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COMMON FIXED POINT THEOREMS IN MODIFIED
INTUITIONISTIC FUZZY METRIC SPACES

M. IMDAD, J. ALI AND M. HASAN

ABSTRACT. In this paper, we introduce a new class of implicit functions and
also common property (E.A) in modified intuitionistic fuzzy metric spaces and
utilize the same to prove some common fixed point theorems in modified intu-
itionistic fuzzy metric spaces besides discussing related results and illustrative
examples. We are not aware of any paper dealing with such implicit functions
in modified intuitionistic fuzzy metric spaces.

1. Introduction and Preliminaries

The theory of fuzzy sets was initiated by Zadeh [32]. In the last four decades,
like all other aspects of Mathematics, various authors have introduced the concept
of fuzzy metric in several ways. George and Veeramani [11] modified the concept
of fuzzy metric space due to Kramosil and Michalek [20] and defined a Hausdorff
topology on modified fuzzy metric space which is often used in current researches.
Grabiec [12] extended classical fixed point theorems of Banach and Edelstein to
complete and compact fuzzy metric spaces respectively. For the work of this kind,
one can also consult [2, 5, 29, 30].

Atanassov [6] introduced and studied the concept of intuitionistic fuzzy set as a
noted generalization of fuzzy set which has inspired intense research activity around
this newly introduced notion. Recently Park [23], using the idea of intuitionistic
fuzzy sets, defined intuitionistic fuzzy metric spaces as a generalization of fuzzy
metric spaces due to George and Veeramani [11] and also proved some basic results
which include Baire’s theorem and uniform limit theorem besides some other core
results. Thereafter, Saadati and Park [26] defined precompact sets in intuitionistic
fuzzy metric spaces and proved that any subset of an intuitionistic fuzzy metric
space is compact if and only if it is precompact and complete. They also defined
topologically complete intuitionistic fuzzy metrizable spaces and proved that any
G set in a complete intuitionistic fuzzy metric space is a topologically complete
intuitionistic fuzzy metrizable space and vice versa. For more relevant work, one
can be referred to [13, 23, 25, 26].

One of the most important problems in fuzzy topology is to introduce appro-
priate concepts of intuitionistic fuzzy metric and intuitionistic fuzzy norm. These
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problems were investigated by Park [23] and Saadati and Park [26] respectively by
introducing the notions of intuitionistic fuzzy metric and fuzzy norm. Intuitionistic
fuzzy metric can be employed in modeling some phenomena wherein it is necessary
to study the relationship between two probability functions as explained in [13].
Concretely speaking, it finds an application to two-slit experiment as the founda-
tion of E-infinity theory in high energy physics were studied by El Naschie in [8, 9].
Gregori et al. [13] pointed out that topologies generated by fuzzy metric and in-
tuitionistic fuzzy metric coincide. In view of this observation, Saadati et al. [27]
modified the notion of intuitionistic fuzzy metric and defined the notion of modified
intuitionistic fuzzy metric spaces with the help of continuous ¢-representable.

Lemma 1.1. [7]. Consider the set L* and operation <p- defined by
L* = {(z1,22) : (z1,22) € 0,1)* and z1 + x5 < 1},

(x1,22) <p+ (W1,92) <= 21 < 1 and 22 > Y2 YV (x1,22), (Y1,y2) € L*. Then
(L*, <p~) is a complete lattice.

Definition 1.2. [6]. An intuitionistic fuzzy set A, in a universe U is an object
Ay = {(Ca(w),na(u))|u € U}, where, for all uw € U, a(u) € [0,1] and n4(u) €
[0, 1] are respectively called the membership degree and the non-membership degree
of u in A¢,, and furthermore {a(u) +na(u) < 1.

For every z; = (z;,y;) € L* and ¢; € [0, 1] such that Z;;l ¢; =1, it is easy to
verify that

ez, y1) + -+ en(@n, Yn) ZCJ x])yj chxjazcjyj €L

We denote its units by Oz« = (0,1) and 1.+ = (1,0). Classically, a triangular
norm * = T on [0,1] is defined as an increasing, commutative and associative
mapping T : [0,1]2 — [0,1] satisfying T(1,2) = 12 = , for all 2 € [0,1]. A
triangular co-norm S = <} is defined as an increasing, commutative and associative
mapping S : [0,1]? — [0, 1] satisfying S(0,z) = 0z = z, for all z € [0,1]. These
definitions can be straightforwardly extended to (L*, <) as follows:

Definition 1.3. [7] A triangular norm (¢-norm) on L* is a mapping 7 : L* x L* —
L* satisfying the following conditions:
({) T(z,1p+) = =,
D T(x,y) =Ty, x),
D) 7(x, Ty, 2)) = T(T(@,9), 2),
V) z <p- 2’ and y <y = T(z,y) <p~ T(2",v),
for all z,y,z,x" and 3y’ € L*.

