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Abstract

In this paper, we study pseudo-Fredholm equations in generator-based x—fuzzy measure spaces. A control radius is
defined from the generator and the *-fuzzy integral, and a Boyd-Wong-type fixed-point theorem is proved. We obtain
residual, inexact-iteration, and data-stability estimates. For the Hamacher triangular norm, the pseudo-Nystrém scheme
is second-order convergent. Changes of generator, perturbations of the #-fuzzy measure, and a bi-scale L'~L? generator
error construction are also considered.
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1 Introduction

We use a Boyd—Wong argument in the «—fuzzy control geometry; see [7, 2I]. Fuzzy and probabilistic metric counterparts
are discussed in [13] [14] [I8, 22].

Pseudo-analysis uses generator-induced algebraic operations; see [19, [20]. Pseudo-linear operators are treated in [5]
4], pseudo-fractional models in [24] 25], and pseudo-integrals in [I7), 26 27]. Here pseudo-linearity is verified in the
G-coordinate; cf. [2].

For the *—fuzzy measure and integral we use [11], [12]; related differentiation and martingale results, are in [T}, 10].
The numerical part uses Nystrom and quadrature results from [3], 8 @} [16] 23]; see also [6].

2 Pseudo-linear generator structure in x—fuzzy measure spaces

Let G : J — [0,00) be a continuous strictly increasing bijection. The generated pseudo-addition and pseudo-
multiplication are

Een=g" G +4m). £on=G"GJ(n)).

with 0g = G71(0) and 1o = G~1(1); see [5, 15, 19, 20]. Related pseudo-integral and discrete pseudo-integral construc-
tions are developed in [I7], 26] 27]. On a class X of [J-valued measurable functions, we use the pointwise operations

(f@gw) =flwegw), Aofw)=r0/f(w).
Assume that X is closed under these operations. A mapping P : X — X is pseudo-linear if
P(Aofle(nog)=ANoPf)e(noPg),  fgeX,
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for scalars A, u for which the pseudo-combination is defined; cf. [5]. In particular,

9(fog)=9(N+9), GAO[S) =GNG(/)

pointwise.

The symbols @, ® refer to the pseudo-algebra generated by G, whereas * denotes the triangular norm of the fuzzy
measure. Let (I,91) be a measurable space. A continuous Archimedean triangular norm * and a mapping p : 9 X
(0,00) = [0,1] form a *—fuzzy measure space if p((), () = 1, { — p(D, () is left-continuous and nondecreasing with limit
1 at infinity, and

UDjvc :joiolp(DjaC)v
=1

for pairwise disjoint D; € N; see [10} 12, 22]. For a nonnegative simple function s = Z;n:l ajXe;,
_m ¢
sdp(-,¢)= * p| DNE;, =),
D J=1 a;

[ ndot= it [ sant.0.
o YO Jo

and for measurable h : I — [0, c0),

The following relations are the only integral properties used below.

Lemma 2.1. [Tl [12] For measurable hi,he >0, D € M, ¢ >0, and ¢ > 0,

hi<hy — /Dhldp<~,<>z/Dh2dp<-7<>

/(h1+h2 dp(, (/ hy dp(, >*</13h2dp<"o>’
/thldp(-,c“)z/Dhldp(,g).

Let ¢ : (0,00) — (0,1] be increasing and continuous, ¢(n) — 1 as n — oo, and

o(;2) o(D)wo(l).  nan>o0

For a strict Archimedean x with additive generator 7,

and

and

gives

() =)o)

For the product and Hamacher norms, ¢.(1) = e~" and ¢.(n) = n/(n + c), respectively.
Definition 2.2. For f,g € X, let

#(5.9)= {520+ [160) - dlat)lan.0) = o5 ) ¢ > 0},

and define

dg(f,9) = G~ (inf Z(f,9)). (1)
We call Z(f,g) the fuzzy control-radius set of (f,g).
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Theorem 2.3. Assume that Z(f,q) # & for every f,g € X. Then dg is a G-distance. Moreover, for f,g,h € X and
A€ J with G(A\) >0
dg(f @ h,g@®h)=dg(f,g9), dg(A® f,A0g)=AOdg(f 9).

At the integral level,

/I|G(feah)— (9® )| do., /\g ) do(-0),

_ <
1600 n-g0reldn.0 = [100)- |dp<,g(>\)>. @)
Proof. If dg(f,g) = Og, choose 6, € Z(f,g) with d,, | 0. Then

16t -s@lant0 = o(5) =1

so f = g p-a.e. by the unit-value property of the x—fuzzy integral; see [12, Theorem 4.7]. Let §; € Z(f,h) and
9y € Z(h,g). Since
1G(f) = G(9)l <16(f) = G(h)| +|G(h) = G(9)l,

[ 16()-9@)1ar.0)

(/g mlant.0) ) = ([ 1600 - gta)lanc-0))
2¢(é)*¢(é)

2o(555)

Thus 6, + 62 € Z(f,g), and infima give the G—triangle inequality. For pseudo-translation,

G(feh)-Ggoh)=G(f)—G(g)

Lemma [2.T] gives

For pseudo-scaling,
IGAOf)=G(Aog)l =GN)IG(f) —G(g)l-
Lemmanow gives . Hence, 6 € Z(f,g) exactly when G(A\)d € Z(A© f,A© g). O

3 Fixed points for pseudo-operators in the x—fuzzy generator geometry

We consider the pseudo-affine map
Tf =b@P(Nf),

where P : X — X is pseudo-linear and N : X — X is nonlinear.

