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Abstract

The study of non-linear programming under fuzzy relational inequalities (FRI) defined by max-min and max-product
t-norms have been studied in a wide variety of fields, both theoretically and practically. The paper presents a novel
system of fuzzy relational inequalities (max-FRIs) and investigates a new general class of optimization models. This
optimization model has a non-linear objective function defined by a combination of an arbitrary continuous s-norm and
an arbitrary continuous t-norm. Additionally, the problem constraints are based on a combination of two arbitrary
continuous t-norms formed by a system of max-FRIs. We begin by examining a few important special cases of the model
and their applications. A complete characterization of the feasible region is then presented, as well as two necessary
and sufficient conditions for determining the problem’s feasibility. Subsequently, a general method is presented for
determining the exact optimal solution. Using five rules, the algorithm is accelerated to find the best solution with
less computational effort. To address some practical special cases of the main problem, a polynomial-time method
is presented. To aid comprehension, we provide a numerical example, where the objective function is given by a
combination of the Lukasiewicz t-norm and Dubois-Prade t-norm, and the constraints are defined by a combination of
the product and Yager t-norms.

Keywords: Fuzzy relational inequalities, continuous t-norms, continuous s-norms, latticized linear programming, non-
linear optimization.

1 Introduction

The first study of fuzzy relational equations (FREs) with max-min composition was conducted by Sanchez [37], and
this approach has also been applied in medical diagnosis. In recent years, it has become evident that many issues
related to body knowledge can be viewed as FRE problems [32]. The underlying result for FREs with max-product
compositions was found by Pedrycz [33] and further studied in [1, 27]. Also in [100], Pedrycz generalized classical
fuzzy relational equations by introducing s-t compositions based on s-norms (t-conorms) and t-norms instead of the
traditional max—min operators. The paper established theoretical foundations for analyzing the existence and properties
of solutions, providing a more flexible framework for fuzzy modeling and approximate reasoning. Following that,
a large number of studies have been carried out on different FREs defined by various types of t-norm operators
[9, 10, 14, 24, 29, 34, 35, 36, 39, 40, 42, 43, 46, 52]. Additionally, some researchers have introduced novel concepts
and have improved some of the existing theoretical aspects and applications of fuzzy relational inequalities (FRI)
[8, 11, 12, 13, 14, 15, 16, 19, 48].

Corresponding Author: A. Ghodousian
Received: February 2026; Revised: August 2026; Accepted: September 2026.
https://doi.org/10.22111 /ijfs.2026.54847.9719


https://orcid.org/0000-0002-9224-8470
https://orcid.org/0009-0006-4046-2674
https://orcid.org/0000-0002-9335-9930

2 A. Ghodousian, M. S. Chopannavaz, W. Pedrycz

There are generally three significant difficulties associated with optimization problems subject to FRE or FRI
constraints. First, to completely characterize FREs and FRIs, all minimal solutions must be identified, which is NP-
hard [24, 30]. Second, a feasible region formed as a FRE or FRI is often a non-convex set determined by one maximum
solution and a finite number of minimal solutions [8, 9, 10, 13, 34, 35, 36, 39, 40, 42, 52]. Third, FREs and FRIs as
feasible regions lead to optimization problems with highly nonlinear constraints. Due to the above-mentioned difficulties,
the optimization problem subject to FRE and FRI is one of the most interesting and ongoing research topics among
similar problems [2, 5, 6, 8, 9, 11, 12, 13, 14, 15, 16, 17, 18, 20, 25, 26, 38, 44, 45, 48].

Linear optimization problems with constraints defined by FRI systems have been widely addressed in the literature
[8,12, 13,14, 15, 16, 19, 31, 47, 48, 49, 50]. Guo et al. [16] studied the linear programming problem with the max-min FRI
constraint. Li and Yang [19] introduced the so-called addition-min FRI to characterize a peer-to-peer file sharing system.
Based on the concept of pseudo-minimal index, Yang [47] developed a pseudominimal-index algorithm to minimize a
linear objective function with addition-min FRI constraints defined as a;1 A 1 + ajo A z2 + -+ + ajn Az, > b; for
i=1,...,mand aAb= min{a,b} [47]. To improve the results presented in [47], Yang et al. [49] proposed the min-max
programming subject to addition-min fuzzy relational inequalities. They also studied the multi-level linear programming
problem with an addition-min FRI constraint [50]. Drewniak and Matusiewicz studied max-* fuzzy relation equations
and inequalities with the increasing operation * continuous on the second argument [31]. Ghodousian and Khorram
[13] studied the linear optimization with constraints formed by X (A, D,b', b2) = {a: €[0,1]™: Apx < b', Doz > b2}
where ¢ represents an operator with convex solutions (e.g., non-decreasing or non-increasing operator). They showed
that, the feasible region can be expressed as the union of a finite number of convex sets.

It has recently been introduced that there are many interesting generalizations of linear programming applied to
fuzzy relation systems that have been developed based on composite operations used in FRE or FRI, fuzzy relations
used in constraint definition, and some developments on the objective function of problems [3, 4, 7, 9, 10, 14, 22, 25, 43].
For example, Wu et al. represented an efficient method to optimize a linear fractional programming problem under
FRE with a max-Archimedian t-norm composition [43]. Dempe and Ruziyeva generalized the fuzzy linear optimization
problem by considering the fuzzy coefficients [3]. In addition, Dubey et al. studied linear programming problems
involving interval uncertainty modeled using the intuitionistic fuzzy set [4].

The linear optimization of bipolar FRE was also the focus of a study carried out by some researchers, where FRE
was defined with max-min composition [7] and max-Lukasiewicz composition [9, 22, 25]. For example, in [22], the
authors introduced a linear optimization problem subjected to a system of bipolar FRE defined as X (A+, A~ b) =
{z€[0,1]™: 20 AT VZ oA =b} where &; = 1 — z; for each component of & = (&;),,,, and the notations “v” and
“o” denote max operation and the max-Lukasiewicz composition, respectively. They translated the original problem
into a 0-1 integer linear problem, which was then solved using well-developed techniques. In a separate study, the
foregoing bipolar linear optimization problem was solved by an analytical method based on the resolution and some
structural properties of the feasible region (using a necessary condition for characterizing an optimal solution and a
simplification process for reducing the problem) [25]. In addition, in [14], the authors studied bipolar FREs defined by
max-strict t-norms. Based on the constraints of the problem, they categorize them into four groups, each requiring a
different approach to find the corresponding feasible solution set. Further, the article [82] considered a broad range of
Archimedean t-norms. The basis of their analysis to resolve the problem was the use of the additive generator f, and

pseudoinverse f;ﬁl) of each t-norm, and by utilizing the branch-and-bound method, they tried to prune non-optimal
branches. Optimization problems with general nonlinear objective functions and FRE or FRI constraints were studied in
the [9, 10, 11, 12, 28, 81]. In general, some heuristic algorithms are applied to deal with this kind of problem. However,
some fuzzy relation nonlinear optimization problems, such as the geometric programming problem [51], could be solved
by a specific method. Yang et al. [51] studied the single-variable term semi-latticized geometric programming subject
to max-product fuzzy relation equations. The proposed problem was devised from a peer-to-peer network system, and
the goal was to minimize the biggest dissatisfaction degrees of terminals in such a system.