(I
(1
{

Definition 1.4. [7] A continuous t-norm 7 on L* is called continuous t-representable
if and only if there exist a continuous ¢t-norm * and a continuous ¢-conorm < on
[0, 1] such that, for all x = (z1,22), ¥ = (y1,y2) € L*,

T(x,y) = (x1 * y1, 220Y2).
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Now, we define a sequence {7"} recursively by {7+ = T} and
T oo 2Dy = (7 (D) () g (n D)
for n > 2 and 2 € L*.

Definition 1.5. [27] Let M, N be fuzzy sets from X2 x (0,00) to [0,1] such that
M(z,y,t) + N(z,y,t) <1forall z,y € X and ¢t > 0. The 3-tuple (X, My n,T) is
said to be a modified intuitionistic fuzzy metric space (in short, modified IFMS) if
X is an arbitrary non-empty set, 7 is a continuous ¢-representable and M, n is an
intuitionistic fuzzy set from X2 x (0,00) — L* satisfying the following conditions
(for every xz,y € X and t,s > 0):
(I) MMJ\/‘(Z‘, Y, t) > OL*a

(II) Mun(z,y,t) =1« if and only if x =y,

(III) MM,N(:E’ y,t) = MM,N(ZJ, z,t),

(IV) MMyN(:E, Yy, + S) > T(MMyN(;v, Y, t), MM,N(-T7 Y, 8)),

(V) Murn(z,y,.): (0,00,) = L* is continuous.

In this case M n is called a modified intuitionistic fuzzy metric. Here,
Mun(z,y,t) = (M(z,y,t), N(z,y,1)).

Remark 1.6. [30] In an intuitionistic fuzzy metric space (X, My N, T), M(z,y,.)
is non-decreasing and N (z,y,.) is non-increasing for all z,y € X.

Example 1.7. Let (X,d) be a metric space. Denote T (a,b) = (a1b1, min{as +
by, 1}) for all a = (a1,a2) and b = (by,bs) € L* and let M and N be fuzzy sets on
X? x (0,00). Then an intuitionistic fuzzy metric can be defined as

ht™ md(x,y
Mg (,3.0) = (00, N t) = (s et

for all h,m,n,t € R* so that (X, M n,T) is a modified IFMS.

Remark 1.8. Let X = N. Denote T (a,b) = (max{0, a;+b1 —1}, az+b2 —azbs)) for
all a = (ay,az) and b = (b1,by) € L* and let M and N be fuzzy sets on X2 x (0, c0).
Then M n(z,y,t) defined as (for all z,y € X):

(z’u) it z<y
Y Yy
(L,228) ify<z

T’ T

My n(z,y,t) = (M(z,y,t), N(z,y,t)) = {

is an intuitionistic fuzzy metric so that (X, M n,7T) is a modified IFMS.
Definition 1.9. [7] A negator on L* is a decreasing mapping N : L* — L* satisfy-
ing N (0p) = 17« and N (11-) = 0r=. A negator on [0, 1] is a decreasing mapping
N :[0,1] — [0,1] satisfying N(0) = 1 and N(1) = 0. In what follows, N, denotes
the standard negator on [0, 1] defined as Ns(z) = 1 — z for all z € [0, 1].

Definition 1.10. Let (X, M n,7T) be a modified IFMS. For ¢ > 0, define the
open ball B(z,r,t) with center € X and radius 0 < r < 1, as

B(z,rt)={y e X : My n(z,y,t) >~ (Ns(r),7)}.
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A subset A C X is called open if for each z € A, there exist ¢t > 0and 0 < r < 1
such that B(z,r,t) C A. Let Taq,, , denote the family of all open subsets of X.
Then, Ta,, 5 is called the topology induced by modified intuitionistic fuzzy metric

My n.
Notice that this topology is Hausdorff (see Remark 3.3 and Theorem 3.5 in [23]).

Definition 1.11. A sequence {z,} in a modified IFMS (X, My n,T) is called a
Cauchy sequence if for each 0 < € < 1 and t > 0, there exists ng € N such that

MM,N(‘T?M Ym, t) > (NS(E)v 6)

and for each n,m > ng where Ny is the standard negator. The sequence {z,, } is said
to be convergent to z € X in the intuitionistic fuzzy metric space (X, My n, T ) and
is generally denoted by x,, =M™~ 2 if My N (2, 2,t) — 11« whenever n — oo for
every t > 0. An IFMS is said to be complete if and only if every Cauchy sequence
is convergent.

Lemma 1.12. [27] Let My n be an intuitionistic fuzzy metric. Then, for any
t > 0, Muyn(z,y,t) is non-decreasing with respect to t, in (L*,<p-), for all
z,y € X.