Lemma 3.1. Let Pq,...,P,, : X — X be pseudo-linear and suppose that, for j =1,...,m,

/|Q’Pu G(p,v)|dp(- /|g dp( Ci)

with c; > 0. Then the composition Py, o --- o Py satisfies the same inequality with constant H;nzl c¢j. Moreover, if
Su=Piud---OPpu,

then every § € Z(u,v) satisfies (c1 + -+ + ¢m)0 € Z(Su, Sv).
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Proof. Tterating the assumed estimate, we obtain

/ 1G((Prn 0+ 0 P1)u) — G((P 0 -+ 0 P1)0)] dp(- )
/IQ Idp< T Clcj>~

G(su) = G(sv)] < D IG(Rju) — G(P;v)|.

Jj=1

For S, we have

Lemma [2.] gives
/\QSu G(s0)|dp(-,C)
/|gPu G(p;0)|dp(,C)
j 1

" ¢
‘jfl(b(cﬁ) 2¢((cl+...+cm)5>'

Theorem 3.2. Let (X,dg) be complete and let Tf = b@® P(Nf). Assume that P is pseudo-linear and that, for some

c>0,
J16@0) -~ 6@0lant.0 = [ 166 - gwlan(.2). 3)

for all u,v € X and { > 0. Let 9 : [0,00) — [0,00) be nondecreasing and continuous, ¥(0) = 0, and suppose that,
whenever § € Z(f,g),

O

[ 1s) - gl ant. o) > as(ﬁfg)) ) (1)

Set (r) = c¥(r). Assume that ¢ is right-continuous on (0,00) and 0 < ¢(r) <r forr > 0. Then T has a unique fized
point f*. For any fo € X, the iterates fn41 = Tfn satisfy

Jit) =gt —1 o ®)
Proof. For every § € Z(f, q),
/\g Tf) ~ 6(Tg)| dp(-.¢)
:/\g(pr)fg(PNg)ldp(wC)

> [ 1o - g |dp( C) >¢>(¢f5)>. (6)

Hence, ¥(6) € Z(Tf,Tg). If r € Z(u,v) and s € Z(v,w), then

[ 1ot - gtwlant.0 2 oS ) o($) 20 5.

Thus r + s € Z(u,w). Take ag € #(fo, f1) and put any1 = ¥(a,). Then a, € #(fn, fnt1) and a, | a > 0. Right-
continuity rules out a > 0, because it would give a = ¥(a) < a. Hence a = 0. Assume now that (f,) is not Cauchy.
Then there are € > 0 and ny, < my, ny — oo, with my, minimal such that € ¢ Z(f,,, fm,). For large k, we have,

EE%(fnk,fmk—l)a €¢<%J(fnkvfmk)-
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Hence, €+ am,—1 € Z(fny, fms), and @ gives (e + amy,—1) € Z(frp+1s frmp+1)- Thus g == apn, + (e + am,—1) + am,
belongs to Z(fn,, fm,). Since rp, — ¥(e) < €, we have 1, < ¢ for large k, and therefore ¢ € Z(fn,, fm,), &
contradiction. Thus (f,,) is Cauchy. Let f,, — f*. For every n > 0, eventually n € Z(f,, f*), thus:

/wn— |@<>¢G)

First let n — oo and then 7 | 0; this gives . Also, @ gives Tf, — Tf*, while Tf,, = fnt1 — f*. Thus Tf* = f*. If
g* is another fixed point and 6 € Z(f*, g*), then Y™ (0) € Z(f*,g*) and

[ -s2o(g) 1.

Hence f* = g*. O

Proposition 3.3. Let the hypotheses of Theorem hold. If 69 € Z(fo, f1) and ijo P (8g) < o0, then

¢

1605 =N dn0) = 0| —— @
> w7 ()
j=n
In the linear case ¥(r) = Lr and g = cL < 1,
1—
16t = )l apte.0) = o U0, 0
If y € X satisfies
J16) - grant.0 = o).
then
1_
[ 16 - aelant ¢ = o 21, ©
If an inexact orbit satisfies
J160) - Gt ant.0) = o ).
and ro € Z(yo, *), then
n—1
ra=q"ro+ »_q" ey, (10)
3=0

belongs to Z(yn, [*). Finally, let T satisfy the same factor q, with fized point f*, and suppose that, uniformly in u,

/\g (Tu) — G(Tu)| dp(-, )>¢<§>.

Jour) - |@<»¢U‘M) (11)

3

Then

Proof. Put 6; = 17 (p). For p > 1,

16t = 6thnlant. 0 =" o) 2 0| 55
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Let p — oo to obtain . For ¢ (r) = gr, the tail is ¢"dp/(1 — ¢), hence . Let r € Z(y, f*). The residual assumption

and () give
[ 16 -6t ant.0 2 o) o ) 2o o)

Thus € + qr € Z(y, f*). If ro € Z(y, f*) and 9 > /(1 — q), then r, = ¢*ro + (1 — ¢*)e/(1 — q) — &/(1 — q); this
gives (9). If r, € Z(yy, f*), then

[ 160 - 67 dp(.¢) 2 ¢(C)¢(q<) z¢(fq)

SO Tpi1 = &n + qrn € Z(Yny1, [*), and follows by iteration. For r € Z(f*, ]7*),

Jiotry-a a0z o £ ) eo(£) 2o £).
The limit £/(1 — q) gives (1)) O

Proposition 3.4. Let

m

Tf=bo PP,
v=1
where P,, satisfies with ¢ = ¢, and N,, satisfies with ¥ = 19,. Define
r)= Z e, (1). (12)
v=1

If U is right-continuous and 0 < U(r) < r forr >0, the conclusion of Theorem holds with ¥ in place of 1.
Proof. For every 6 € Z(f,g), we have

m ¢ ¢
Jigan-salan.o > ¥ o( ) 2 0( 5% )
Hence ¥(0) € Z(Tf,Tg), and Theorem applies. O