There was an introduction to the latticized optimization problem in [41] where the conservative path method was
proposed to find out all the minimal solutions of the max-min FRI. Then, the optimal solutions were obtained from
the minimal solutions by pairwise comparison. The latticized linear programming problem subjected to max-min FRI
was also investigated in the works [21, 23]. Li and Fang [21] obtained an optimal solution to the latticized linear
programming problem. Furthermore, they studied some variants of the problem. In [23], based on the concept of
semi-tensor product, a matrix approach was applied to handle the latticized linear programming problem subjected to
max-min FRI. Also, Yang et al. [48] introduced the latticized programming problem defined by minimizing objective
function f(x) =1 Va2 V...V, subject to feasible region X(A,b) = {x €[0,1]" : Aox > b} where “o” denotes the
fuzzy max-product composition. Also, in [12], the authors introduced a non-linear generalization of the latticized linear
programming problem and investigated some related the solution algorithms.
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In this paper, we investigate the following non-linear optimization model:

i d b AR dn) n
Lin m(p(di, 1), -, @(dn, 4)) "

st. AyY(Cwx) >b.

where A = (aij),,., and C = (cij),,, are two fuzzy matrices such that 0 < a;; < 1 and 0 < ¢;; < 1 for any
iel={{,2,....m}and j € J ={1,2,...,n} ; * = (21,...,2,) € [0,1]", d = (dy1,...,d,) € [0,1]" and b =
[b1,b2,...,bm] € [0,1]™. Also, 7 : [0,1]> — [0,1] is an arbitrary continuous t-conorm, and ¢, 1 and w are three
arbitrary continuous t-norms from [0,1]? to [0, 1]. Additionally, Ay (Cwz) > b denotes a system of generalized fuzzy
relational inequalities defined as follows:

jzlf {¢ (aij,w (cijy z5))} = bi, i€l (2)
So, if a; and ¢; (i € I) denote the i'th rows of matrices A and C, respectively, then the i'th constraint max’_; {4 (ai;,
w(cij,w5))} > b; can also expressed as a;y) (c;wz) > b; where a;3) (c;wx) = max_; {1 (aij,w (cij, 75))}-

It is worth noting that, for the sake of feasibility of the problem formulation, the operator w may be endowed with
alternative structural properties. However, to ensure consistency, of the proposed generalized model with fundamental
special cases in the theory of the fuzzy relational inequalities, w is assumed to be a continuous t-norm. The investigation
of settings in which w falls outside the class of t-norms and is equipped with other meaningful properties remains an
interesting direction for future research.

The following is an overview of the remainder of the paper. Section [2] discusses some important special cases of
Problem and its applications. In Section the solvability of the problem is studied, and two necessary and sufficient
conditions are derived for the feasibility of the problem. The optimality condition of the problem is discussed in Section
[, where an algorithm is presented for solving the problem in a general case. Section [f] presents a polynomial-time
algorithm that solves Problem in some important special cases without finding all the minimal solutions to the
feasible region. Section [f] introduces five techniques to reduce the size of the problem, and finally, Section [7] presents
an illustration of the proposed methods.

2 Special cases and applications

This section briefly discusses several special cases of Problem and their applications. For the first example, suppose
that 7 is the maximum t-conorm and ¢ is the minimum t-norm. Therefore, the objective function in reduces to the
following form:

f(z) = max {min{dq,x1},...,min{d,, z,}}. (3)

Moreover, let C = 1,,x, where 1,,x, is the all-ones matrix (i.e., a matrix where every entry is equal to one). So,
we have ¢;; = 1 (Vi € [ and Vj € J ), and therefore each constraint max’_; {1 (aij,w (cij, z;))} > b; is reduced to
max}_; { (aij,w (1,25))} > b;, Vi € I. Furthermore, by the identity law of w, it follows that w (1,z;) = z;, Vj € J.
Consequently, the constraints are converted into the following much simpler form:

I?Eif( {(aij, z;)} = b;. (4)

Now, according to (3) and where v is defined by the minimum t-norm, we obtain a special case of Problem as
the following non-linear model:

min  f(x) = maxj_; {min{d;, z;}}
maxj_; {min{ag;, z;}} > b; iel 5)
S [0, 1}. jedJ

Problem was studied in [23] and used in designing the best fuzzy controller among all the optimal solutions.
Additionally, by considering and setting d = 1;x,, where 11y, is the sum vector (i.e., a vector having each
component equal to one), it follows that min{d;,z;} = min{1l,z;} = z;, Vj € J, and therefore the objective function
becomes f(x) = max{x1,...,z,}. This fact, along with where 9 is defined by the product t-norm, leads us to the
following non-linear model:
min  f(z) = max?_, {z;}
max?zl {aijxj} > b; 1el (6)
x; € [0,1] jed
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Problem @ was studied in [48] and used in the optimization management model of wireless communication emission
base stations. For another example, consider a three-tier client-server network (depicted in Figure , where a server
connects all users or clients in the network via a hub, and the middle-tier receives data with various quality levels from
the server and sends them to m clients Py, Ps, ..., Py,. The server S transfers the original data to m clients P; to Py,

Regional Servers Clients

Figure 1: A three-tier client-server network

by the regional servers X; to X,,. Moreover, X; sends out file data with quality level x; and the client P; receives
file data from X, via the network connection A;; with the bandwidth a;; (we refer interested readers to [70] where a
more detailed description of client-server networking is provided). Then, when P; downloads the file data from X, the
download traffic is min (a;j, ;). In other words, if the transferred data from X; to P; has a quality level z; less than
the bandwidth a;;, then the data is completely received. Otherwise, we will have difficulties with the delivered data.
So, by assuming that the client P; requires at least one data sender with at least quality level b;, the requirements of
all clients can be expressed as maxj = 1" {min(aij, x;))} > b;, where, i € I = {1,...,m} and j € J = {1,...,n}.
On the other hand, file data can be sent by regional servers with different quality levels. More precisely, suppose that
the regional server X; sends data to client F; with the quality level c¢;;z;. Hence, considering these additional effects,
the requirements of the clients are expressed by maxj = 1" {min(aij, ¢;jz;))} > b;, where i € I = {1,...,m} and
jeJ={1,...,n}. Moreover, when many clients send their requests to the same server simultaneously, an overload
occurs on the server. This overload may lead to connection failures or slowdowns. Therefore, it is necessary to decrease
network congestion by minimizing the maximum quality level as follows:

min f($) = max?zl {JTJ}
max_?Zl {mln{aljvcwmj}} 2 b@ =N (7)
Tj € [0, 1]. jelJ

Problem is a form of by defining 7 = max , ¢ = min, d = 1, ¥ = min, and w as the product t-norm.