Definition 1.13. Let (X, My n,T) be a modified IFMS. Then My n is said to
be continuous on X x X x (0,00) if

hm MM,N(xn; y'rutn) = MM,N(J’.’ y7t)7

n—oo

whenever a sequence {(Zn, Yn, tn)} in X x X x (0, 00) converges to a point (z,y,t) €
X x X x (0,00), i.e.

lim Murn(zp,z,t) = Um My n(Yn,y,t) = 1p- and lim My n(z,y,t,) =
n—oo n—oo n—00
My, n(,y,t).

Lemma 1.14. [27] Let (X, Mu,n,T) be a modified IFMS. Then My n is a con-
tinuous function on X x X x (0, 00).

Definition 1.15. Let f and g be mappings from a modified IFMS (X, M n, T)
into itself. Then the mappings are said to be compatible if

lim MM’N(fgxn,gfxn,t) =1p«, Vt>0
n—o0
whenever {z,} is a sequence in X such that

lim fz, = lim gz, =z € X.
n—oo n—oo

Definition 1.16. Let f and g be mappings from a modified IFMS (X, M n, T)

into itself. Then the mappings are said to be noncompatible if there exists at

least one sequence {z,} in X such that lim fz, = lim gz, = z € X but
n—oo n—oo

lim M n(fgzn, 9fan,t) # 1o~ or nonexistent for at least one ¢ > 0.
n—oo

Definition 1.17. Let f and g be self mappings of a nonempty set X. Then the
mappings are said to be weak compatible if they commute at their coincidence
point, i.e. fr = gx implies that fgr = gfx.
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Remark 1.18. Every pair of compatible self mappings f and g of a modified IFMS
(X, Mpun,T) is weak compatible. But the converse is not true as it can be seen
in the following example.

Example 1.19. Let (X, M n,7T) be a modified IFMS, where X = [0,2] and
Muyn(z,y,t) = (m,%) for all t > 0 and =,y € X, and T (a,b) =
(a1b1, min{ag + ba,1}) for all @ = (a1,a2) and b = (by,b2) € L*. Define self-
mappings f and g on X as follows:

2 ifo<z<1 2 ifz=1
fz) = {m : » g(x) = {Hg ~

5 ifl<r<?2 ifax#£1
Then we have g1 = f1 =2 and g2 = f2 = 1. Also gf1 = fgl = 1 and gf2 =
fg2 = 2. Thus the pair (f,g) is weak compatible. Moreover, fz, = 1 — 7 and
JTn _1—— Thus fz, — 1, gz, — 1. Further gfxn—g—zon, fgxn—2 Now
lim Mgy (£, g fam,t) = lim M (24 1 1) = t 21
im T, §fTn,t) = lim , = — —, , .
e MNA T, 9 oo TMN 2 B T 50, t+ 8 t+9 t

o

V¢ > 0. Hence the pair (f, g) is not compatible.

Motivated by Aamri and Moutawakil [1], we define the following;:

Definition 1.20. Let f and g be two self mappings of a modified IFMS (X, M n, T).
We say that f and g have the property (E.A) if there exists a sequence {z,} in X
such that for all ¢ > 0

lim My n(fen,u,t) = lim Masn(g2n,u,t) = 11~
oo n— oo

n—
for some v € X and t > 0.
Example 1.21. Let (X, M, n,7T) be a modified IFMS, where X = R and
Muyrn(z,y,t) = (m,ﬁ) for all t > 0 and z,y € X. Define self-
mappings f and g on X as follows:

fx:2:c—|—1 and gr = x + 2.
Consider the sequence {z,, =1+, n=1,2,---}. Thus we have
lim M n(fzn,3,t) = lim My n(92n,3,t) =11+
n—oo n—oo
for every t > 0. Then f and g share the property (E.A).

In the next example, we show that there exists a pair of mappings which do not
share the property (E.A).

Example 1.22. Let (X, M n,T) be a modified IFMS, where X = R and

Murn(z,y,t) = (m,%) for all t > 0 and z,y € X. Define self-

mappings f and g on X as fr = x + 1 and gr = x + 2. Suppose there exists
a sequence {z, } such that
lim My n(fzn,u,t) = lim Masn(g2n,u,t) = 11~

o0 n—oo

n—
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for some u € X. Then

lim M n(fn,u,t) = im My y(zp+1,u,t) = lim My y(x,,u—1,t) =1g-

lim M n(gzn,u,t) = lim My nv(zn+2,u,t) = Iim My n(zn,u—2,t) = 11+,
n—o0

n—oo n— oo

which show that x, — v — 1 and x,, — u — 2, which is a contradiction. Hence f
and g do not share the property (E.A).

Motivated by Liu et al. [21], we also define the following:

Definition 1.23. Two pairs (f,S) and (g,T') of self mappings of a modified IFMS
(X, Mur,n,T) are said to satisfy the common property (E.A) if there exist two
sequences {z,} and {y,} in X such that

lim ./\/lMVN(f:rn,u,t) = lim ./\/lMyN(an,u,t) = lim MM7N(gyn,u,t)

= lim My n(Tyn,u,t) = 1p-
n—o0
for some ©w € X and ¢ > 0.