If
G(Pu) — G(Pv)| < G(N)[G(u) — G(v)],
then Lemma gives with ¢ = G(A).
Theorem 3.5. Let Jo C J be compact, G € CY(Jp), and G' > 0. Let H: I x Jo — Jo be measurable in w Lmd

continuously differentiable in z, and define Nf(w) = H(w, f(w)). Assume that the pseudo-linear operator P satisfies (|3
with constant ¢ and that

g’(H(w, Z‘))|amH(w7 l‘)| < 1

Lg := esssup sup

wel zed G'(z) ¢’
Then Tf =b@® P(Nf) has a unique fized point f*. With ¢ = cLg, every do € #(fo, f1) satisfies
1ot - ot ant.0 = o U210, (13)
0

Proof. For a.e. w and z,y € Jp, the mean-value theorem in the G-coordinate gives

G(H(w, z)) = G(H(w, y))| < Lg|G(z) = G(y)].

[ 1605 = galant.c) > [ 160 - dp( fg)

Thus ¥(r) = Lgr in (@), and Theorem gives (L3). O

Lemma gives
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4 Pseudo-Fredholm equations in x—fuzzy spaces

/ﬁ h(s) ©ds = G (/I G(h(s)) ds) ,

and, for a measurable kernel K : I x I — 7, define

For measurable h: I — J, set

D
(Pef)(t) = / K(t,8) © f(s) © ds.

Whenever the right-hand side is finite, Px is pseudo-linear after applying G. We use this direct form because pseudo-
linearity is not valid for arbitrary pseudo-integrals without additional assumptions [2].

Assume that there exists M, > 0 such that, for every measurable h: I — J and ¢ > 0,

/gPK (-, /g dp( ) (14)

Fora:I - JandF: I x J — J, consider

52
u(t) =a(t) @ /1 K(t,s) ©F(s,u(s)) ©ds. (15)

Theorem 4.1. Let X be complete with respect to Deﬁnition and assume that Px : X — X satisfies (14). Suppose
that 9 : [0,00) — [0,00) is nondecreasing and continuous, ¥(0) = 0, and that the following inequality holds whenever
0 € Z(u,v):
¢
/\Q(F(S,u(s))) —G(F(s,v(s)))] dp(s, ¢) = o -7 | -
1 ¥(4)

If Y¥(r) = Mp9(r) is right-continuous on (0,00) and 0 < ¢ (r) < r forr >0, then has a unique solution u* € X. If
o € Z(ug,u1) and ).~ I (80) < oo, then

J160) = 6ot ¢) 2 0 =—— (10
> 97 (%)
j=n
Assume, in addition, that a compact pseudo-order interval Jo C J is invariant, G € C*(Jp), G’ > 0, and
G'(F(s,x))|0F(s, )] 1
Lg := esssup sup < —.
¢ sel xz€Jdo g/(l') Mp
Then q = M,Lg <1 and
I—q
[ 16 - g dnt.) = o C2EE). (1)
q" %o

Proof. Put (Nu)(s) = F(s,u(s)) and
huv(s) = 671 (|G (Mu(s)) — Gav(s))]).
Since G(K) > 0
|G (PgNu) — G(PxNv)| < G(Pxhyy).

/I|Q(PKNu)— (PxNv)| dp(-, /\g (Nu) Nv)|dp( ]\§[p>'

Thus holds with ¢ = M,. Theorem gives existence, uniqueness, and . The mean-value estimate from
Theorem [3.5] gives

Using ,

G(F(s,x)) — G(F(s,9))| < Lg|G(x) — G(y)l-
Thus 9(r) = Lgr, and follows from (). O
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It
G(ag) < ¢G(a(t)) <G(a1),  0<G(F(s,z)) < G(b(s)),
then positivity of Px gives
G(ao) < G(Tu(t)) < G(a1) + G((Pxb)(t)),

so Lg may be computed on this invariant interval.

Theorem 4.2. Let Tu = a® Px(Nu) and Tu =3 ® Pi(ﬁu) satisfy the linear case of Theorem with a common q < 1.

Suppose that, uniformly in u and for all { > 0,

[ 16 -6@Ian-c) > ¢(<)
/f |G (Pxliu) — G(Pgliu)| dp(-, ) = ¢(i)
/I'Q(PKNU) — G(Pli)| dp(-,¢) = ¢(€<F) .

Ifu* and u* are the fized points, then

flow) - a0z o EET)

Proof. For fixed u, the three assumptions and *—subadditivity give

/\gTu G(Tu)| dp(-,¢ )>¢<ea+ei+sF>'

and

Now gives (|18).

Lemma 4.3. Let (I, k) be a finite measure space and put

—esssup/g (t,8))dr(t) <

sel

For the Hamacher fuzzy measure

_ ¢
pH(D7<) - C"‘K)(D)’
and for the product fuzzy measure
pP(Dvg) = exp(_’%(gD)) )

condition holds with M, = M.

Proof. The definitions of the corresponding *—fuzzy integrals give, for measurable r > 0,

¢

1
[raont.0= ofrge [ravet0=en(—f [ras).