3 Feasibility, solvability and fundamental results

This section describes the basic properties of the solutions to the system of generalized FRIs introduced in Problem
. For simplicity, let S denote the feasible region of Problem , that is, S = {x € [0,1]" : AY(Cwx) > b}. Also, for
each constraint a;vy (c;wx) > b; (i € I), let S; = {z € [0,1]" : a;® (c;wx) > b;}. So, S; denotes the feasible solution
set of the 4’th constraint, and therefore S = (1, S;.

3.1 Partial solution sets and their properties

Definition 3.1. For each i € I and each j € J, the partial solution set S;; is defined as
Sij = {{L‘ S [07 1] : ’L/J (aij,w (Cij,l')) > bz} .
The following lemma shows that any non-empty S;; is a closed bounded interval.

Lemma 3.2. Let i € I and j € J, where ¢ and w are continuous t-norms. If Si; # @, then S;; = [gij,l} where
gij = inf S”
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Proof. Since S;; C [0,1], from the least upper bound property of R, it is clear that x,; = inf S;; exists. Moreover, Si;
is a closed subset of [0,1]. To prove this, suppose z’ is a limit point of S;; and {xx}, .y (where N denotes the set of
natural numbers) is any convergent sequence of points z; contained in S;; with limit point 2’ (i.e., z; € S;; for each
k € N and limg_,o x = 2’). So, to prove that S;; is closed, we shall show that ' € S;;. For this purpose, define h(z) =
¥ (aij,w (cij, x)) — b;. Since ¥ and w are continuous, h(z) is a continuous function, and also for each k € N, we have
h(zk) > 0 (since xy € 5,5, Vk € N). Therefore, 9 (a;5,w (¢;j,2")) — b; = h(2') = h (limg— 00 ) = im0 b (zx) > 0,
that implies ¢ (a;j,w (cij,2')) —b; > 0 (i.e., 2’ € Sij). As a result, since S;; is closed, we must have z,; € S;; (or
equivalently, v (a;j,w(cij, 2;;)) > b;). To complete the proof, it is sufficient to show that z € S;;, Vo € [@ij, 1]. But,
given any = € [gij, 1]7 the monotonicity property of t-norms implies ¥ (aij,w (cij,gij)) < ¢ (aij,w (cij,x)). Hence,
¥ (a;j,w (cij, x)) > by, which completes the proof. O

The following lemma provides a necessary and sufficient condition for the feasibility of S;.
Lemma 3.3. Let ¢ and w be continuous t-norms. Then, for eachi € I and j € J, Si; # @ iff ¥ (asj,¢ij) > b;.

Proof. Let S;; # @ and x € S,j, i.e., ¥ (a;;,w (¢;j,x)) > b;. So, from the identity law and monotonicity of w, we have
by <Y (a;,w(cij,z)) <Y (aij,w(cj, 1)) = (aij, cij). Conversely, let ¢ (ai;,¢;5) > b;. So, from the identity law of w,
it follows that w (Ci]‘, 1) = Cij which together with ¢ (aij,cij) > bl imply bl < 1[) (aij,cij) = ¢ (aij,w (Cij, 1)) Hence,
P (aij,w (Cij, 1)) > b; that means 1 € Slj O

3.2 Feasible solution set of S;

This subsection describes the constraint a;vy (c;wx) > b; (i € I) and its feasible solution set (i.e., S; ). For each i € I,
it is shown that the fundamental properties of S; can be derived based on the properties of the partial solution sets .S
(j € J). The following corollary provides three necessary and sufficient conditions for the feasibility of set S;.

Corollary 3.4. Suppose that i € I and 1 denotes an n-dimensional vector with each component equal to one.
(a) S; # @ iff there exists at least one j € J such that S;; # @.
(b) S; #@ iff 1 €5,.
(c) ¢ €S; iff & € [0,1]" and there exists at least one jo € J such that x;, € S;j,.

Proof. (a) Suppose that S; # @ and let € S;. By contradiction, suppose that S;; = @, Vj € J. So, Lemma
implies ¥ (aij, ¢;5) < b;, Vj € J, and therefore we have

a;iy) (cwx) = f?}f { (aij, w (cij, 75))} < ran;c {¥ (aij,w (cij, 1))} = I?Elf {¥ (a5, ci5)} < bi,
that contradicts € S;. Conversely, suppose that S;;, # @ (equivalently, 1 (a;j,, cij,) > b;) for some jo € J. So,
a;y (ciwl) = maxj_; {¢ (aij,w (cij, 1))} > ¥ (aizy, w (Cijy, 1)) = ¥ (aijy, cijy) > bi, that means 1 € S;.

(b) If 1 € S;, then obviously S; # @. Conversely, let S; # @. Hence, from (a), we have S;;, # @ (equivalently,
¥ (aijy, cijo) > b;) for some jo € J, and therefore a;1 (c;wl) = max}_ {1 (aij,w (cij, 1))} > ¥ (aijy,w(cije, 1)) =
Y (@ijo, Cijo) > bi, that means 1 € S;.

(c) Suppose that x € S;. Thus, x € [0,1]" and a;% (c;wx) = max}_; {1 (aij,w (cij,x;))} > b;. Hence, there exist
at least one jo € J such that ¢ (ai,,w (¢ijy,Tjo)) > bi, 1€., T4, € Sij,- Conversely, suppose that & € [0,1]" and
zj, € Sij, for some jo € J. So, ¥ (aijy,w (cijy, Tj,)) > bi, and therefore a;¢) (ciwx) = max]_; {¢ (a;j,w (cij, z;))} >
Y (Gij,w (Cijos Tjy)) = by, which implies « € 5;. O

Definition 3.5. Suppose that i € I, S; # @ and J(i) = {j€J:8S;; #@}. For each j € J(i), let x(i,j) =
(x(i,9)1,2(4,5)2 ..., 2(i,7)n) be a vector whose components are defined as follows:

N BT k=j
w(i: )k { 0 otherwise vk eJ
Lemma [3.6] below shows that any S; is formed as the union of a finite number of closed bounded sets.

Lemma 3.6. Suppose thati € I and S; # <.

(a) If x € S;, then there exists some jo € J(i) such that x (i,70) < .
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(b) Si= UjeJ(i) [z(i, ), 1].