Definition 1.24. [17] Two finite families of self mappings {f;}7~, and {gx}}_, of
a set X are said to be pairwise commuting if:

(1) fzfj:fjfz 2736{172377”}7
(i) grg1 = qigr k1€ {1,2,...,n},
(i) figr =grfi 1€4{1,2,...,m}and k € {1,2,...,n}.

The purpose of this paper is to introduce a new class of implicit functions and
common property (E.A) in modified IFMS and utilize the same to prove some
common fixed point theorems in modified IFMS.

2. Implicit Relations

Motivated by Ali and Imdad [4], we introduce a new class of implicit functions
as follows:

Let ¥ be the set of all upper semi-continuous functions F'(t1,t2,- - ,tg) : (L*)6 —
L*, satisfying the following conditions (for all u,0,1 € L* where u = (u1,u2),0 =
0r« =(0,1) and 1 =17~ = (1,0)):

(F1) : F(u,1,u,1,1,u) <z~ 0, for all u >~ 0,

(F2): F(u,1,1,u,u,1) <p« 0, for all u >+ 0,

(F3): F(u,u,1,1,u,u) <p~ 0, for all u >~ 0.

The following examples satisfy (F}), (Fz) and (F3).
Example 2.1. Define F(ty,ty, - ,tg) : L*® — L* as

F(tl,tg,' .- ,tﬁ) =1 — amin{tg,tg,t4,t57t6}, where a > 1.
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Example 2.2. Define F(t,t,--- ,tg) : L*® — L* as
F(ty,ta, -+ ,tg) = 13 — ¢y min{t3, 12,13} — co min{tste, tats},
where ¢y, >0, ¢ +c3 > 1and ¢ > 1.
Example 2.3. Define F(ty,ty,--- ,tg) : L*® = L* as
F(ty,to, - ,tg) = t3 — amin{tity, titsts, t>te, tsta},
where a > 1.
Example 2.4. Define F(ty,ty,--- ,t5) : L*® — L* as
F(ti,ta, -+ stg) =t am,
where a > %
Example 2.5. Define F(t,ty,--- ,t5) : L*® — L* as
F(t1,ta, -+ ,tg) = (1 4 pta)t; — pmin{tsty, tste} — p(min{ts, t3,tq,t5,t6}),
where p > 0 and ¢ : L* — L* is a continuous function such that (¢) >~ ¢ for all
t e L*\{0,1}.
Example 2.6. Define F(t,ty,--- ,tg): L*® — L* as
t3 + 13 + 13

F(ti,tg, - ,tg) =12 —
(13 25 aﬁ) 1 a t5+t6

where a > 2.
Example 2.7. Define F(t,ty,-- ,ts) : L*® — L* as

F(ty,tg, - ,tg) = t1 — Y (min{ta, t3,t4,t5,16}),

where ¢ : L* — L* is a continuous function such that ¢(¢) >p+ ¢ for all ¢t €

L*\{0,1}.

Example 2.8. Define F(t,ty,--- ,t5): L*® — L* as

t3t5

F(ty,ta, - ,t :t3—a¢,
(ot te) =t

where a > 3.

Example 2.9. Define F(ty,ty,--- ,tg): L*® — L* as

t
F(ty,ta, - tg) = t2 — amin{t3, 3, t3} — b—>—,
ts + tg
where a > 1 and b > 0.
Example 2.10. Define F(ty,tg,--- 1) : L*® — L* as
t
F(ty,ta, - tg) =12 — amin{t3, 2,2} —b—2>
t3 + 14

where a > 1 and b > 0.
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Example 2.11. Define F(ty,tg,--- ,tg) : L*® — L* as
F(ty,ta, -+ ,te) = t1 — arty — astz — asty — agts — asts,

where a1, a2,a3,a4,a5 >0, as +as5 > 1, ag+aq4 > 1and a; + a4 + a5 > 1.

3. Results

We begin with the following lemma.
Lemma 3.1. Let f, 9,5 and T be self mappings of a modified IFMS (X, Mur,n,T)
satisfying the following conditions:

(1) the pair (f,S) (or (9,T)) satisfies the property (E.A),
(1) f(X) € T(X) (or g(X) C S(X))
(I11) g(yn) converges for every sequence y, in X whenever T(y,) converges (or
f(xy,) converges for every sequence x,, in X whenever S(x,) converges),