Tonelli’s theorem gives

/ G(Peh)(¢) dr(t / / G(K(t,5))G(h(s)) dr(s) dr(t)
<M / G(h(s)) dr(s)

IG(PKhmpH(-,ozHM/g - [ ot de< )

Hence

[G(eut) dpec.0 >exp<—/g dn) /g dpp<,]\<4).
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For the numerical test, take G(r) = In(1 + r), put v = G ou, and set
G(ax(t)) = 0.01 + 0.01\ + 0.04t + 0.01 sin*(27t),

g(K(‘L:7 s)) — Ce—lt—sl, c = (2 . 26_1/2)_1,

and
G(Fa(s,z)) = (0.65 + 0.02X + 0.35sin*(27s)) 15(;()1;)

In the generator coordinate v = G(u), equation becomes
1
v(t) = 0.01 + 0.01\ + 0.04t + 0.01 sin*(27t) + c/ e~ 1721 (0.65 + 0.02) + 0.35 sin*(27s) ) 1::(:28) ds. (19)
0
Proposition 4.4. For every A > 0, model has a unique nonnegative solution. After the first Picard step,
vn(t) > my :=0.01 +0.01), n>1,
and the Hamacher contraction factor may be chosen as

14 0.02A

==
D= 101+ 0.010)2

If 61 € Z(uy,us), then
(1—qx)¢

, n > 1.
(1—q)C+qy 16

l[}g<un>4—g<uw|de<nc>z

Proof. The kernel is normalized by

1
sup / ce Itslde =1,
s€[0,1] JO

hence My = 1 by Lemma After one Picard step, positivity gives v, > my. Put By(s) = 0.6540.02A+0.35 sin?(27s),

x Y 14 0.02X
B -B —yl.
A(S)lJr;z ’\(S)1+y‘_(1+m>\)2|x yl
Also,
(1.01 + 0.010)% — (1 + 0.02)) = 0.0201 + 0.0002) + 0.0001\? > 0.
Now apply Theorem [4.1) with ¢(n) =n/(n + 1). O

5 Hamacher x—fuzzy pseudo-Nystrom scheme

For Nystrom discretizations and quadrature error estimates, see [3} [, [8, 9} [16], 23].

Let 0=t9p < <ty=1h=1/N,and let wo = wy = h/2, w; = h for 1 < j < N—1. Put &; = G }(w;). The
trapezoidal pseudo-Nystrom discretization of is

N
(TNU)i = a,\(ti) (&) @@j ® K(ti7tj) ® F,\(tj, Uj), 0<i<N.
=0

Application of G gives
(k1) f: v
VT = A+ ) wiky B —
(k)’
=0 1+V;

where
v —g™), A4, =G(ar(t), ki = G(K(tst5)),
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and B; = 0.65+0.02\ 4+ 0.35sin? (27t ;). For grid vectors U, V, set €; 9(U,V) = |G(U;) — G(V;)|. The full-grid Hamacher
sx—fuzzy error integral is

¢

~ .
¢+ ije]g(a V)
7=0

IIQJ,N(UaV§O = (20)

A number r > 0 is called a Hamacher control radius for (U, V) if

¢
T (47

If N (U, V3) > ¢>0.
For D; =[0,t;], ¢ > 1, set

Qi(U, ) 560 Ze + L Q 5

The corresponding Hamacher value is ¢/(¢ 4+ Q;(U,V)); for i = 0 it is 1. Define

N
PK NZ @ tr“ @ZJ
7=0

The map Py n is pseudo-linear. With My ny = maxo<j<ny Z?LO w;ki; we have

N N
S wlG((Pen2)s) — G(Pen W) < Mun S w16(2,) — GO,

i=0 =0

SO

H,N

Theorem 5.1. Assume that T leaves invariant a closed region on which G(U;) > mg > 0 for every component, and

put
N
B
— [ L S
anN 0I<I§_&<XN{(1 T mo)? ;wz m}

If gn < 1, equation U = TnU has a unique fized point UF; and

I TV i) 2 1 (015 ). (21)
’ ’ N
If 6 = XN g VEY VI then
. ¢
U™, Ux:¢) 5 (22)
¢+
1—gn
More generally, if an inexact step satisfies
U)o, ¢
o D
then every Hamacher control radius Ty for (U(k), Uy;) generates the control radius ri+1 = qnri + €. Hence
k—1
T < < qNTO —+ qu 1= JEJ. (23)

7=0
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Proof. Since r +— r/(1+ ) has derivative (1 + 7)~2, for U,V in the invariant region,

If N(TNU, TN V() = ~ <
C+ 3 wlG((TN D)) — G(T V)]
i=0

¢
N N

| . IG(U;) —G(V;)]
C—}—szZWJkZJBJ(l+g(Uj))(1+g(Vj))

>

i=0 =0
S ¢
= N
C+an Y wlG(U;) — G(V;)]
§=0
:II%N<U,V; C) .
’ qN
The fixed point follows from and Theorem (3.2 For j > 0,
15 (U g, oy s 1o (pm oy, C) 2 ¢
hon( O =1in o C+ dledn

Applying *gy—subadditivity,

-1
I N (U, U 2y =
C—I—(Sszﬁv

Jj=0

i=0 C+ g Ox

Let p — oo and use U*+P) — Uy, to obtain . For an inexact step, let 7, be a Hamacher control radius. Then
and *y—subadditivity give

If, f(URD UR 0 = 15 (UED TN U W) sy TF, o (TNUP, TN U5 Q)
¢ . ¢
= H
(+ex C+anrk
R S
(Her+anrk

Hence qnry + € is the next control radius, and iteration gives . O
Theorem 5.2. Let UYN = (u(tg),...,u(ty)) be the evact nodal vector of and define

N
Ry =) wilGUY) = G((TnU)y)-

=0

Assume qn < q < 1 for all sufficiently large N. Then

UV U302 — (24)
¢+ T4

Consequently, Ry — 0 implies II%’N(UN, Ui ¢) = 1 for every ¢ > 0.