Proof. (a) Since & € S;, then from Corollary [3.4] (c), it follows that x;, € S;j, for some jo € J(i). So, z;; < z;, <1
which together with Definition imply z (1, Jo jo = Zijo < @j,. On the other hand, z (i,jg)j =0,v) € J—{jo}
(Definition . Hence, z (i,jo)j <z, Vjed.

(b) Let & € S;. From (a), we have x (i,j9) < x for some jy € J(i). Therefore, x € [x (i,70),1]. Conversely,
let € [ (i,70),1] for some jo € J(i). Thus, from Definition we have z;; = (i, jo);, < xj, < 1 that implies

-1,

zj, € Sij,, and therefore x € S; from Corollary [3.4] (c). O

3.3 Feasible solution set of the max—yw FRI

In this subsection, we investigate the structural properties of S, that is, the feasible solution set of the system
AYp(Cwzx) > b where & € [0,1]". First, two necessary and sufficient feasibility conditions are given which are di-
rectly result from S = (,.; S; and Corollary Then, some definitions are presented, which are used to characterize
the feasible region of Problem .

The following lemma presents two necessary and sufficient conditions for the consistency of the set S.

Lemma 3.7. (a) S iff L€ S.
(b) S # @ iff for each i € I there exists at least one j € J, such that S;; # @.

Proof. (a) If 1 € S, then we necessarily have S # @. Conversely, suppose that S # @. So, since S = [,;
concluded that S; # &, Vi € I. Therefore, from Corollary (b), we have 1 € S;, Vi € I, which implies 1 € S.

(b) If & € S, then the equality S = [;; S; requires that x € S;, Vi € I. Thus, by Corollaryﬂ (a), for each i € I
there must exist at least one j € J such that S;; # &. Conversely, suppose that for each ¢ € I there exists at least one
J € J such that S;; # @. So, Corollary (a) implies S; # &, Vi € I, and then by Corollary (b) we have 1 € S;,
Vi € I. Hence, 1 € S that means S # @. O

Si, it is

Definition 3.8. Suppose that S # @. Let e : I — \J;c; J(i) be a function from I to |J;c; J(i) such that e(i) € J(i),
Vi € I, and let E denote the set of all such functions e. For the sake of convenience, each e € E is represented as an
m-dimensional vector e = [j1, ja, ..., Jm] in which j, =e(k), k=1,2,...,m.

Definition 3.9. Suppose that S # @ and e € E. Let x(e) = (x(e)1,x(e)2, ..., x(e)n) be an n-dimensional vector whose
components are defined as x(e); = max;er {z(i,e(i));}, Vj € J.

Remark 3.10. Let I(j) ={i e 1:S;; # @}, Vj € J. For each e € E we define Ij(e) = {i € I(j) : e(i) = j}. So, based
on Definitions 3 and 4 , each solution x(e) can be equivalently obtained as follows:
_ maxjer, (o) {gw} Ii(e) # @ .
r(e); = J Vield 8

Based on the following theorem, the feasible region of Problem is completely determined by the union of a finite
number of closed convex sets [x(e),1], e € E.

Theorem 3.11. If S # @, then S = U, glz(e), 1].
Proof. From Lemma (b) and the equality S = [;c; Si, we have S = [;.; UjeJ(i) [x(i,7),1], or equivalently S =
Uecr Nicrl®(i, e(i)), 1]. Therefore, S = |, p [max;er{=(i,e(i))}, 1]. Now, the result follows from Definition O

According to Theorem solutions x(e) (e € FE) are the lower bounds of the feasible region. Generally, all the
vectors x(e) may not necessarily the minimal solutions to S. In other words, there may exist e;,es € F such that
xz (e1) < z (e2). However, the following lemma shows that each minimal solution of S can be written in the form of
x(e) for some e € E.

Lemma 3.12. Let S denote the set of all the minimal solutions of S and Sg = {x(e) : e € E}. Then, S C Sg.

Proof. Suppose that £ € S. From Theorem there exists some e € E such that € [z(e),1]. Since z(e) € S,
z(e) < z and z is a minimal solution, then we must have = x(e), that is, x € Sg. O

Corollary 3.13. Suppose that S # @. Then, S =2, 1].

Proof. According to Lemma for each x(e) € S there exists some minimal solution & € S such that z < x(e),
and therefore [x(e),1] C [z, 1]. Now, the result follows from Theorem O
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4 Optimality and a general algorithm for solving Problem ((1))

The following theorem shows that one of the minimal solutions is always the optimal solution of Problem . Therefore,
to find an optimal solution, it is sufficient to limit our search domain to the elements of S.

Theorem 4.1. Assume that ¢ is a continuous t-norm and T is a continuous t-conorm. If S # @, then there exists a
solution x* € S such that x* is an optimal solution of Problem .

Proof. Suppose that & € S is an arbitrary feasible solution and the minimal solution * minimizes f(x) among all
minimal solutions. So, we have f(z*) < f(z), V& € S. From Corollary there exists some ' € S such that
x € [z/,1] (ie., 2 < x; for each j € J). So, the monotonicity law of t-norms implies ¢ (d;, z}) < ¢ (d;j,z;), Vj € J,
and therefore from the monotonicity law of t-conorms, it is concluded that f(z') = 7 (¢ (d1,2}),..., ¢ (dn,2),)) <

T(p(di,21),..., ¢ (dn,xs)) = f(x). But, since f (x*) < f(2'), it follows that f (z*) < f(x). O

Now, we summarize the preceding discussion as an algorithm.

Algorithm 1: Find Optimal Solution for Problem

Input : Given Problem

Output: Find z* (The Optimal Solution)

Compute S;; for each i € I and j € J (Lemma.

if there exists some i € I such that S;; = @, Vj € J, then

| stop; S is empty (Lemma (b)).

end

else
Compute J(i), Vi € I (Definition .
Compute solutions x(e) € Sg, Ve € E (Definitions 3 and 4).
Find minimal solutions by pairwise comparison between vectors x(e) (Lemma .
Select the optimal solution «* from the set S (Lemma and Theorem .

end

© 00 N o Ok W N

o
o

It should be noted that the feasible region of Problem defined by the constraints Ay(Cwa) < b, can be easily
attained in the form of [0, Z], where 0 is the zero vector and & is the unique maximum solution. On the other hand,
the constraints Ay (Cwx) = b can be equivalently expressed as AY(Cwx) < b and Ay (Cwx) > b, and therefore
the feasible region is then attained by |J,cg[x(e), 1] N[0, Z] = |J.cplx(e), Z] (see Theorem |3.11)). Consequently, since
according to Theorem the optimal solution will be one of the solutions of S, Algorithm [I| can also be used to
solve problems with the equality constraints. However, a major disadvantage of the above algorithm is related to the
calculation of the elements of Sg. Indeed, Sg often contains many solutions x(e) that are not necessarily minimal.
To accelerate the algorithm, we can initially remove some e € E that generate non-minimal solutions x(e). For this
purpose, five simplification rules will be described in Section 6. Furthermore, in some special cases, we can find a fast
optimal solution to Problem by an efficient algorithm that is of polynomial complexity in the size of the problem.
These special cases will be studied in the next section.

