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FINITE DIMENSIONAL GENERATING SPACES OF
QUASI-NORM FAMILY

G. RANO, T. BAG AND S. K. SAMANTA

ABSTRACT. In this paper, some results on finite dimensional generating spaces
of quasi-norm family are established. The idea of equivalent quasi-norm fami-
lies is introduced. Riesz lemma is established in this space. Finally, we re-define
B-S fuzzy norm and prove that it induces a generating space of quasi-norm
family.

1. Introduction

Chang et al.[2] dealt with the generating spaces of quasi-metric family and by

studying the common characteristic properties of both fuzzy metric spaces in the
sense of Kaleva & Seikkala [6] and Menger probabilistic metric spaces[11] estab-
lished that the generating spaces of quasi-metric family possess the unification
characterization of the fuzzy and probabilistic situations. They also proved sev-
eral fixed point theorems in generating spaces of quasi-metric family. Jung et al.[5]
established some fixed point theorems in generating spaces of quasi-metric family.
Many authors introduced different ideas of fuzzy norm ([9], [10], [13]), fuzzy n-norm
[3], fuzzy Hilbert space[4] etc. in different ways. In 2006, Xiao & Zhu[12] introduced
a concept of a generating space of quasi-norm family (G.S.Q.N.F) and studied its
properties in a linear topological space setting. They also introduced the concept of
convergent sequences, Cauchyness, completeness, compactness, etc. and extended
some fixed point theorems, especially Schauder-type fixed point theorem in such
spaces.
In this paper, we study certain results in finite dimensional generating spaces of
quasi-norm family (G.S.Q.N.Fs). We observe that most of these results more or less
differ from the results in finite dimensional normed linear spaces. We generalize the
definition of fuzzy norm as introduced by Bag & Samanta[l] (B-S fuzzy norm), and
we deduce a G.S.Q.N.F from it.

The organization of the paper is as follows:

Section 1 comprises of some preliminary results.

In section 2, we study some results in finite dimensional G.S.Q.N.Fs.

In section 3, a generalized form of B-S fuzzy norm is advanced and a G.S.Q.N.F is
deduced from it.

Throughout this paper straightforward proofs are omitted.
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2. Preliminary Results

In this section, we give some preliminary results which will use in this paper.
Definition 2.1. [12] Let X be a linear space over E and 6 the origin of X. Let

Q=A{lla: e (0,1]}

be a family of mappings from X into [0, o0). (X, Q) is called a generating space
of quasi-norm family and @ a quasi-norm family if the following conditions are
satisfied:

(QN-1) |z]o =0 Va € (0, 1] iff z = 6;

(QN-2) |ex|o = |e]|z]a for 2 € X and e € E;

(QN-3) for any a € (0, 1] there exists a 5 € (0, «] such that

2+ yla < [o]s + Iyl for @, y € X;

(QN-4) for any = € X, ||, is non-increasing and left-continuous for o € (0, 1].
(X, Q) is called a generating space of sub-strong quasi-norm family, strong quasi-
norm family, and semi-norm family respectively, if (QN-3) is strengthened to (QN-
3u), (QN-3t) and (QN-3e), where

(QN-3u) for any a € (0, 1] there exists 8 € (0, «] such that

n n
1Y wila <D lwils
=1 =1

foranyne Zt, x; € X(i=1, 2,...., n);

(QN-3t) for any « € (0, 1] there exists a 8 € (0, «] such that

|z + ylo <|z|o + |yl for z, y € X;

(QN-3e) for any « € (0, 1], it holds that |z + y|o < |Z|a + |y|a for z, y € X.

Remark 2.2. If @ be a family of norms on X, then (X, Q) is called a generating
space of norm family.

Remark 2.3. [12] Clearly, by Definition 2.1 we obtain the following assertions:
(QN-3e) implies (QN-3t); (QN-3t) and (QN-4) imply (QN-3u); (QN-3u) implies
(QN-3).

Note 2.4. Clearly from (QN-3) and (QN-4) we get, for any a € (0, 1] and for

any n € Z, there exists 3 € (0, a] such that |Zx¢\a < Z |zilg Vo, € X(i=
i=1 i=1
1, 2,...., n)

Definition 2.5. [12] Let (X, @) be a generating space of quasi-norm family.

(1) A sequence {z,}52; C X is said

(a) to converge to © € X denoted by lim z, = z if lim |z, — x|, = 0 for each
n—oo n—oo

a € (0, 1J;

(b) to be a Cauchy sequence if lim |z, — 2|, = 0 for each a € (0, 1].
m,n— 00
(ii) A subset B C X is said to be complete if every Cauchy sequence in B converges

in B.
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Note 2.6. In a generating space of quasi-norm family,

(a) every convergent sequence is a Cauchy sequence;

(b) limit of a sequence if it exists is unique;

(c) if {x, } is a convergent sequence which converges to x in X, then any subsequence
{zn,} also converges to x.

Lemma 2.7. [12] Let (X, Q) be a generating space of strong quasi-norm fam-
ily. Then for each oo € (0, 1], |z|a is a continuous function on X.

Lemma 2.8. [8](Riesz) Let Y and Z be subspaces of a normed linear space
(X, ||.I]) and suppose thatY is a closed and proper subset of Z. Then for every real
number 6 € (0, 1) there exist a z € Z such that ||z|]| =1 and||z—y|| >0Vye Y.