(V) forallz,ye X, Fe ¥

F(Mu,n(fz, gy, t), Mar, N (Sz, Ty, t), Mar, N (fz, Sz, t), Mar, N (gy, Ty, t), } (1)
M, N (Sz, gy, t), M, N (fz, Ty,t)) > 0 ’

then the pairs (f,S) and (g,T) share the common property (E.A).
Proof. Suppose that the pair (f,S) enjoys the property (E.A), there exists a se-
quence {z,} in X such that

lim fz, = lim Sz, = z, for some z € X,
n—oo n—oo

ie. lim Muy n(fzy, Sty t) = 1. Since f(X) C T(X), for each z,, there exists
n—oo
Yn in X such that fz,, = Ty,. Therefore, lim fz, = lim Ty, = z. Thus in
n—oo n—oo

all we have fx, — 2z, Sx, — z and Ty, — z. Moreover in view of (III), {gy,}
also converges. Now we assert that lim My n(gyn, 2,t) = 1. If not, then using

n—oo
inequality (1), we have
F(MM,N(fwn7gy’ﬂ7t)7MM,N(SITH Ty’m t)7 M]\/[,N(fi'»m Sx’ﬂ7t)7MM,N(gyn7Ty’n7t),
M, N (ST, gyn, t), M, N (fTn, Tyn, t)) >+ 0
which on making n — oo, reduces to
F(lim M n(TYn, GYn,t), 1,1, lim My N (gYn, TYn, t),
n—oo n—oo

lim M, N (TYns 9Yn,t),1) >1- 0
n—roo
which is a contradiction to Fy. Hence lim M n(gYn, TYn,t) =1, 1e. lim gy, =
n—oo n—oo
z, which shows that the pairs (f,S) and (g,T') share the common property (E.A).
(I

Our next result is a common fixed point theorem via the common property (E.A).

Theorem 3.2. Let f,g,S and T be self mappings of a modified IFMS (X, Mprn,T)
satisfying the condition (1). Suppose that

(I) the pairs (f,S) and (g,T) share the common property (E.A) and

(I1) S(X) and T(X) are closed subsets of X.
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Then the pairs (f,S) and (g,T) have a coincidence point. Moreover, f,g,S and
T have a unique common fized point in X provided both the pairs (f,S) and (g,T)
are weakly compatible.

Proof. Since the pairs (f,S) and (g,T) share the common property (E.A), there
exist two sequences {z,} and {y,} in X such that

lim fz, = lim Sz, = lim gy, = lim Ty, = 2, for some z € X.
n—oo n—oo n—oo n—oo

As S(X) is a closed subset of X, lim Sz, = z € S(X) and hence there exists a
n—oo
point u € X such that Su = z. Now we assert that M n(fu,z,t) = 1. If not,
then using inequality (1), we have
F<MM,N(fua 9Yn, t); MM,N(SU7 Tyn7 t)7 MM,N(fua SU, t)7 MMN(gyn7 Tyn7 t)7
MMJ\/‘(SU, 9Yn, t): MM,N(f”, Tyna t)) >+ 0
which on making n — oo, give rise to
F(MM)N<f’U,, zZ, t), 1, ./\/11\4,]\7(.]0’u7 Z, t), ]., 1, MM,N(fu, zZ, t)) ZL* 0

a contradiction to Fy so that My n(fu,2,t) =1, ie. fu=z= Su. Hence u is a
coincidence point of the pair (f,S).

Since T'(X) is a closed subset of X, lim Ty, = z € T'(X) and hence there exists
n—oo
a point w € X such that Tw = z. Now we assert that My y(gw, z,t) = 1. If not,
then using inequality (1), we have

FMuy n(fan, gw,t), Mar,n (Szy, Tw, t), M(fz,, Stp, t), Mar, v (gw, Tw, t),
Mo n (STp, gw, t), My n(frn, Tw,t)) >« 0
which on making n — oo, give rise to
FMun(z, 9w, t),1,1, My n(gw, 2,t), M v (2, gw, t),1) >+ 0

a contradiction to Fy, so that Mas n(gw, 2,t) = 1, i.e. gw = z = T'w. This shows
that w is a coincidence point of the pair (g, 7).

Since fu = Su and the pair (f,.S) is weakly compatible, therefore fz = fSu =
Sfu = Sz. Now we need to show that z is a common fixed point of the pair (f,S).
To accomplish this, we assert that Mas y(fz, z,t) = 1. If not, then using inequality
(1), we have

FMun(fz, 9w, t), Ma,n(Sz, Tw, t), Marn(fz, Sz, t), M, v (gw, Tw, t),
M n(Sz, gw, t), My n(fz, Tw,t)) >« 0

or

F(MM,N(‘]CZ, th)7MM,N(fZa Z7t)a 17 lvMM,N(fZ7 Zat)vMM,N(fza Zat)) S 0
which is a contradiction to F3, so that Mas v (f2,2,t) = 1 implying thereby fz = 2z
which shows that z is a common fixed point of the pair (f,.S).

