| = nx,
|S| = ng, and |H| = ny. We begin by analyzing the computation costs for performing the operations ® and <> on
hesitant fuzzy sets on X.

Let ¢, denote the computational cost, for the monoid S. Then, we have cg = O(nQS - ¢x) as, according to @, we
perform * on each pair of elements of S in the worst case, and subsequently add the computed element to the set,
which does not exceed this complexity bound. Moreover, since we work within the commutative power set quantale,
the operation <> between two hesitant fuzzy sets on X can be computed from either of the residuals or . In
both cases, the computation reduces to performing ® between a hesitant fuzzy set and a one-element hesitant fuzzy set
{c}, for each ¢ € S. Consequently, we also obtain c., = O(n% - c,).

According to Theorem ‘H constitutes a hesitant fuzzy semi-partition on X if and only if holds. Let
h,g € H. For the left-hand side of C in ([42), we compute h(z) ® g(z) for each element z € X, each at cost of
cg = O(n%-c.). Hence, the complexity for computing all hesitant fuzzy sets on the left-hand side of C is O(nx -n%-c.).
The subsequent union | J, y h(z) ® g(z) can be computed linearly in the size of each hesitant fuzzy set h(z) ® g(x),
giving a complexity of O(nx -n%). Therefore, the total complexity of the left-hand side of remains O(nx -n% - c.).
A similar argument applies to the right-hand side.

Consequently, the total complexity to compute for given h,g € H is O(nx - n% - c.). We compute for each
pair h, g € H, making the total complexity to compute (2] equal to O(n3,-nx -n%-c.). Therefore, the total complexity
to determine whether H is a hesitant fuzzy semi-partition on X is

O(n3, - nx -n% - c.), (47)

which is polynomial in sizes of the input parameters.
On the other hand, Theorem also implies that H forms a hesitant fuzzy semi-partition on X if and only if
holds. By the analogous reasoning, the total complexity to compute is

O(na -n% -n2 - ), (48)

which is also the total complexity to determine whether H is a hesitant fuzzy semi-partition on X. Note that this
complexity is different from the one obtained using , but remains polynomial in the sizes of the input parameters.

Corollary 5.19. Given a hesitant fuzzy semi-partition H of X, for every h,g € H, it holds that:

U a@) @ g() = [ bly) © g(y).

reX yeX

Proof. Choose arbitrary h,g € H. It follows that h coincides with an equivalence class of a hesitant fuzzy equivalence,
thus h is normalized, meaning that there exists an element a € X for which 1g C h(a). Thus, by applying and

successively, we get:

() h(y) < g(y) € h(a) ¢ g(a) C h(a) = g(a) C g(a) € h(a) @ g(a) € | h(z) @ g(x).
yeX zeX

Combining the previous inclusion with Theorem [5.18 we obtain that the statement holds. O
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Example 5.20. Let X = {z,y,z}. We work over the Gédel power set quantale, defined in Example . Consider a
hesitant fuzzy set h on X, given by:

h=1{0.1,0.6} {0.3,1} {0.1,0.7}].

Using formula , we construct the corresponding hesitant fuzzy equivalence Ep on X :

(01}U0.6,1] 0 0.1}
E) = 0 {0.3,1} 0
(0.1} 0 {01}U[0.7,1]

Now, consider the hesitant fuzzy semi-partition X = {h, g} of X, where:
h=[13upe1 0 o], g=[{o1} 0 {o13ufe7 1)
It can be verified that part (ii) of Theorem holds. Furthermore, the condition in C’orollary also holds, namely,

U h@) @ g(z) = (] hlx) ¢ g(z) = {0.1}.

zeX zeX

However, note that X does not satisfy condition (H3) of Theorem stated below. More precisely, for y € X, we have
h(y) = g(y) =0, and

lg Lh(y),  1g L9(y).
This shows that X does not form a hesitant fuzzy partition.
Example 5.21. Let Q = (P(Z),U,N,®,0,Z) be the power set quantale of the semigroup (Z,+), where
A B={a+b|a€ Abe B},

for every A,B CZ. Let X = {x,y,z,w} and let h be the hesitant fuzzy set on X over Q, given by

h=[{0,2} {1,3} {0,2} {1,3}}.