Proof. Set
N
Eny = sz‘\g(UiN) = G((Ux)i)l-

=0
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Use Uy = TyUy in and apply Hamacher *xg—subadditivity:

¢ G (N
= I * N
C+EN H,N(U ?UN7<)
> If N (UN TNUN; ) s I N (TNUN TN URS Q)
> xg I U™, Un; —
= (+ Ry TTHN Mgy
_ ¢
(+ RNy +qnEN
Thus Exy < Ry 4+ qvEn, and
Ry Ry
Ey < < —.
l—gn " 1—4¢
Together with , this proves (24]). The last assertion is immediate when Ry — 0. O

Lemma 5.3. Let UN be the exvact nodal vector of , with UYN = u(t;). Write v =G ou. For each node t;, set
gi(s) = G(K(ti,s))G(Fa(s, u(s))).
Assume that g; € C?([0,t;]) N C?([t4, 1]) and

4 1
S (lg7 | oo (0,80) + 187 11 oo (2:,1)) < M,

where the term over a degenerate interval is omitted. Then, with Co = My/12, we have for every { > 0

¢

If U TNUN; Q) > CrCont

Proof. At the node t;, subtracting the discrete equation from the continuous one gives

IGUN) - G((TaUN))| = s)ds — Qngil,

where @y denotes the composite trapezoidal rule. Since t; is a grid point, apply the remainder estimate on [0,t;] and
[tia 1]

h2

<
- 12

1
/0 gi(s)ds — Qne;

(tillg? e + (1 = t)llgf lLoe (e, 1)) < Coh®.
Therefore

N
Zwi |g(UlN) - TNUN < Coh2 Zwl Cohz.

Now use . O

Theorem 5.4. Assume the hypotheses of Lemma[5.3 and Theorem[5.1 Suppose that 0 < gy < q <1 for all N > Np.
Let Uy be the discrete pseudo-Nystrom fized point. Then, for every ¢ > 0 and N > Ny,

I WUV U3 Q) 2 — .
(+——h?
l—¢q
Also,
g (N Co 5
l—IHN(U LJUNGO) < h*.

T C(1-9)
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Proof. Set
N
Ey =Y wi[6UY) - G(UR))|.
i=0
With Uy, = TnUy;, the triangle inequality and Hamacher x—subadditivity yield
If n (UM Uk Q) 2 I n (UM INUN: Q) o Iy (TN U™ TN URS )
¢ G N ¢
> ———xyl N, Ux; —
_C+COh2 *H H,N ) Nan )

where Lemma [5.3] and were used. Moreover,

19 UN,U*;C)ZC.
H’N< N gn (+anENn
For a,b > 0,
¢ ¢ ¢
pr— b>0-
Ctra TCxb Crarb P07
Hence

g N 7r*. ¢
IH’N(U ’UN7C) = §+Coh2 JquEN'

Also, gives
_ ¢
~ (+EN’

Thus Ey < Coh® 4+ gy En, so Ex < Coh?/(1 — qn) < Coh?/(1 — ¢). With (20)),

If, N (UN, Uk €)

E ) C
1= I§ N (UNUR ) = - < < 0

— .
C+Ex = ¢ ~¢(1-0)

O

For the computations, we take A = 0.4, G(r) = In(1 + r), Nyt = 1600, Toly = 10712, and ¢ = 1075. The iteration is
stopped when
¢

19 () k). ,
H,N(U aU 7<) > <+T01H

For the reference grid,
0.0923553 < u(0.4,t) < 0.158300.

Selected values are given in Table [I]

Table 1: Selected values of the pseudo-Fredholm solution at A = 0.4.

t  G(u(0.4,t)) u(0.4,t)
0.00  0.088336  0.092355
0.25 0.123844 0.131840
0.50  0.129489  0.138247
0.75  0.146937  0.158281
1.00 0.132128 0.141254
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0.14 4

u(lambda,t)

0.11 4

0.134

0.12 4

M. S. Abolhassanifar, R. Saadati, B. Pazar Varol

Discrete fuzzy-operator solution profile at lambda=0.4

1 — N=40
N=80
| — N=160
—~-- reference N=1600

0.0

0.2 0.4

Figure 1: Pseudo-Nystrom approximations of u(0.4,t).

For a grid solution Uy and the restricted reference vector

generator error.

1.0

0.8

I_H,N(e;D_i,zeta)

0.2 1

Uf\?f, Figure [2| displays the prefix Hamacher integrals of the

Hamacher fuzzy error-loss indicators, zeta=1e-6

4
o

I
IS

0.2 0.4

0.6 0.8 1.0

Figure 2: Hamacher x—fuzzy prefix error integrals for the generator error.

At N = 80, starting from Q(U;O)) = 5, the Picard indicator satisfies

If, (U R 1076) — 1.

Table 2: Picard iteration at N = 80 with g(U;O)) = 5.

k S, 17 (UFHD U#):10-6)
1 4.310508 x 10° 0.000000232
2 3.309545 x 107! 0.000003022
3 1.126168 x 107! 0.000008880
6  1.540520 x 102 0.000064909
11 1.202269 x 10~3 0.000831070
21 9.285287 x 106 0.097226258
31 7.253862 x 10~8 0.932367355

95

6.357965 x 10713

0.999999364




Pseudo-Fredholm operators in generator-based *-fuzzy measure spaces 15

Hamacher fuzzy Picard convergence, N = 80

1014
\ — (VKL VK

1 —minly,y (step; D;, )
1014 !

10-3 4
10-5 4

10-7 4

fuzzy error quantity

10-9

10-11 4

o 10 20 30 40 50
Picard iteration k

Figure 3: Picard convergence in the Hamacher x—fuzzy generator error.