Also gw = Tw and the pair (g,T) is weakly compatible, therefore gz = gTw =
Tgw = Tz. Next, we have to show that z is a common fixed point of the pair



86 M. Imdad, J. Ali and M. Hasan

(g,T). To do this, we assert that M(gz, z,t) = 1. If not, then using inequality (1),
we have
F(Mu,n(fu,gz,t), Marn(Su, Tz, t), Mar v (fu, Su,t), My n(gz, Tz, t),
MM,N(SU7 gz, t)? MM,N(fua TZ? t)) ZL* 0

or
F(MM,N(Z79Z7t)aMM,N(ngZ7t)a 17I,MMJV(Z,QZ,t),MM,N(Z,gZ,t)) ZL* 0

which is a contradiction to F3 so that My, n(gz, z,t) = 1, i.e. gz = z which shows
that z is a common fixed point of the pair (g,T). Hence z is a common fixed point
of f,g,5 and T. Uniqueness of the common fixed point is an easy consequence of
the inequality (1) (in view of condition Fj). O

Remark 3.3. Theorem 3.2 extends relevant results of Ali and Imdad [4], Imdad
and Ali [15, 16] and other results to intuitionistic fuzzy metric space.

Theorem 3.4. The conclusions of Theorem 3.2 remain true if the condition (II)
of Theorem 3.2 be replaced by the following.

(II') F(X) C T(X) and g(X) C S(X).

As a corollary of Theorem 3.4, we can have the following result which is also a
variant of Theorem 3.2.

Corollary 3.5. The conclusions of Theorems 3.2 and 3.4 remain true if the con-
ditions (II) and (II') are replaced by the following.

(H”) f(X) and g(X) are closed subsets of X provided that f(X) C T(X) and
9(X) C 5(X).

Theorem 3.6. Let f, g, S and T be self mappings of a modified IFMS (X, My,n,T)
satisfying the conditions (I-1V) of Lemma 3.1. Suppose that

(V) S(X) (or T(X)) is a closed subset of X .

Then the pairs (f,5) and (g,T) have a coincidence point. Moreover, f,g,S and
T have a unique common fixed point in X provided that the pairs (f,S) and (g,T)
are weakly compatible.

Proof. In view of Lemma 3.1, the pairs (f,.5) and (g, T) share the common property
(E.A), i.e. there exist two sequences {z,} and {y,} in X such that

lim fz, = lim Sz, = lim gy, = lim Ty, = 2, for some z € X.
n— oo n— oo n— 00 n— 00

As S(X) is a closed subset of X, on the lines of Theorem 3.2, one can show that
the pair (f,S) has a coincidence point, say u, i.e. fu = Su. Since fu € f(X)
and f(X) C T(X), there exists w € X such that fu = Tw. Now we assert that
M n(gw, z,t) = 1. If not, then using inequality (1), we have

F(Mu,n (fon, g, t), My N (Szn, Tw, t), M N (f2n, Sz, t), M,y (gw, Tw, t),

MM,N(ana gw, t)) MM,N(fxny TU}, t)) EL* 0
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which on making n — oo, reduces to
FMun(z, 9w, t),1,1, My n(gw, z,t), My v (2, gw, t),1) >+ 0

which is a contradiction to F», hence My n(gw,z,t) = 1, ie. gw = z = Tw.
Therefore, w is a coincidence point of the pair (g, T). The rest of the proof can be
completed on the lines of Theorem 3.2. O

By choosing f, g, S and T suitably, one can deduce result for a pair of mappings.
Corollary 3.7. Let f and S be self mappings of a modified IFMS (X, My n,T)
satisfying the following conditions:

(1) the pair (f,S) satisfies the property (E.A),
(IT) S(X) is a closed subset of X and
(I11) for allz,ye X, F €V andt >0
(

F MM,N(fxafyat)vMM,N(SxaSyat)aMM,N(fxaSxat)vMM,N(fyasyat)7

MM,N(va fya t)7 MM,N(fxv Sy? t)) ZL* 0.
Then the pair (f,S) has a coincidence point. Moreover, f and S have a unique

common fized point in X provided that the pair (f,S) is weakly compatible.

Remark 3.8. the above corollary extends and generalizes certain relevant results
involving pair of mappings from the existing literature (e.g. [15, 16]).

Corollary 3.9. The conclusions of Theorem 3.2 remain true if inequality (1) is
replaced by one of the following conditions. For all x,y € X and t > 0,

(a1)
My n(fz, gy, t) >+ amin{ M, n(Sz, Ty, t), Ma,n(fz, Sz, t), Mar,n(gy, Sy, t),
Mu,n (Sz, gy, t), Mun (fz, Ty, t), } where a > 1.
(a2)
Mun(fx, gy, t)? >1+ er min{Mar n(Sz, Ty, t)*, M n (f, Sz, 1), Mar v (gy, Ty, t)*}
e min{ M~ (9y, Ty, ) M N (ST, gy, 1), Mu,n (fz, Sz, t) Mar v (f2, Ty, 1)}
where c1,c2 >0, ¢c1 +c2 > 1 and c1 > 1.
(as)
Marn (f, gy, 1) >+ @ min{Mos,n (fz, 9y, 1)° Mar,n (Sz, Ty, 1),
Mun (fz, gy, )Mu N (fz, Sz, t) MmN (9y, Ty, t),
Marn (fx, Ty, ) Mar,n (Sz, gy, )%, Marn (f, Ty, £)° Marv (Sz, gy, 1)},

where a > 1.