Let us observe that h(y) = h(w) = {1,3} = {0,2}®@{1} = h(x)®@{1} = h(2)®{1}. Thus, we have {0,2} — {0,2} = {0},
{1,3} = {1,3} = {0}, {0,2} — {1,3} = {1} and {1,3} — {0,2} = {—1}. By definition, A <> B= (A — B)N(B — A),
for every A, B € P(Z), so we get:
{oy 0 {0} 0

U

{oy 0 {0} 0

0 foy 0 {0}

We further observe that Ey, has two different hesitant fuzzy equivalence classes:

By =

(Bn)e = (En). = [{0} 0 {0} 0], and (Eu)y=(E)u=[0 {0} 0 {0}

In other words, the residuum detects the translation by 1. The biresiduum then detects whether the translation works in

both directions simultaneously, which happens only when the two sets are equal.
It can be verified that the parts (ii) and (iii) of Theorem are satisfied. Furthermore, the condition in Corollary
also holds. For example:

U Ex(t) ®Eﬂc(t) = m Eﬂc(t) A Eac(t) = {O}

tex tex
Corollary 5.22. Let X be a hesitant fuzzy semi-partition of X. For each h,g € X, the following holds:

(H1) Ifh# g, then 1g £ ||h @ g]l;
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(H2) g(a) = |Ih @ gl|, for all a € c(h).
Proof. (H1) Let h,g € X such that h # g. According to Corollary and definition , we obtain:

Ih@gll= () ) < a(y).
yeX

Assume that 1g C [|h ® g||. Consequently, we get 1g C h(z) < g(z), for every x € X. However, according to the
residuation property, we obtain:

1o C h(x) ¢ g(z) C hw) = gla) i h(x) C g(a),
nd dually:
e 1o C hx) © g@) C g(z) » h(z) iff  g(x) C h(x),

for each x € X. In other words, we obtained h = g, which is a contradiction with the initial assumption. Thus, the

statement holds.
(H2) Follows directly from the proof of Corollary O

We proceed to examine fuzzy partitions, as characterized in the subsequent theorem.
Theorem 5.23. Let H be a family of normalized hesitant fuzzy sets on X. The following statements are equivalent:
(i) H is a hesitant fuzzy partition of X,
(i1) H is a hesitant fuzzy semi-partition of X and
(H3) for all x € X there is some h € H, with 1g C h(x),
(iii) H satisfies:
(H4) Every x € X uniquely determines h, € H satisfying lg C hy(z),
(H5) he(y) = ||he ® hyl|, for every z,y € X.

Proof. (i) = (ii). A hesitant fuzzy partition #H induces a hesitant fuzzy equivalence F on X such that each f € H
represents an equivalence class of E. Therefore, E, € H and 1g C E,(z), for each € X. Hence, the condition (ii)

follows.
(ii) = (iii). Assume that (ii) holds. According to (H3), for every x € X there is some h € H with 1g C h(z).
Assume that there exists g € H satisfying g # f and 1g C g(z). Then, from the monotonicity of ®, we get

lg Ch(z)@g(x) € | hly) @g(y) = [[h@gll,
ueX

which contradicts (H1). Thus, (H4) is valid. On the other hand, (H5) is reformulation of (H2).

(iii) = (i). Assume that (iii) holds. Following the notations from (H4) and (H5), let us define a hesitant fuzzy
relation E € R(X) on X by E(x,y) = ||hs ® hyl|, for every z,y € X. From (H4) and (H5), we get 1g C hy(z) =
[|he ® hz|| = E(z, ), for every x € X, thus E is reflexive. Moreover, F is symmetric. In the end, for every z,y,z € X,
we have:

E(z,y) © E(y, 2) = [[ha @ hy|| @ [[hy @ h|| = ha(y) @ h2(y)

< U ha(t) ® hz(t) = ||he @ h.|| = E(z, 2),
teX

meaning that E is transitive. In other words, F is a hesitant fuzzy equivalence on X. According to (H5), E(z,y) = h.(y)
for every z,y € X. Hence, H contains all equivalence classes of E, i.e., it is a hesitant fuzzy partition on X. O

The conditions (H3) and (H4) admit the alternative formulations (H3') and (H4'), respectively, given below:
(H3") {c(h)}nec forms a cover of X,
(H4’) {c(h)}nec forms a partition of X.
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Theorem [5.23] also provides a basis for analyzing the computational complexity of determining whether a family of
normalized hesitant fuzzy sets on X forms a hesitant fuzzy partition of X. Indeed, assume again that the sets X, S
and H are all finite, and denote | X| = nx, |S| = ng, and |H| = ny.