Table 3: Hamacher-fuzzy refinement of the pseudo-Nystrom scheme.

N  Tter. Picard step  Generator error Order qN IIg{ N

40 53  7.718 x 10713 1.01 x 107° — 0.933988  0.089698
80 53 777 x 10713 2.53 x 1076 2.006 0.935544 0.283616
160 53 777 x 107 6.26 x 10~7 2.012 0.935535 0.614883
320 53 777 x 10713 1.52 x 1077 2.045 0.935533 0.868197
800 53 T.77Tx 10713 1.90 x 1078 2.269  0.935563 0.981378

The rates 2.006, 2.012, and 2.045 agree with Theorem[5.4] The last entry uses a finite reference grid. With Nyer = 1600,
the usual h? reference correction gives 2.2694 for (N7, No) = (320, 800).

Hamacher fuzzy refinement indicators

fuzzy numerical error
=
1)
L

1077y —@— dp,y vs. reference
1 — minly,y (error; D;, {)
i

w0
Figure 4: Generator error and Hamacher «—fuzzy refinement indicator.

6 Generator changes and x—fuzzy measure perturbations

Proposition 6.1. Let G : J — [0,00) and G:J — [0,00) be continuous, strictly increasing bijections and define
E=G 'oG. Then, forx,y € J, we have
E(z ®g y) = E(z) &g E(v), E(z ©g y) = E(z) Og E(y)-

and whenever the pseudo-integrals are finite,

E(/:Bg h(s) O¢ ds) = /:Bg E(h(s)) ©Og ds.
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For the pseudo-Fredholm data (a,K,F), put

a=Eoa ) F(s,y) =E(F(s,2'y)).

3

If Tg and T denote the corresponding pseudo-Fredholm maps, then

For a fized x—fuzzy measure p and control function ¢,

Zg.(f,9) = %5 ,(Ef, Eg), (25)
dg ,(Ef,Eg) = E(dg,p(f.9)) -
Thus B
Tgu* =u* < T(Zu") = Zu",

Equation (25|) identifies the two control-radius geometries. In particular, convergence, completeness, and linear con-
traction factors are unchanged. If the generators and nonlinearities are C' on the corresponding intervals, then

J’(F(s,af)) |0,F(s,Zx)| G'(E(5,2))|0:F (s, 2)|

g'(Ex) g'(x)

The coefficient in Theorem[{-1 is invariant as well.

Proof. The identity G(Ez) = G(x) gives

Injectivity gives the two identities. Moreover,

5(/1% h &g ds> S (/I G(h(s)) ds) =g </I G(Zh(s)) ds> .

G(T(Eu)(t)) = G(a(t) +/IQ(K(t78))g(F(S,U(S))) ds = G(Tgu(t)),

Also,

and

GEN - GEg)| = 19(5) - 6l9)l.
hence the two radius sets coincide and follows. Also,
dg ,(Ef,E9) = G (inf Zg ,(f,9)) = E(dg (. 9)) -

Differentiating

gives the differential identity. O
Next keep G fixed and compare p with p.

Lemma 6.2. Let p and p be x—fuzzy measures generated by the same continuous Archimedean triangular norm and
controlled by the same ¢. Assume that, for some a, 5 > 0,

F(D,C) > p(D, i) D0 = ﬁ(a g) , (26)
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for D € Mt and ( > 0. Then, for every measurable h > 0,

/Ihdp(,i) < [ napt.) < [ nant- ).

Moreover,
6 € Zg,p(f,9) = ad € Zg5(f.9), 6 € Zg5(f,9) = B6 € %g,,(f,9), (27)
and hence
1. . .
3 inf Zg ,(f,9) < inf%g 5(f,9) < ainf Zg ,(f, g)- (28)

Equation gives the same convergent and Cauchy sequences for both geometries; completeness is therefore equivalent.
If o controls T for p, then ¥ (r) = ap(Br) controls T in the p—geometry; in particular, (r) = qr gives ¢ = afq.

Proof. For s = 27:1 a;xg; > 0, monotonicity of x and give

= "5(E S Ys ™ (B ) = LS
froo= 2ol €)= Bl = ool £)

Taking the infimum over 0 < s < h gives the first bound; the second is at B¢. If § € Zg ,(f,g), then

[ 16t -6@lapt0) = [ 160 - swlan(-£) = o( ).

so ad € #g 5(f,g). Interchanging the two measures gives the second implication in ; taking infima gives . The
same estimate applies to pairs (fy, fm), so completeness is equivalent. For the comparison function,

r € Rg5(f,9) = Br € %g,,(f,9)
= (Br) € Zg,,(Tf,Tg)
= ay(Br) € Zg 5(Tf,Tg).

Hence 12(7") = ap(Br); for P(r) = gr, ¢ = aBq. In the Boyd—Wong case one also assumes 0 < 12(7’) <r. O

Theorem 6.3. Let X be complete in the (G, p) geometry, let X = 2(X), and assume [@6). LetT: X - X and T : XX
be pseudo-Fredholm maps with

0 € Hg,p(u,v) = qd € Xg,,(Tu, Tv),
r€Ag5(y,z) = qr e %’gﬁ(fyﬁz)7

where 0 < ¢,§<1. Set S=Z"10ToZ and Q = max{q, aBq} < 1. Assume, uniformly in u € X,

/|QTu G(sw)| dp(., )>¢<§>, > 0.