(as)
Murn (fz, gy, t)°
Mo n(gy, Ty, ) M (fz, Sz, t)? + M v (fo, Ty, t)> M v (Sz, gy, t)°
Mu,n (Sz, Ty, t) + Mwm,n(gy, Ty, t) + Mar,n (fz, Sz, t) ’

where a > %

>L* a
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(as)

(1 + pMaps, N (Sz, Ty, £)) M, N (fz, gy, t) 2L+ pmin{ M N (fz, Sz, t) Mar, N (9y, Ty, 1),
M, N (S, gy, )M, N (f2, Ty, t)} + Y (min{ M, N (Sz, Ty, 1),
M, N (9y, Ty, t), Mg, N (f, Sz, t), Mg N (f2, Ty, t), Mar, N (S, gy, 1)),
where p > 0 and v : L* — L* is a continuous function such that (t) >p= t

for all t € L*\{0,1}.
(ag)
2 Mo, N (Sz, Ty, t)* + Mui,n (9y, Ty, 1)* + Mar v (fa, Sz, t)?
Mu,N(f2,9y,t)° 21~ a )
Mo, (fz, Ty, t) + Mas N (Sz, gy, t)

where a > 2.
(a7)
Mug,n(f2,9y,t) 20+ Y(min{ Mg, N (Sz, Ty, t), Ma, N (9y, Ty, 1), MmN (f, Sz, 1),
Mg N (fz, Ty, t), Mg n (S, gy, 1)}),
where ¥ : L* — L* is a continuous function such that ¥ (t) >« t for all t € L*\{0,1}.

(as)

My ,Ty,t)2M , Sz, t)?
Mary (Fo,99,0)° 21+ a 2,99, T, Maa v (2, 5% )

M, N (Sz, Ty, t) + Mg, n (fo, Ty, t) + Mar,n (Sz, gy, t)’

where a > 3.
(a9)
My n(fz, 9y, )% >+ amin{ M n(Sz, Ty, 1)*, Mar N (9y, Ty, 1), Mar N (f, Sz, )%}
M, n (Sz, 9y, t)

b b
MMJ\/(SQ?, gyzt) + MM,N(fvayv t)
where a > 1 and b > 0.

(a10)
M, N (fz, 9y, t)? > amin{M s n (Sz, Ty, t)%, Mus, N (fz, Ty, t)?, Mas, v (gy, Sz, )%}
My N (fx, Sz, t)

b b
Mg, N (f2, Sz, t) + Mo, (gy, Ty, t)
where a > 1 and b > 0,

(a11)
My, N (fz,9y,t) 20+ arxMar n(Sz, Ty, t) + aa My N (fz, Sz, t) + asMar, n(gy, Ty, t)
+as M, N (gy, Sz, t) + as M, N (fz, Ty, t),

where a1,az2,a3,a4,a5 >0, as +a5 > 1, az+aq4 > 1 anday +aq4 +a5 > 1.

+

+

Proof. The proof follows from Theorem 3.2 and Examples 2.1-2.11. O

Remark 3.10. Corollaries corresponding to contraction conditions (a1 — a11) are
new results as these results never require conditions on the containment of ranges
of involved mappings as employed by earlier authors. Some contraction conditions
embodied in the above corollary are well known, and extend and generalize corre-
sponding relevant results (e.g., [3, 4, 15, 16, 22, 25, 30, 31]).

As an application of Theorem 3.2, we can have the following result for four finite
families of self mappings.
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Theorem 3.11. Let {f1, fa, -, fm},{91,92, -, 9p}, {51, 52, -+, Sn} and {11, T>,
-+, Ty} be four finite families of self mappings of a modified IFMS (X, Mar,n, T)
with f = fifo- fm, 9=9192" - gp, S = 5152+ Sp and T =11 15 - - - T}, satisfying
inequality (1) and the pairs (f,S) and (g,T) share the common property (E.A). If
S(X) and T(X) are closed subsets of X, then

(1) the pairs (f,S) and (g,T) have coincidence point each.

Moreover, f;, Sk,g, and T; have a unique common fixed point provided that
the pairs of families ({fi},{Sk}) and ({g-},{T:}) commute pairwise where i €
{1,...,mhke{l,....,n},re{l,...,p} and t € {1,...,q}.