If the condition (ii) is used, we must first determine whether H is a hesitant fuzzy semi-partition of X, which
can be verified in or complexity. Afterwards, we need to check whether (H3) is satisfied, which is done in
O(nx - ny - ng) complexity. However, this bound does not exceed the one given either by or . Hence, the
overall complexity to determine the condition (ii) remains the same as the complexity of determining whether H is a
hesitant fuzzy semi-partition of X.

On the other hand, if condition (iii) is considered, both conditions (H4) and (H5) must be verified. Regarding
condition (H4), we can see that it can be performed in O(nx - ny - ng) complexity. For the condition (H5), for each
pair z,y € X, we need to calculate (h, ® hy)(z), which requires O(nx - n% - c.) operations, and then compute the
union over all z € X, which can be done in O(nx n%) complexity. We do this for each pair xz,y € X, leading to
the conclusion that (H5) is performed in O(n% - n% - ¢,) complexity. Thus, the overall complexity for condition (iii) is
O(nx -ny -ns +n% - n% - c).

A final note on the complexity issue is that, in the case when ny = nx = n (which belongs to case (iii) where
for every x € X is uniquely determined h, € H satisfying 1lg C h,(z)), then all final complexities for determining
whether a family of normalized hesitant fuzzy sets on X forms a hesitant fuzzy (semi-)partition of X are equal to
O(n? - n% - ¢4). We emphasize that the above complexity considerations are applicable only when the involved sets
are finite. Theorem and Theorem however, are stated in a general mathematical form and remain valid for
arbitrary (possibly infinite) families.

6 Hesitant fuzzy quasi-orders over the power set quantale

This section examines hesitant fuzzy quasi-orders on a finite set X and characterizes the natural hesitant fuzzy equiv-
alences induced by them. Furthermore, we provide necessary and sufficient conditions under which, for every hesitant
fuzzy quasi-order F' on X and the associated natural hesitant fuzzy equivalence E, there exists a bijection between the
collection X/F of all aftersets and the family X/FE of all equivalence classes, as well as between the collection X/F of
all aftersets and all foresets X\ F of F.

Lemma 6.1. Let F be a hesitant fuzzy quasi-order on X. Then, for all z,y € X the following conditions are equivalent:
1. 1g C Flz,y),
2. xF D yF,
3. Fz C Fy.
Proof. 1. < 2. Assume that 1g C F(z,y). In that case, according to and , for every a € X we obtain:
zF(a) = F(z,a) 2 F(z,y) ® F(y,a) 2 F(y,a) = yF(a).

Therefore, we conclude zF D yF.
Conversely, assume that o F O yF. Then

F(x,y) =2F(y) 2 yF(y) = F(y.y).

Reflexivity of F' implies 15 C F'(y,y), i.e., 1g C F(z,y).
Similarly, we show that 1. < 3. O

Assume that F' is a hesitant fuzzy quasi-order on a finite set X with n elements, represented by an n x n hesitant
fuzzy matrix. As noted in Section[5} in this representation, F-aftersets correspond to the row vectors, whereas F-foresets
correspond to the column vectors of this matrix.

Before proceeding, recall that every hesitant fuzzy equivalence relation £ on X induces a partition of X into
equivalence classes E,, for z € X, forming the factor set X/E defined in . This follows directly from the definition
of a hesitant fuzzy partition, introduced in Section [}

We now turn our attention to constructing hesitant fuzzy equivalence relations on X from a hesitant fuzzy quasi-
order F' on X, as described in Theorems and Each of these equivalence relations induces a partition of X into
equivalence classes, and hence a corresponding factor set X/FE. On these factor sets, we define the induced relations E
and F on X /E. This construction allows us to work on a reduced domain while preserving the relevant properties.
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Theorem 6.2. For a given hesitant fuzzy quasi-order F' on X, the following assertions hold:

(a) The mapping
E(x,y) = F(z,y) N F(y,z), foralz,ye€X, (49)

defines a hesitant fuzzy equivalence on X .
(b) For any x,z',y,y € X such that E, = E, and E, = E, it holds F(x,y) = F(2',y'), E(z,y) = E(z',y).
(c) The hesitant fuzzy relation E~'(E:,37 E,) = E(x,y), for all z,y € X is a hesitant fuzzy equality on X/E.
(d) The hesitant fuzzy relation F(E,, E,) = F(x,y), for every x,y € X is a hesitant fuzzy quasi-order on X/E.