5 Special cases with polynomial-time algorithms

In this section, an algorithm is presented for solving a special class of Problem without finding all the solutions
x(e) € Sg. Tt is shown that the computational complexity of the algorithm is O(mn).

Definition 5.1. Define L; = min,¢ j; {(p (dj,gij)} and J(i) = {j eJ@@): e (dj,gij) = Li}, Vi € I. Also, similar to
Deﬁm’tz’on let £ be the set of all the functions e : I — J;c; J (7).

By Definition [5.1] , it is clear that J(i) C J(i) and E C E. Also, for each e € E we have e(i) € J(i), Vi € I.
Furthermore, since for each e € F and ¢’ € E, we have e(i) € J(i) and €/(i) € J(i), it follows from Definition [5.1] that

0 (de/(i)7gie/(i)) —Li<o (de(i)7gie(i)) . Viel. 9)
Lemma 5.2. Assume ¢ is a continuous t-norm, and let ¢’ € E and e € E. Then,

Iygf{w(dﬁw(e/)j)} < I;lea}{tﬂ(dj,x(e)j)}-
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Proof. From Remark [3.10, max;cs {p (dj, z(e);)} = maxjc ¢ (dj, max;er, ) {z;;}) that is equal to maxier{@(de(
Tie(y)}- Also, from (9), we have maxier{p(de(i), Zie(s)) } > maxier{®(der (i), Z;er(y) }- consequently,

I}lea}({@(dﬁ :17(6)])} > T&X{w(de'(z) ) Qie/(i))}'

On the other hand,
max{ip(der (o), Zier())} = maxp(d;, max {z,;}) = max{(d;, 2(€);)},

and therefore max;c j{p(d;, z(¢’);)} < max;es{¢(d;,z(e);)}. O

Corollary 5.3. For each e1,e2 € E, maxje {p(d;,z (e1);)} = max;jes{¢(d;,  (e2),)}

Proof. Since E C E, we also have e1,es € E. So, by considering e; € E and es € E, Lemma implies that
max{p(d;, x(e1);)} < max{p(d;, z(ez);)}-
jeJ JjeJ

By the same argument,
max{p(d; w(e2);)} < max(pldy, a(er);)).
Jjed jeJ

Hence max;e {p(d;, z(e1);)} = max;je {v(d;, x(e2);)}- O

Theorem 5.4. Suppose that S # &, T is the maximum t-conorm and ¢ is a continuous t-norm. If e € E, then x(e)
is an optimal solution.

Proof. By assuming that 7 is the maximum t-conorm, the objective function, f(x) = 7 (¢ (d1,x1),...,¢ (dn,xy)) is
reduced to f(x) = max{p (di,z1),...,¢(dn, )} = max;cs {¢(d;,z;)}. From Theorem for each optimal solution
x* we must have £* € S. On the other hand, Lemma [3.12| implies that * € Sg. Now, the result follows from Lemma

and Corollary O

Theorem proposes an efficient polynomial-time algorithm for solving the special cases of Problem where
7 is the maximum t-conorm. Particularly, the classes of problems formed as , @ and can be solved by a
polynomial-time algorithm. Algorithm [2] below shows the steps of this algorithm followed by the complete description
of its complexity.

Algorithm 2: Find Optimal Solution for Problem (1

Input : Given Problem where 7 is the maximum t-conorm
Output: Find z* (The Optimal Solution)

1 Compute S;; for each i € I and j € J (Lemma.

2 if there exists some i € I such that S;; = @, ¥y € J, then

3 | stop; S is empty (Lemma (b)).

4 end

5 else

6 Compute J(7), Vi € I (Definition .

7 Select an arbitrary e € E.

8 Obtain the optimal solution &* by computing x(e) (Theorem .
9 end

In Step 1, computing S;; costs mn operations. In Step 2, checking the feasibility of the problem costs mn for
pairwise comparisons. In Step 3, computing the index set costs 2mn operations, and finally, each of Steps 4 and 5
costs mn operations. Therefore, executing all steps of the algorithm requires a total of 6mn operations, yielding a
computational complexity of O(mn).
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6 Simplification rules

In this section, five simplification rules are presented to accelerate the resolution of the problem. Throughout this
section, * denotes an optimal solution for Problem and f(x) denotes the objective function of Problem ; that

is, f(il:) =T (30 (di,21),.. '7‘P(dn’xn))'

Lemma 6.1. Suppose that J (ig) = {jo} for some ig € I and jo € J. Also, Suppose that x;, . > x;. , Vi € I (jo).

Ligjo = Lijos
Then, x(e)j, = z;,;,, Ve € E.

Proof. Since J (io) is a singleton set and e (o) € J (i9), Ve € E, then e (ig) = jo, Ve € E. Therefore, ig € I;,(e), Ve € E.
Now, since I (e) # @, from relation @) we obtain x( e)jo = maXier, (e) 7”0} The latter equality together with
I, (e) €I (jo) (Remark 3.10) and the assumption z; Viel (jo) result in z(e);, = ; O

=i0Jo 1]0 ’ 1070 "

Based on Theorem .1 and Lemma[6.1} we know that * € Sg. Hence, under the assumptions of Lemmal6.1] we can
set @} =z, ;. Therefore, since the jo’'th variable of the optimal solution is known, this variable can be removed from
the problem by deleting its corresponding coefficients, i.e., the jo’th column of A. On the other hand, zj =z, ; means

=t0J0
' € Sigjo = [Lo]o, ] that together with Corollary . imply * € S;,. Therefore, by assigning m]O = Z;,j,» the
io’th constraint of the problem is always satisfied. Hence, we can remove this constraint from the problem by deleting
the ig’th row of A and b;,. Moreover, let i’ € I (jy) and i’ # ig. Since z; oo = m,Vz € I(jo), then xlojo >z, that
means ;€ Sirj, = [;UMO, l Therefore, Corollary |3.4] (¢) implies * € Sy, i.e., * also satisfies the i’th constrarnt of
the problem. Hence, we can remove this constraint from the problem by deleting the ¢"’th row of A and b;,. The above
discussions are summarized in the following rule.

Rule 1. If there exist ig € I and jo € J such that J (ig) = {jo} and 1:10]0 > Ty
delete the jo’th column of A. Moreover, for each i € I (jo), delete the i’th row of A and component b;.