Proof. Proof follows on the lines of the corresponding result contained in Imdad et
al. [17]. O

:Bysettingfl:'](AQZ...:']CT',L:G7 gl :g2:...:gp:_E[7 51252:...:
Sp=1and Ty =Ty =--- =T, =J in Theorem 3.11, we deduce the following:
Corollary 3.12. Let G,H,I and J be four self mappings of a modified IFMS
(X, Mum.n,T), pairs (G™, I™) and (H?, J9) share the common property (E.A) and
satisfying the condition for all x,y € X, F € ¥ andt >0

F(Muy N (G, HPy, t), Mar n(T"x, Ty, t), Mar, N (G, I™x, t), Moy, N (HPy, Jly, 1),
My, N (G, Ty, t), Myr v (T, HPy,t)) >+ 0
where m,n,p and q are positive integers. If I"(X) and J4UX) are closed subsets

of X, then G, H,I and J have a unique common fixed point provided that GI = IG
and HJ = JH.

Finally, we conclude this paper with the following two examples. Example 3.13
demonstrates Theorem 3.2 besides exhibiting it’s superiority over earlier relevant
results (e.g. [15, 16]).

Example 3.13. Let (X, M/, n,T) be an intuitionistic fuzzy metric space, wherein
X =(0,128), T (a,b) = (a1by, min{as +bs,1}) for all @ = (a1,a2) and b = (b1, b3) €

L* with
’ &~y )
M ,Y,t) = , .
1,3 (@4 ) (t+|z—y| P P—)

Define self mappings f,g,S and T on X by

2et —1 if1<2<2 206 —1 if1<z<2
f(:v)={ o ()—{ T

7 if otherwise ’ 3 if otherwise ’

3 ifl1<z<2

4 if otherwise

S(z) =

22 if1<z<2
2 if otherwise

and T'(z) = {

Define F(tl,tg,tg,t4, t5,t6) =t — ¢[min{t2,t3,t4,t5,t6}] where 1/}(5) >+ s for all
s€ L*\{0,1} and F € U.
Now, for all z,y € X and ¢t > 0, we have

w[min {MM7N(SCE,Ty, t)a MIVI,N(fxv SCE,t),MJM’N(gy,Ty,t),M}\/j’N(SiE,gy, t)7

My, N (fz, Ty, t)}] <t My, n(fz,gy,t)
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which demonstrates the verification of the esteemed implicit function. The re-

maining requirements of Theorem 3.2 can be easily verified. Notice that 1 is the
unique common fixed point of f, ¢, 5 and T. This example cannot be used in the
context of similar results contained in [15, 16] as those results require condition on
containments amongst the ranges of the mappings. Notice that f(X) = [1,31] ¢
[1,8] = T'(X) whereas g(X) = [1,127] £ [1,4] = S(X).

Next example shows an instance wherein Corollary 3.12 is applicable but Theo-
rem 3.2 is not.

Example 3.14. Let (X, My n,T) be an intuitionistic fuzzy metric space, wherein
X =10,1], T (a,b) = (a1b1, min{ag +b2,1}) for all a = (a1, a2) and b = (b1, bs) € L*

with | |
t Tr—y
MJV],N(:anvt) = < ) )
t+lz—yl t+]z—yl)

Define self mappings f,g,S and T on X by
1 ifzel0,1]Nn@ 1 ifze0,1]NQ
flay={) TEEDAUNQ fgy _p Heeblne
5 ifzg[0,1]NQ 7 ifzg0,1]NnQ

1 ifxz=1 1 ifx=
S(x) = 1 * and T'(z) = 1 1 v .
0 ifzelol) Lotz e0,1)

Then f3(X) = {1} C {%,1} = T?(X) and ¢?(X) = {1} C {0,1} = S*(X).
Define F(tl,tg,tg,t4,t57t6) =1 — ¢[min{t2,t3,t4,t5,t6}] where d)(S) = \/S for all
se€ L*\{0,1} and F € V.

Now, for all z,y € X and t > 0, we have

Z/J |:min {MM,N(S2x7 T2y7 t)’ MMJV(.foa 521'7 t)a MJW,N(g2y7 T2y7 t),

MM,N(SQ$792y7t)7MM,N<f2xa T2y7t)}:|

<px 1= MM,N(L l,t) = MM,N(f2x,g2y,t)
which demonstrates the verification of the esteemed implicit function. The remain-
ing requirements of Corollary 3.12 can be easily verified. Notice that 1 is the unique
common fixed point of f,g,S and T
However this implicit function does not hold for the maps f,g,S and T in the
respect of Theorem 3.2. Otherwise, with x =0 and y = %, we get

1/1 |:Il’lin {MMN(va Tya t)v MJVI,N(fxa S$, t)v MM,N(gya Tyv t)a
Mui,n (S, gy, t), Mun (fz, Ty, t)}}

. 1 11
- 'l/)|:m1n {MM,N(Ov gat)aMM,N(1a07t)7MM,N(Za gat

1 1
My n(1, g,t)}} <r- Mumn(1, 1775) = Muyn(fz,9y,1)

which is not true for all ¢ > 0 (e.g. ¢t = %) Thus Corollary 3.12 is a partial

generalization of Theorem 3.2 and can be situationally useful.

1
)aMM,N(Ov Zat)v
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