Proof. (a) Let E(z,y) = F(z,y) N F(y,z) for arbitrary =,y € X. Reflexivity of E follows directly from reflexivity of
F, since 1g C F(x,x) for every x € X. Symmetry holds by construction:

E(y"r) = F(y’x) ﬂF(x,y) = E(m,y)

Transitivity is inherited from transitivity of F. Therefore, E constitutes a hesitant fuzzy equivalence on X.
(b) From E, = E,/, we obtain 1g C E(x,2’), that is,

lg CF(z,2")NF(z',2) = 1gC F(z,2'),1g C F(2/,x)
= gzF Dz Fand 2'F DaF
= gzF=12F.

Similarly, since E, = E,, then Fy = Fy'. Hence, the following holds
F(z,y) =aF(y) =2'F(y) = F(z',y) = Fy(2') = Fy'(2') = F(2',y"). (50)

Analogously, F(y,z) = F(y',2') and finally E(z,y) = E(a’,y').

(c) Let E(E,, E,) = E(z,y) for every z,y € X. According to item (b), E is a well-defined hesitant fuzzy relation
on X/E. Since FE is a hesitant fuzzy equivalence, E inherits reflexivity, symmetry, and transitivity, and hence is
itself a hesitant fuzzy equivalence on X/FE. To prove that it is also a hesitant fuzzy equality on X/E, assume that
1lg C E(Ew, E,) = E(xz,y), for some z,y € X. Hence, for each z € X, we obtain:

E.(z)=E(z,2) C E(y,z) @ E(z,2) C E(y,z) = Ey(2).

In addition,
Ey(z) = E(y,2) € E(z,y) ® E(y,2) € E(z,2) = Ex(2).

Therefore, £, = E,, thus we have proved that F is a hesitant fuzzy equivalence on X/FE.
(d) Again, according to item (b), F is well-defined on X/E, and it is a hesitant fuzzy quasi-order on X/E. O

The hesitant fuzzy equivalence E on X, defined as in Theorem given a hesitant fuzzy quasi-order F' on a set X,
is represented by Er. We reffer to it as the natural hesitant fuzzy equivalence of F.

According to the following result, the i-th and j-th row vectors of the matrix representation of Er are identical
if and only if the i-th and j-th column vectors are equal, and vice versa. Additionally, the same result shows that
there are bijective mappings between the collection of all aftersets X/F of a given hesitant fuzzy quasi-order F' and the
collection of all equivalence classes X/FEr of Er, as well as between the collection of all aftersets X/F and all foresets
X\F of F.

Theorem 6.3. Let E = Ep denote the natural hesitant fuzzy equivalence associated with F, where F is a hesitant
fuzzy quasi-order on X.

(a) The following conditions are equivalent for any x,y € X:

(i) 1g € E(z,y),
(i) Ey = By,
(iii) «F = yF,
(iv) Fx =Fy
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(b) Functions xF +— E, of X/F to X/E, and xF — Fz of X/F to X\F, are bijective functions.

Proof. (a) For any z,y € X, we have the following implications:
(i) = (ii) This implication was proved in the proof of Theorem part (c).
(ii) = (i) Let E; = E,. Then E(x,y) = E,(y) = Ey(y) = E(y,y). Since 1g C E(y,y), we also have 1g C E(z,y).
(i) = (iii) Let 1g C E(z,y), ie., lg C F(z,y) N F(y,z). Tt follows that 1g C F(z,y) and 1g C F(y,z). Then for
every z € X the following holds

yF(z) = Fy,2) € F(z,y) @ F(y, 2) € F(z,2) = 2F(2).
Hence, yF(z) C zF(z), also, for every z € X we have
©F(2) = F(z,2) C F(y,2) & F(s,2) C F(y,2) = yF(2).