If u* and u* are the corresponding fized points, then

[ 16 - 6@ ant.0 > ¢><(1_Q)C> , (29)

/)g )

(1- Q)C)
Proof. For r € %g ,(u,v), Proposition [6.1] and Lemma [6.2] give

ap(,¢) > ¢><

g

r € Zg.p(u,v) < r € Ag (Eu,Ev)
= ar € %5 ;(Zu, Zv)
= aqr € %gjﬁ(TEu, TEw)
= afiqr € Zg,,(Su, Sv).
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Both maps have factor @, and completeness follows from 7. Therefore
Tu* = u*, Sv* = v*, vt =27, G(v*) = Gg(u").
From (11)), =g € #g.,0(u",v"), giving (29). Then and give 125 € Zg 5(Eu”, u”) and the second estimate. [

Proposition 6.4. Let k and K be finite measures satisfying

7K(D) < R(D) <7 K(D),
with D € M and 0 <y <7 < oo. For o € {H, P}, where

¢
¢+ (D)’

Jrans(-2) < [rageo< [ran(-2).

or every measurable h > 0. Hence (26) holds with o =7, B =1, and
[ (] 2l

')”

(D, C) = o5(D,¢) = exp(—"””) |

and analogously for K, one has

yinf Zg,px (f,9) < inf Zg ,z(f,9) < Finf Zg ,x (£, 9).

Thus a linear factor becomes qpert = % . For kK = ck one has the exact relations

q
cK _ K g
hdpa (’C) - hdpo‘ K ;
I I c
‘@g,pgﬁ (f7 g) = C%Q,pz (f) 9)7 dpert = q-

Proof. For the Hamacher realization,

_ ¢
¢+ [, hds’

[ hass.0 ZEXP(—é/Ihdm).
3 [han< [haw <7 [ na

the two integral bounds follow. The radius bounds and gpert now follow from Lemma For k = ¢k, direct substitution
gives the two scaling identities and gpert = . O

[ man0

whereas for the product realization,

Since

7 Bi-scale x—fuzzy control of L' and L? generator errors
Let * be strict Archimedean with additive generator 7; see [12] [I5]. Then
axb=T1"1(1(a)+7(b)), 7(1) =0.

Proposition 7.1. Let k be a finite measure and

pr(D; ) =T‘1(K(CD)>-

[0y =r A

I ¢

For measurable h > 0 with h € L*(I,k),
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If ¢.(n) = 77 (c/n), ¢ > 0, then the corresponding control-radius set satisfies

Bl fog —{ [t - |dnoo>

j=1@jXE; In canonical disjoint form,

/Isdpn(-,C) = 17_1(%&2&)) =7t ézn:ajn(Ej) :T—l(fz‘?‘m).

Let s, T h and pass to the limit. For e = |G(f) — G(g)],

. ¢ —1 fled“> 1<05)
/Iedpn(,C)Z¢c(5><:w < : >7 c <:>/Iedn§cé,

This gives the radius formula. O

Proof. For s ="

Il %3

Let w1 and po be finite positive measures on (I,91). For D € 91 and ¢ > 0, define

D D
p12(D, ) = 1(“1( Iy )>- (30)
¢ ¢
Theorem 7.2. The mapping p12 in is a x—fuzzy measure. If h >0, h € LY*(I, 1) and h € L*(I, u3), then
[ram [ 12au
[hdpat =t | P | (31)
I ¢ ¢

Proof. Clearly p12(@,¢) = 1, while p12(D, () is continuous and nondecreasing in ¢ and tends to 1. For pairwise disjoint
(D;),

| p2| U D¢ ZEZM(DJ'H'C?Z“?( = (p12(D;, ),
j=1 j=1 j=1 j=1

thus

3

p2| U DsC| = * p1a(D;, Q).

oo
*
]:

P
j=1

For s = Y°7 | ajxp, in canonical disjoint form,

(i)~ $(o(o:5))

1 n
aj (E;) + a > alua(Ey)
J=1 =1

:fISdM1+f182dM2
¢ ¢

/snd,ulT/hdul, /siduzT/thuz.
I I I I

Hence (31]). O

Y

ol

Take s, 1 h. Then
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For f,g in the natural domain of , put
1/2
9 = [ 165 - 6ol d. 0= ([1o0)-6wPan)

Dis(f,g) = max{E1(f.9), Ea(f,9)}s  dualn) = 7~ (717 + 7712) |

and

Theorem 7.3. For any r,s,n > 0, the function ¢12 satisfies

n n
¢12<r+ ) < ¢12(;) * ¢12(;) :
For the control-radius set defined by p12 and ¢12,
F12(f,9) = [Di12(f, 9), 00). (32)

If I (f,9:Q) = [;1G(f) — G(9)| dp12(+, (), then I (f,g;C1) and Iy(f,g;C2) determine E1(f,g) and Eo(f,g) whenever
Cl?é@

Proof. Applying T,

n _r+s (r+s)?
(o)) =5+ 1

TR

=7(0n(3) o2 (3))

Because 7! is decreasing, this proves the first assertion. From (31]),

2
56%(}(79){:}El(g,g>+E2<£g) g %
= (Ei(f.9) — 0)C + Ea(f,9)% —

Let ¢ — oo and then ¢ | 0. This yields E1(f,g) < ¢ and Ex(f,g) < J; the converse is immediate, proving . For

(1 # Ca, set Y; = 7(I5(f,9;Gi))- Then
szy; - El(fvg)CZ + E2(fa 9)27

for ¢ = 1,2, and hence

N - GYs

GG3Ys — GG
G—C '

2 _
EQ(fvg) - Cl_CQ

El(fvg) =

O
Proposition 7.4. If u1 and ps are not proportional, there are no finite measure k and positive function a(¢) such that
p12(D,¢) =77 H(a(Q)K(D)) (D eN, (>0).