Vi € I (jo), then set xj, = z; ; and

=t0Jo

Definition 6.2. Let A’y (C’ww) > b be a system resulting from Ay(Cwzx) > b by deleting the ig 'th constraint
ai, Y (ciowx) > by, Also, we define S’ as the feasible region of the reduced problem and Sp = {x(e) : e € E'} where
E" denotes the set of all the functions e : I — {io} — Uer_(;oy J(0) such that e(i) € J(i),Vi € I — {io}. The
constrainta;, (c;,wx) > by, is called redundant if S’ = S, that is, each feasible solution to the system A’y (C’w:c) > b
also satisfies the constraint a;, ¢ (c;ywx) > by,

Lemma 6.3. Suppose that i1, € I such that J (i1) C J (i2) and Ziyj <
t-norms. Then, is ’th constraint is redundant.

Z;,5,Vj € J (i1), where ¢ and w are continuous

Proof. Let A’y (C’ww) > b be a system resulted from Ay(Cwz) > b by deleting the ip’th constraint a;,v (¢;,wz) >
bi,. In the new system A1) (C’w:c) > b, consider an arbitrary e € E’ and suppose that e (i) = j. Therefore, i1 € I;(e)
that means I;(e) # @. Moreover, by Theorem x(e) is a feasible solution to A’y (C'wax) > b'. On the other side,
since j € J (i1) and J (i1) C J (i2), then j € J (i2) for the system Ay(Cwz) > b. Now, because I;(e) # &, by relation
we obtain z(e); = max;ey, (e) {L‘j} > z;,; = &,,;, where the last inequality is resulted from the assumption of the
lemma. Therefore, z(e); >z, ; which means x( )j € Siyj = [ghw 1]. Now, Corollary (c) implies z(e) € S;,, that
is, x(e) also satisfies the i5’th constraint of the primal system. O

The following simplification rule then results from Lemma

Rule 2. If there exist i1,i9 € I such that J (i1) C J (i2) and T, <
b,

12 *

Vi € J (i1), then delete the iy ’th row of A and

Z1J’

Lemma 6.4. Let ji,jo € J such that I (j2) C I(j1). Assume that ¢ is a continuous t-norm and T is a continuous
t-conorm. If ¢ (dj,,2;;,) < ¢ (djy, z,5,), Vi € I (ja), then it follows that 27, = 0.

Proof. Since each t-conorm 7 is both commutative and associative, the objective function of Problem can be
equivalently rewritten as follows:

f(:l?) - T(' .- T(Sp(djl"rjl)7 @(djz’ xh))v [ @(dnv :En)) (Al)

To prove the lemma, it is sufficient to show that a solution z(e) with z(e);, > 0 cannot be an optimal solution. It
should be noted that z(e);, > 0 implies I;,(e) # @, that is, there exists at least one ¢ € I such that e(i) = jo. Based
on this vector e, define e’ € E as follows:

r ) J1 e(i) = j2 .
e(z)—{ e(i) e(d) # ja Viel. (A2)



10 A. Ghodousian, M. S. Chopannavaz, W. Pedrycz

So, according to , we have z (¢'),, = x(e)x, Yk € J — {j1,j2}, and z (¢');, = 0 < x(e);,. Hence, from the assump-
tion of the lemma and the fact that Ij,(e) C I (j2) (Remark 3.10), it is concluded that ¢(d;,, max;cr,, (e){2i;,}) <
¢(dj,, maxier, (e ()1Zij, })- Now, from the latter inequality, the monotonicity property of ¢ and relation (8)), we obtain

o(djy, 2(€');,) = ¢(dj,, max 2 )

EI (e
(dJN max{zel?ax {71‘71} i max {7741}})
- max{gp( J19 EHIlaX {xzjl}) (p(dh’iEHIlaX {xljl})} (AS)

< max{go( g1 ,I?ax {7”1})790( 2 .I?ax {71]2})}

= max{@( J1 x(e)h)’ (p(djé ) ZL‘(@)]‘2}.
< T(So(dji s x(e)jl )7 Qo(djz ’ x(e)h))v

where the last inequality follows from the fact that max{x,y} < 7(z,y) for any t-conorm 7. Consequently, from (A3)
we have

e (dinsa(€),,) < 7(0(dsy2();) ¢ (dsa(e)n)) (A1)

Thus, by the equality z (¢/). = 0 and the identity law of s-norm 7 and t-norm ¢ (i.e., 7(x,0) = z and ¢(z,0) = 0,

Vz € [0,1]), it follows that

o (dna(@),) =7 (¢ (dne(),) . 0) =7 (@ (diw(€),,) 0 (@1, 0)) =7 (0 (din 2 (@), ) o (i (), ))

which together with (A4) imply

J2

)
(0 (d52(€),,) 0 (i (), )) <7 (0 (i 2(e);1) 0 (s 2(€)3)) (A5)

Now, since z (¢’), = z(e)r (Vk € J — {j1,J2}), from (Al) and (A5) and the monotonicity property of t-conorms, we
obtain f (z (¢')) < f(x(e)); that is, x(e) is not an optimal solution. O

According to Lemma we obtain the following simplification rule.

Rule 3. If there exist ji,jo € J such that I (j2) C I (j1) and ¢ (dj,,z;;,) < @ (dj,,2;5,) Vi € I (ja), then set z;, =0
and delete the js 'th column of A.

Lemma 6.5. Suppose that xg is an arbitrary feasible solution to Problem with the objective value f (xg). Let ¢
w(d

be a continuous t-norm and let T be a continuous t-conorm. Also, suppose jovﬁiojo) > f (=) for some ig € I and

jo € J (ig). Then, for each e € E such that e (ig) = jo, the corresponding solution x(e) is not an optimal solution.

Proof. Let e € E such that e (ig) = jo and suppose that x(e) is generated by relation (8). Define @’ € [0,1]" such that
v =z, . and 2} =0, Vj € J — {jo}. So, according to relation (8), we have z/; < z(e);,V;j € J. Hence, based on the

Jo —=%0J0
monotonicity law of t-norms and t-conorms, f (&) < f(x(e)). On the other hand, from the identity law of t-conorms,

we obtain

f(w/):T(O "'aoa@(djo, 20]0)’ 5. ) SD( 703 10]0) Zf(w())v
that is, f (') > f(xo). Consequently, the inequalities f (z’) > f (o) and f (x’) < f(=z(e)) imply f(x(e)) > f (x0),
where x( is a feasible solution to the problem. O

Rule 4. Let g be an arbitrary initial feasible solution of the problem. Ifga( o Zig jo) > f(xo) for some ig € I and
Jo € J (io), then delete jo from J (ip).