So, ©F(z) C yF(z). Finally, we get 2F(z) = yF(z), for all z € X.
(iii) = (i) Assume zF = yF'. Then

F(r,y) =2F(y) = yF(y) = F(y,9) 2 lg.
Similarly,
F(y,z) = yF(x) =yF(y) = F(y,y) 2 lg.

Hence, 1g C F(x,y) N F(y,z) and 1g C E(z,y).
The equivalence (i) < (iv) can be shown in the same way as (i) < (iii).
It follows from part (a) that the functions defined in (b) are both injective and surjective. O

The next theorem presents three important properties of a hesitant fuzzy quasi-order F' and the natural hesitant
fuzzy equivalence Er induced by it.

Theorem 6.4. For a given set X, let F be a hesitant fuzzy quasi-order on X. Then:
(a) Er is the greatest hesitant fuzzy equivalence on X contained in F.

(b) For any z,y € X

F(x,y) = ﬂ aF(xz) = aF(y ﬂ Fa(y) — Fa(x), (51)
aeX acX
(¢) For any z,y € X
Ep(z,y) = () aF(z) ¢ aF(y) = () Fa(z) < Fa(y). (52)
a€eX acX

Proof. (a) Assume F is an arbitrary hesitant fuzzy equivalence on X included in F. Thus:
E=ENE'CFNF'=Ep.

(b) Since F' is a transitive relation, due to the residuation property , the following sequence of equivalences holds
for all z,y,a € X

Flz,y) @ F(y,a) € F(z,a) F() F()%FWM

= y) C ﬂ F(z,a)
aceX

& F(r,y) C ﬂ Fa(y) — Fa(z).
a€X

Let us consider the opposite direction,

mFa ) = Fa(z) = ﬂF(y,a)—>F(m,a)QF(y,y)—)F(x,y).
acX acX
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Since F' is a reflexive hesitant fuzzy relation, then 1g C F(y,y). Taking into account that the residuum is an antitone
function by the first argument, we obtain F(y,y) — F(z,y) C F(z,y), hence

m Fa(y) = Fa(zx) C F(x,y).
acX

Finally,

F(z,y) = ﬂ Fa(y) = Fa(z).
acX

The equality F(x,y) = (),cx af'(z) — aF(y) can be proved analogously.
(c) This is a direct consequence of and . O

The following theorem introduces an additional hesitant fuzzy equivalence induced by a given hesitant fuzzy quasi-
order and describes the relationship between them.

Theorem 6.5. Let F be a hesitant fuzzy quasi-order on a set X. The following conditions hold.

(a) The hesitant fuzzy relation E on X given by
E(z,y) = F(x,y) ® F(y,x), for every z,y € X,
s a hesitant fuzzy equivalence on X.
(b) For all z,z',y,y € X such that E, = E, and E, = E, the next equalities hold

F(z,y) = F(«',y'), B(z,y) = E(z",y).

(¢) The hesitant fuzzy relation E on X/E defined by

E(E,;,E,) = E(z,y), foreveryz,ye€ X,
is a hesitant fuzzy equality on X/E.
(d) The hesitant fuzzy relation F on X/E,

F(E;,Ey) = F(z,y), foreveryz,yecX,
is a hesitant fuzzy E-order on X/E.

Proof. (a) Since F is a hesitant fuzzy quasi-order, F' is reflexive and transitive. Hence, by the associativity and
commutativity of ®, for every z,y, 2z € X the following is true:

lg C F(z,2) = 1lg CF(x,2)® F(z,z) = 1lg C E(z,z),
E(x,y)=F(x,y)®F(y,x)=F(y,x)®F(x,y):E(y,x),
E(z,y) ® E(y,2) = (F(z,y) ® F(y,2)) ® (F(y, 2) ® F'(z,y))

(F(z,y) ® F(y,2)) ® (F(z,9) ® F(y, z))

(x,2) @ F(z,x)

(2,2)

T, z).