Moreover, if G(A) > 0, then D12(A©® f,A® g) = G(A\)D12(f,9), and

Ilgz(AQf,AGQ;C)=11%<f,g; g(C/\)) (33)

Pseudo-translation leaves both D1y and IS, invariant.
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Proof. Suppose

for all D and (. Choosing ¢; # (2 gives

& &) -Ce)

1 ) = K.

G G M2 a(Cz2)

The matrix is nonsingular, so 1 = ¢1k and po = cok, contrary to the hypothesis. Moreover,

IGAOf)=GAogl=9NIG(f) - G(9)l-

Thus E;(A® f,A® g) = G(AN)E;(f,g) for j = 1,2. Equation gives 7 and the same cancellation gives pseudo-

translation invariance. O

Let v = p1 4+ uo and define

Xl? = {f I — J : g(f) € Ll(Ivul) mLQ(IvﬂQ)}/NU .
Theorem 7.5. The space (X132, D12) is complete. By , the associated bi-scale control geometry is complete as well.

Proof. Let (f,) be D1a—Cauchy and put v, = G(f,). Choose a subsequence (vy, ) such that

||U'ﬂk+1 - Unk”Ll(m) + ||U7llc+1 - U’VlchLz(Hz) < 2_k'

Then

oo

oo
Z ||U'ﬂk+1 - Unk”Ll(m) < o0, Z ank+1 - UnkHLQ(ILZ) < 0.
k=1 k=1

Thus
o0
E |vnk+1 - vnk| < 00,
k=1

pi1—a.e. and po—a.e., hence v—a.e. The subsequence has a measurable limit v > 0, and completeness of the two spaces
gives
[on, = vllzruy =0, llvn, = vllL2gue) = 0.

Since (v,,) is Cauchy, the same limits hold for the full sequence. Put f = G~(v). Then
Dl?(frh f) = ma“x{”/l)n - UHLI(H1)7 ||vﬂ - U||L2(,u2)} — 0.
Thus f € X;2 and (Xi2, D12) is complete. O
For j = 1,2, assume dp;(t) = w;(t) dt, w;(t) > 0 a.e., and write kg(t,s) = G(K(¢,s)). Set
/kg(t,s)wl(t) d¢

M, = esssup L
sel wl(s)

g = [ fteor o

Lemma 7.6. If M;, My < co, then the generator-coordinate kernel operator

)

; dsdt.
(Po)(t) = /1 ko (t, s)o(s) ds

satisfies
IPllL1(uy) < MallvllLru), [PVl L2 (ua) < Mal[v]lL2(us)-
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Proof. For the L'(u1) estimate, Tonelli gives

Pollii < [ 1u6s) ( [ Fott.spunte dt) ds
<My [ ol (9)ds

For L?(us), put z( s)y/wa(s). Then

£ = /1 kol 5) ijgt) +(s) ds.

The Hilbert—Schmidt bound gives
1PollZe () < MEl0NZ2(0,)-
O

Theorem 7.7. Let X120 C Xq2 be a closed invariant set for the pseudo-Fredholm map T in . Assume My, My < oo
and, on the corresponding generator interval,

G(F(s,2)) = G(F(s,9))| < L|G(z) - G(y)].

Put ¢u = ML and g3 = M>L with ¢ = max{q,q2} < 1. Then T has a unique fized point u* € Xy29 and

1810 100) > 15, (). (34)

For the Picard orbit un41 = Tuy,,

GV Er(u1,u0) | ¢3"Ea(us, U0)2] (35)

(1—q)¢ (1—q2)*¢?

Proof. For j = 1,2, Lemmal(7.6|and the generator-Lipschitz estimate give E;(Tu, Tv) < g; E;(u,v). Therefore, D12(Tu, Tv) <
qD12(u,v). Since ¢ < 1, Banach’s theorem gives the fixed point. From ,

Ing(un7U*;C) > 1 |:

Ing (Tua Tv; () =

) Tl{El(T“»TU) Eg(Tu,Tv)T

¢ ¢?
N {qu(Cum) N q2E2<(;L7v)2}

)
=19 <u,v; =,
12 p

Ej(unt1,un) < g} Ej(u,uo),

which proves (34). Also,

SO

q;
una ZE U’kauk-‘rl p Ej(le,UO).

Equation now gives (35). O

Proposition 7.8. Under the hypotheses of Theorem for j=1,2, letr; = E;(y,Ty). Then E;(y,u*) <
therefore

T
=g and

T1 T%
12(y7 7() |:(1_q1)<-+ (1_q2)2<2

If an inexact orbit satisfies
Ej(Yns1,Tyn) < €y §=1,2,
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then
n—1
Ej(yn,u") < 7 Ej(yo,u) + Y q) " Fen,  j=12. (36)
k=0

Finally, if T has the same componentwise factors g; and
E;(Tu,Tu) < e; uniformly in u,

then its fixed point u* satisfies

Ej(u*,u") <

Proof. For the residual,
Ej(y,w") < E;j(y, Ty) + E;(Ty, Tu®) <rj + ¢; Ej(y,u”),

Rearranging gives the first estimate, and gives its fuzzy form. For the inexact orbit,
Ej(ynt1,u") < gjn + 4 Ej(yn, u”),
and iteration yields . Also,
E;(u*,u") < E;(Tu®, Tu") + Ej(Tﬂ*,Tﬂ*) < g E;(u",u") +¢j,

which gives . By ,

Ig * o~k > -1 €1 E%
L A

For the product and Hamacher triangular norms, respectively, the bi-scale integral takes the explicit forms

El(fvg) _ EQ(.fag)Q)
¢ ¢ ’

g . = C2
I(f9:0) = @7 CE(f,g) + Ba(f, )%

I%(f.g:¢) = eXp(—
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