Based on Rule |4, by deleting jo from .J (i), the cardinality of Sg is reduced from [],.;[J()| to |J (i) — 1] -
[Ticr—gipy [/ (9)]. Moreover, according to Lemma 3.3{and Deﬁnltlon the deletion of jy from J (ig) can be equivalently
accomplished by assigning an arbitrary value from [0,bi,) tO @jyj, OF tO Ciyjy (€.8.5 Gigjo = 0 OF ¢, = 0 ); because,
in this case we have ¥ (@iyjo: Cigjo) < min{aiyjy, Cigjo} < bi, that implies S;,;, = @ (Lemma [3.3). Furthermore, by
applying Rule [4] we can consider xg = x (¢p) as an initial feasible solution where x (eg) is obtained by relation for
any arbitrary eg € E as defined in Definition

Lemma 6.6. Suppose that I (jo) = @ for some jo € J. Then, z(e); = 0,Vx(e) € Sg.
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Proof. Since Ij,(e) C I (jo) (see Remark [3.10), Ve € E, then we have I; (e) = @, Ve € E . Now, the result directly
follows from relation (). O

Rule 5. If there exists jo € J such that I (jo) = &, then set zj, =0 and delete the jo’th column of A.

We now summarize the preceding discussion as an algorithm (see Algorithm .

Algorithm 3: Accelerated method

Input : Given Problem

Output: Find z* (The Optimal Solution)

Compute S;; for each i € I and j € J (Lemma.

if there exists some i € I such that S;; = &, Vj € J, then
| stop; S is empty (Lemma (b)).

end

else

Compute J(i),Vi € I (Definition .

Apply the simplification rules to determine the values of decision variables as many as possible. Denote
the remaining problem by A’y C'waz) >b.

Compute solutions x(e) € Sgs,Ve € E' (Definition .

Find minimal solutions by pairwise comparison between vectors  (e) (Lemma .

10 Select the optimal solution * from the set S (Theorem .

11 end

N o Ok W N

©

Steps 5 and 6 provide all the minimal solutions to the feasible region, which is equivalent to the complete resolution
of the feasible solution set (Theorem [3.11). However, as is well-known in FRE (FRI) theory, the resolution of FREs
(FRIs) has high computational complexity in the sense that each minimal solution corresponds to an irredundant
cover. Therefore, although the above algorithm accelerates the resolution of the problem by taking advantage of the
five simplification rules and ignoring some non-minimal solutions, the number of minimal solutions may also grow
exponentially. Consequently, finding other simplification rules or providing some methods (such as appropriate branch-
and-bound techniques) that can reach the optimal solution by examining a small number of minimal (candidate)
solutions is always in demand.

7 Numerical example

Example 7.1. Consider the following optimization problem in which the feasible region has been randomly generated
as follows:

0.64 0.29 0.47 085 0.52 0.81 0.51 0.71 0.82 045
091 097 091 097 0.99 097 092 0.99 092 0.90
A= 003 009 003 038 098 |,C=| 07 032 041 0.78 0.85 |,
0.97 098 0.76 094 0.91 0.96 0.99 0.63 0.98 0.99
0.94 090 091 094 0.81 0.94 092 098 0.98 0.97

d = [0.21,0.15,0.17,0.74, 0.50],
b” = [0.70,0.88,0.13,0.90, 0.79).

Also, T is the Lukasiewicz t-conorm, ¢ is the Dubois-Prade t-norm (with v = 0.5 ), v is the product t-norm and w
is the Yager t-norm (with p = 2); that is, 7(x,y) = min{z + y,1}, o(z,y) = zy/ max{x,y,0.5}, ¥(x,y) = zy, and

w = max {O, 1—-/(1—-2)2+(1- y)2} The steps of Algom'thmH are as follows:

Step 1  According to Lemma 2, S” # @ iff ¥ (aij,cij) > by For example, since a1 = 0.64, ¢11 = 0.81 and by = 0.7,
then we have ¥ (a11,¢11) = a11c11 = (0.64).(0.81) = 0.52 < 0.7 = by that implies S11 = &. On the other hand, if
1]

Sij # 9, then based on Lemma we have S;; = [ where z;; is easily obtained as follows:

ZJ’ ij

Lo Jo b =0
S 1-— \/(1—b¢/aij)2—(1—cij)2 ,bi >0
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The intervals S;; are summarized in the following matriz
S = (8ij)5,5 where S;; = [gij, 1]:

%) %) @ [0.95,1] @
[0.98,1] [0.94,1] [0.97,1] [0.95,1] [0.96,1]
S = %) @ o [0.39,1] [0.15,1]
[0.93,1] [0.92,1] @ [0.96,1] [0.99,1]
[0.85,1] [0.89,1] [0.87,1] [0.84,1] [0.98,1]

Step 2 From Lemma (b), the necessary and sufficient condition holds for the feasibility of the problem. Indeed,
as shown in the matriz & = (Sij)s, 5, for each i € I there exists at least one j € J such that S;; = [gij, 1] #+ @. Also,
we have

Ay (Cwl) = (0.70,0.90,0.83,0.97,0.92)" > b,

that means 1 € S (see Lemmal[3.7 (a)).

Step 3 By Definition [3.5, J(1) = {4}, J(2) = J(5) = {1,...,5}, J(3) = {4,5} and J(4) = {1,2,4,5}. So, we have
|E| = H?Zl |J(2)| = 200. Therefore, according to Definitions 3 and 4, the number of all vectors x(e) € Sg (e € E) is
equal to 200. However, each feasible solution x(e) (e € E) is not necessarily a minimal solution for the problem. For
instance, by selecting ¢’ = [4,3,4,1,1], the corresponding solution is obtained as x (¢') = (0.93,0,0.97,0.95,0), which is
not a minimal solution. To see this, let e = [4,4,4,1,1]. So, by relation (@ we obtain x (") = (0.93,0,0,0.95,0), and
therefore x (¢) < x (e'), which shows that x (') is not a minimal solution.