= :[,‘7
CF
E

Therefore, E is a hesitant fuzzy equivalence on X.
(b) Assume E, = E,/ for arbitrary z,2’ € X, i.e., assume E(x,y) = E(2/,y) for all y € X. In particular, by taking
y =z, we obtain 1g C E(z,z) = E(2/,z) = E(x,2’). Therefore,

lg C E(z,2') = F(x,2') @ F(2', x).
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As a direct consequence, 1g C F(z,2') and 1g C F(z',z). Then, by Lemma zF D 2'F and 2'F D xF, and hence
xF = 2'F. Similarly, if E, = E,/, then Fy = Fy'. Therefore,

F(z,y) = 2F(y) =2'F(y) = F(a',y) = Fy(2') = Fy'(2') = F(2',y/).
The equality F(y,z) = F(y',z’) can be proved analogously. Finally,
E(z,y) = F(z,y) ® F(y,z) = F(z',y) @ F(y',2') = E(2',y).

(c) This part is a direct consequence of the definition of the relation E and the statement in part (b).
(d) Based on (b), F' is well-defined on X/E. So, F is a hesitant fuzzy quasi-order. Consequently, for every x,y € X,

F(E., E,) ® F(E,, E,) = F(z,y) ® F(y,z) = E(z,y) = E(E,, E,).

Therefore, F' is E-antisymmetric. O

Example 6.6. Let Q be the Lukasiewicz power set quantale over the semigroup ([0, 1],*), as introduced in Ezample
[2.8 Recall that  is given by a * b = max{0,a+b— 1} for all a,b € [0,1]. Hence, by the definition of @ (see [9))), we

have:
hi(z) ® he(z) = {max{0,a +b—1} | a € hi(x) and b € ha(x)},
for all hy,ha € QX and all z € X. Consider the hesitant fuzzy relation R on X = {x,y}, given by:
P [ 0,1} {0,0.4} ] .
{0,0.7} {0,0.1,1}
A direct verification shows that:
Ro R(z,z) ={0,0.1,1} € R(z, x),

and thus R is not a hesitant fuzzy quasi-order. Applying the transitive closure algorithm , we obtain a hesitant
fuzzy quasi-order F, given by F = R2:

p_ {0011} {004}
| {0,0.7}  {0,0.1,1}|°

It can be verified that F o F' = F, which implies that F is reflexive and transitive. Consequently, F is a hesitant fuzzy
quasi-order.

Next, we construct the hesitant fuzzy equivalences on X induced by F. By applying Theorem we obtain the
natural hesitant fuzzy equivalence Ep:

0011y {0
Er= [ {0} {0,0.1,1}]'

On the other hand, using Theorem [6.5, we obtain the hesitant fuzzy equivalence E:

5 [011 0.0}
~ | 0,01} {0,00,1}]

This example shows that, in general, the hesitant fuzzy equivalences derived from Theorems[6.9 and[6.5 do not coincide.

7 Illustrative applications

In this section, we illustrate the applicability of the theoretical results developed in the previous sections through concrete
examples over the power set quantale. The aim is to demonstrate how the developed theory leads to interpretable
structures in illustrative examples.
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Consider the power set quantale induced by the additive semigroup of non-negative integers. Let S = (Ny,+)
be the additive semigroup of non-negative integers, and let @ = (P(Np),U, N, ®, B, Ny) be its power set quantale, as
constructed in Example where AQ B={a+b|a€ Abe B} for all A,B € P(Np), and the identity element is
lg = {0}. Since S is commutative, the left and right residuals coincide and we write

A—-B={ceNy|A®{c} CB}={ceNy|a+ce B, foralla € A}.

This setting is well suited to modeling accumulation of uncertain, discretely estimated quantities. For example,
when managing a portfolio of projects, the several independent auditors may each report a distinct point estimate of
a project’s budget overrun, rather than a continuous range of possible values; every additional procurement step then
accumulates these overruns rather than replacing them. The resulting hesitant fuzzy element is precisely the finite set
of these distinct reported values.

For simplicity of notation, we identify the quantale Q with its underlying set P(Np) and, in the following examples,
use the notation P(Np) for both. We now illustrate how the results of Sections [5| and |§| lead to equivalence-based
clustering and preference grouping in the hesitant fuzzy setting over the power set quantale P(Ng), within a shared
budget-management scenario.

Example 7.1 (Application to clustering over the power set quantale P(Ny)). Let X = {pi1,p2,ps,ps} represent four
ongoing projects. Two auditors independently report point estimates of each project’s budget overrun (in thousands of
euros), yielding a hesitant fuzzy set h on X over P(Nyp):

h(p1) = h(p2) ={0,3},  h(ps) = h(ps) = {0,6}.
Using formula , we compute the induced hesitant fuzzy equivalence Ey. For instance,
{0,3} - {0,6} ={ceNy|ce€{0,6} and c+3 € {0,6}} =0,
{0,6} = {0,3} ={ceNy|ce{0,3} andc+6 € {0,3}} =0,
{0,3} - {0,3} ={ceNy|ce{0,3} and c+ 3 € {0,3}} = {0},
{0,6} — {0,6} ={ceNy|ce{0,6} and c+6 € {0,6}} = {0}.

Hence,
lg 1lg 0 0
1 1
g |l e 0 0
0 0 1g 1g
0 0 1z 1g

Consequently, Ey produces exactly two equivalence classes, E,, and E,,, given by
Ep1:{1® lg 0 @}, Epa:[@ 0 1g 1lg|,

which can naturally be interpreted as two clusters of projects with comparable budget-risk profiles: {p1,p2} and {p3,ps}.
We now verify that the family of equivalence classes {E,,, Ep,} satisfies the condition (H1) of Corollary , Since
E,, # E,,, condition (H1) requires 1g ¢ ||Ep, @ Ep,||. Indeed,

”E;Dl ®EI’3H = U Epl (Z) ®Ep3(z) = @,
zeX

which strictly excludes 1g = {0}, confirming that the two risk clusters are provably distinct with respect to the induced
hesitant fuzzy equivalence relation, rather than merely numerically distant.

Condition (i) of Theorem allows us to verify the hesitant fuzzy partition property by checking conditions (HJ)-
(H5), instead of directly verifying that the relation induced by {Ep,, Ep,} is reflexive, symmetric, and transitive, which
is exactly what makes the complexity analysis following — applicable in practice: for each v € X, there exists a
unique hy, € {E,,, Ep, } with 1g C hy(x) (condition (H4)), and one directly checks hy(y) = ||hy @ hyl| for every pair
(condition (H5)), e.g.,

Epl (pl) = {O} = HE;Dl ® EPIH’ Epl (p3) =0= HEPl ® EPSH'
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Both conditions hold, confirming that {E,, ,E,,} is indeed a hesitant fuzzy partition of X.

Now, we compare the obtained hesitant fuzzy clustering with the result that would be obtained after aggregating the
hesitant information into single numerical values. If the two auditors’ estimates were collapsed to a single averaged
number (e.g., 1.5 and 3, in thousands of euros), a standard threshold-based clustering could plausibly merge projects
whose averages lie close together, depending on the chosen threshold. In contrast, working directly with Ej over P(Np)
yields a provable 0-separation between the two risk clusters, since no discrete estimate reported for one project ever
coincides, even after accumulation, with an estimate reported for the other: this is a structural, not merely a numerical,
guarantee.

Having grouped the projects by their comparable budget-overrun profiles, we now turn to a related but distinct
question: how a committee’s pairwise preference judgments over the same portfolio induce a natural ranking structure.

Example 7.2 (Application to preference clustering via a hesitant fuzzy quasi-order). Let X = {p1,p2, p3,pa} represent
four candidate projects evaluated by several budget committee experts. Let F be a hesitant fuzzy relation on X over
Q = P(Ny) representing the margin of budgetary preference: F'(x,y) is the set of additional funding values under which
x is still preferred to (or tied with) y, given by the matriz

lg 1lg {0,6,9} {0,6,9}
lg lg {0,6,9} {0,6,9}
0 0 lg lg
0 0 lg lg

F:

It can be directly verified that F is reflexive and transitive (i.e., a hesitant fuzzy quasi-order on X ): in particular, the
only non-trivial products are of the form lg ® {0,6,9} = {0,6,9} and {0,6,9} ® 1g = {0,6,9}, both of which are
contained in the corresponding entry of F, while every product involving O trivially satisfies transitivity. Note that the
tied pairs are deliberately kept at the trivial margin 1g = {0}: enriching a mutual (two-directional) relation beyond the
identity would force F(p1,p1) to absorb the self-composition F(p1,p2) ® F(pa,p1), which grows without bound under a
non-idempotent operation such as addition; only the one-directional (strict dominance) entries can safely carry a richer
margin.