Step 4 By considering columns 2 and 8 of matriz A (and corresponding columns in matriz . ), it follows that
{2,5} =1(3) CI(2) ={2,4,5}. Also, a simple calculation shows that

¢ (da, Zgg) = (da Z45) / max {da, Zgq,0.5} = (0.15)(0.94)/ max{0.15,0.94,0.5} = 0.15,

and similarly ¢ (ds, Zo5) = 0.17, ¢ (da, Z55) = 0.15 and ¢ (ds, Z53) = 0.17. So, ¢ (da, Z9s) < @ (ds, Zo3) and ¢ (da, Tsy) <
¢ (d3, z53), and therefore by applying Rule @ we set 5 = 0 and delete column 3 from matrices A ,C and &#. More-
over, since 1(1) = I(2) = {2,4,5}, ¢ (da,z,5) = 0.15 and ¢ (dy,z;) = 0.21,Vi € {2,4,5}, we have ¢ (da2,z,5) <
¢ (di,z;1),Vi € {2,4,5} . Hence, column 1 is also removed by Rule@ and we set x7 = 0. After deletion, the reduced
matrices A', C' and &' are obtained as follows:

029 0.85 0.52 051 0.82 0.45 z 0951 @
0.97 0.97 0.9 0.92 0.92 0.90 0.94,1] [0.95,1] [0.96,1]
A'=1]009 038 098 |, C'=]032 078 085 |, & = o [0.39,1] [0.15,1]
0.98 0.94 091 0.99 0.98 0.99 0.92,1] [0.96,1] [0.99,1]
0.90 0.94 0.81 0.92 0.98 0.97 (0.89,1] [0.84,1] [0.98,1]

The reduced matrices A" and C' are equivalent to five inequalities (constraints) with three variables. It should be noted
that the columns of matrices A', C' and &' correspond to the second, fourth and fifth columns of the primal matrices
A, C and &, respectively. So, by this simplification, in the current matriz &' we have J(1) = {2}, J(2) = J(4) =
J(5) = {1,2,3} and J(3) = {2,3}. As a result, it follows that |E| is reduced from 200 to 54. Subsequently, in the
current matriz &', we have J(1) C J(2) and 245 = 0.95 < 0.95 = z,,; that is, zo; < z1;, Vj € J(1). Hence, the second
constraint (i.e., the second row of the matrices A',C’, and by) is deleted by Rule @ Similarly, since J(1) C J(3),
Tgy = 0.39 < 0.95 = 215 (i.e., z3; < x5, Vj € J(1)), and J(1) C J(5), x55 = 0.84 < 0.95 = z,5 (i€, z5; < zy5,
Vi € J(1)) then the third and fifth constraints are also deleted by Rule @ So, we have the following reduced matrices:

- [020 08 0527 ,_[051 082 0457 , _ z 0951 @
“ 1098 094 091 "% T 099 098 099 [*7 T | [0.92,1] [0.96,1] [0.99,1] |’

where |E| is reduced from 54 to 3. Finally, since in the matrices A" and &' we have {2} = 1(3) C 1(2) = {1,2} and
@ (da, Zgg) = 0.15 < 0.74 = p (d3, Zo3) (i-e., ¢ (d2,z;5) < ¢ (ds,z,;3), Vi € I(3)), then we can delete column 3 (i.e., the
fifth column in primal matrices A, C and &) by Rule @ and set xf =0 to obtain the following new reduced matrices:

, [029 085 , [051 082 ;[ o 10951
A= [ 0.98 0.94 ] O = { 0.99 0.98 } » &= [ 0.92,1] [0.96,1] |

Thus, by the simplification rules, we set x; = x§ = xf = 0. Also, based on the above matrices, |E| is reduced further
from 8 to 2.
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Step 5 After applying the simplification rules, in the reduced problem A’y (C’ww) > b, the set E' includes only
two elements e; = [2,2] and e2 = [2,1], that correspond to the solutions x (e1) = (0,0.96) and x (e2) = (0.92,0.95),
respectively (i.e., Spr = {x (e1),x (e2)}). It is easy to see that both solutions x (e1) and x (e2) are minimal. From this
fact and the assignments x5 = x§ = xf = 0 (resulted in Step 4), it is concluded that the main problem has two minimal
solutions as follows:

x, = (0,0,0,0.963,0), =, = (0,0.92,0,0.951,0).

Step 6 By simple calculations, it follows that f (x;) = 0.74 and f (x,) = 0.90. Hence, by Lemma and Theorem
the optimal solution of the primal problem is obtained as ** = x; = (0,0,0,0.96,0) with the objective value of
f(zy) =0.74. Based on the activity analysis, by increasing the value of the fourth activity x4 to 0.96 and keeping the
other activity levels at zero, all constraints are satisfied and the objective function is minimized. On the other hand, in
the objective function, the term ¢(dj,x;), Vj € J, expresses the contribution of the intersection of d; and x; to cost.
The minimum operator is commonly used when an objective function requires conservative values in the sense that the
goodness of one value, say d;, cannot compensate the badness of another value, say x;. However, some situations allow
compensatability among the values. In this case, the minimum operator is not the best choice, and instead, product
operator is preferred since it can yield better, or at least equivalent, results [ref71]. However, in this example, ¢ is
the Dubois-Prade t-norm ¢(z,y) = xy/max{x,y,v} (0 <~ < 1), which covers the entire spectrum between two states
“conservativity” and “compensatability”; because, p(x,y) = min{x,y} for v =1, and p(x,y) = zy for v = 0. In this
example, the parameter v is equal to 0.5; that is, the effect of two values d; and x; on each other is considered between
these two states to determine their contribution to the cost. Finally, since T is the Lukasiewicz t-conorm, we have
flx) =7(eldr,x1),+ ,o(dn, 2n)) = min{p(di,z1) + -+ + ©(dn, xn), 1}, which means the total cost is the sum of the
individual costs provided that it does not exceed the normalized upper limit.

Moreover, from Definition [5.1, we obtain L1 = ¢ (ds,z14) = 0.95, Ly = ¢ (d2,255) = 0.94, Ly = ¢ (ds,235) =
0.15, Ly = ¢ (da,245) = 0.92 and Ls = ¢ (da,x5,) = 0.89. Hence, J(1) = {4}, J(2) = {2}, J(3) = {5} and J(4) =
J(5) = {2}. So, E includes only one element e = [4,2,5,2,2] whose corresponding solution is obtained by relation (&)
as x(e) = (0,0.94,0,0.95,0.15). Therefore, if the objective function is defined by the maximum t-conorm, then from
Theorem (and Algorithm @), x* = (0,0.9494,0,0.9512,0.1526), is polynomially obtained as an optimal solution.

Conclusion

This paper presents a general class of optimization models with the objective function defined by a combination of an
arbitrary continuous t-conorm and an arbitrary continuous t-norm, and the constraints are a system of generalized FRIs
defined by a combination of two arbitrary continuous t-norms. In the general case, some special cases of the model
and its applications were investigated, and the complete resolution of feasible solution sets for generalized FRIs was
studied. It was also demonstrated that the feasibility of the problem could be determined by two necessary and sufficient
conditions. In accordance with the proposed results, an algorithm was presented to find the exact optimal solution
to the presented non-linear optimization model. Because finding all the minimal solutions to FRIs is an NP-complete
problem, five simplification rules were derived to pre-assign values to as many decision variables as possible. Then, it
has been proven that if the t-conorm is defined by the maximum in the objective function, it is always possible to solve
the problem in polynomial time. As a numerical example, a special case of the non-linear model in which the objective
function was defined by the combination of the Lukasiewicz t-conorm and the Dubois-Prade t-norm, and the feasible
region was formed as a generalized FRI, with the product and Yager t-norms.
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