By Theorem (a), the hesitant fuzzy relation Ep(z,y) = F(xz,y) N F(y,x) is a hesitant fuzzy equivalence on X.
Computing Er yields

Er(p1,p2) = 1lg Nlg = 1g, Er(p3,ps) = 1lg Nlg = 1g,
EF(p17p3) = {07679} N @ = ®7 EF(anp4) = {076a9} N (b = ®7

so Ep produces exactly two equivalence classes, {p1,p2} and {ps,ps}, interpreted as two ranks of equally-preferred
projects: the committee considers p1 and ps mutually substitutable (each is preferred to the other with only the trivial
margin 1g = {0}, i.e., no genuine advantage), and likewise for ps,ps, while both members of the first rank are strictly
preferred to both members of the second, with a non-trivial margin {0,6,9} (thousand euros) and no reverse preference
).

By Theorem (a), Er is the greatest hesitant fuzzy equivalence contained in F'; hence no rougher tie can be justified
without contradicting the observed preference F(p1,p3) = {0,6,9} # 0, and no finer distinction can be justified within
{p1,p2}, since F(p1,p2) = F(pa2,p1) = lg = {0}. This provides the budget committee with a provably optimal finitely-
nested-possible grouping of projects into indistinguishable preference ranks, directly usable for multi-criteria funding
decisions.

When we combine hesitant fuzzy sets with the power set quantale of a general semigroup, we gain a framework
capable of modeling multi-expert, highly complex budgeting systems, without being restricted to numerical aggregation.

8 Concluding remarks

The approach presented in this paper models hesitant fuzzy sets using the power set quantale P(S) of a monoid S as the
value domain. This choice introduces a fundamental structural distinction from the usual approaches: while standard
methods typically define join and meet of hesitant fuzzy sets using numeric aggregation functions such as maximum and
minimum; in our framework these operations are defined using standard set-theoretic union and intersection. It gives
a clear algebraic foundation based on quantales and monoids, providing a natural setting for axiomatic analysis. Also,
since this approach does not rely on numeric aggregation, it can be applied in more abstract or symbolic contexts, not
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just in situations where precise numbers are available. This quantale-based framework admits the residuation property
that allows solving hesitant fuzzy inequalities and equations, which will be the topic of our future research.

The results obtained in Sections [ and [6] provide an algebraic framework for representing and analyzing relations
between objects in situations where evaluations are uncertain, imprecise, or provided by multiple sources. One possible
area of application is data clustering and pattern recognition. In many real-world applications, objects must be clustered
based on similarity metrics that cannot be reduced to a single scalar value. Instead, several possible similarity degrees
may arise due to disagreement among experts, measurement variability, or incomplete information. In such situations,
hesitant fuzzy relations allow similarity assessments to be represented as sets of possible values. The characterization
of hesitant fuzzy equivalence relations established in Section [5| then provides a mathematical basis for constructing
hesitant fuzzy partitions, which can be interpreted as clusters of mutually similar objects. This framework can be useful
in domains such as medical diagnosis, document classification, and image recognition, where similarity judgments are
inherently uncertain.

Another important application concerns multi-expert decision making. In many decision processes, several experts
evaluate alternatives with respect to different criteria. Their assessments often differ, producing sets of possible eval-
uation values rather than a single precise score. Hesitant fuzzy relations can model these evaluations without forcing
premature aggregation. Hesitant fuzzy equivalence relations can then be used to identify groups of alternatives that
experts consider essentially indistinguishable, while hesitant fuzzy quasi-orders can capture preference or dominance
relations between alternatives. Such structures are particularly relevant in multi-criteria decision analysis, where alter-
natives must be ranked or grouped despite uncertainty in the evaluation process.

Overall, the developed theory of hesitant fuzzy sets, hesitant fuzzy relations, hesitant fuzzy equivalences and hesitant
fuzzy quasi-orders provides a comprehensive mathematical framework for modeling similarity and preference relations in
environments characterized by hesitation and uncertainty. The rigorous results obtained in this paper lay a theoretical
foundation for future research on algorithmic methods and potential practical implementations in areas such as data
analysis, decision support systems, and intelligent information processing.
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