Definition 2.9. [1] Let X be a linear space over the field F(real or complex). A
fuzzy subset N on X x R (R-set of all real numbers) is called a fuzzy norm on X if
and only if for z, y€e X and ¢ € F

(N1) Vt € R with ¢t <0, N(z, t) =0

2) (VteR, t>0, N(z, t)=1) iff z =0.

3)Vte R, t >0, N(cz, t) = N(x, H)lfc # 0.

N4)Vs, teR, z, y € X, Nx+vy, t+s)> min{N(z, t), N(y, s)}

N5)

The pair (X, N) will be referred to as a fuzzy normed linear space.

Definition 2.10. [1] Let (X, N) be a fuzzy normed linear space. Let {z,} be a
sequence in X. Then {z,} is said to be convergent if 3 € X such that
lim N(z, —z, t) =1Vt >0.

n— oo
Then z is called the limit of the sequence {x,} and we denote it by lim x,.

(N
(N
(
(

( x, .) is a non-decreasing function of R and tlim N(z, t)=1.
— 00

Definition 2.11. [1] A sequence {x,} in X is said to be a Cauchy sequence, if
lim N(2p4p — 2n, t) =1Vt >0 and p=1, 2, 3,.............

n—oo

Definition 2.12. [1] A fuzzy normed linear spacs (X, N) is said to be complete
if every Cauchy sequence in X converges to some point in X.

Definition 2.13. [7] A binary operation * : [0, 1] x [0, 1] — [0, 1] is called
t-norm if the following axioms are satisfied for all a, b, d € [0, 1]:

(T1) a*1 = a (boundary condition);

(T2) b < dimplies a*b < a=*d (monotonicity);

(T3) a*b=bx*a (commutativity);

(T4) a = (b*xd) = (a*b) xd (associativity).

Definition 2.14. The binary operation * is said to be continuous if for any
sequences {a, }, {b,} in [0, 1] with hm an =aand lim b, = bimplies lim (ay*

n—oo n—o0
bn) = (axDb).

If * is continuous then it is called continuous t-norm. The following are exam-
ples of some t-norms that are frequently used as fuzzy intersections defined for all
a, be [0, 1].

(i) Standard intersection: a * b = min(a, b).
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(ii) Algebraic product: a * b = ab.
(iii) Bounded difference: a x b = maz(0, a +b—1).
(iv) Drastic intersection:

a forb=1
axb= b fora=1
0 for otherwise.

The relations among the t-norms are a*b (Drastic) < maxz(0, a+b—1) < ab < min(a, b)
and Drastic t-norm < any t-norm < minimum t-norm.

3. Some Results on Finite Dimensional Generating Spaces of
Quasi-Norm Family

In this section, we give some examples and study some results on finite dimen-
sional generating spaces of quasi-norm family.

Example 3.1. Let (X, [|.||) be a normed linear space over a field F(real or
complex). Define
(1-a)
a — s 1].
|| a JFO()IIIEH va € (0, 1]

Then
Q=Alla:ac(0, 1]}
is a quasi-norm family and (X, @) is a G.S.Q.N.F.

Example 3.2. Let X = R? be a linear space. For x = (x1, 22) € X define

oo = > (/farl + VIl Va € 0, 1]

Then
Q=Alla:ac(0, 1]}
is a quasi-norm family and (X, Q) is a G.S.Q.N.F.

Proof. Conditions (QN-1), (QN-2) and (QN-4) directly follow from definition. For
(QN-3), let @ = (21, x2), y = (y1, y2) € X, a € (0, 1] then

2(|zla+yla) —z+yla = 2(/Iz1]+V/]w2))2+ 2 (V]va [+ ]w2))? = £ (V]z1 + 1]+
Ve +y2)? = 2{]aa|+ [wa| + 2|+ [y2| + 2v/ 21 [[w2] + 24/ Ty [ya |} — £ {ler + 1|+
22 + 2| + 2/ e1 + i llee + 2]} > 2{20a1] + 2lza| + 2|y | + 2ya| + 4y/[ 21 [Jz2] +
A/lyillye] = o] = |yl = |2| = lyol = 2¢/(lz1] + [z2)) (9] + [w2))} = 2{(a] +
z2]) + (o1l + lv2l) — 2¢/(aa| + [z2)) (il + [v2]) + 4y/|21][z2] + 4y llval} =
HW ] + [22]) = V(oal + [2D)? + 4/ T2 [[22] + 4/ T llya]} > 0.

Thus |z 4+ ylo < 2{|2|a + [yla} Va € (0, 1].

Now if we put = § € (0, a) then |z +y|o < |z|g + |y[s. Hence the results are

proved. ([
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Remark 3.3. In Example 3.2, Q = {].|o : @ € (0, 1]} is a quasi-norm family
but |.|o is not a norm for any « € (0, 1], because if we take z = (1, 0), y = (0, 1) then

|‘T‘Oé = é7 |y|a = é

but |z + ylo = é. So the triangle inequality
lz+yla < [2la+|yla Vo, ye X
is not satisfied for any a € (0, 1].

Definition 3.4. Let (X, Q) be a generating space of quasi-norm family.
(a) A subset F' of X is said to be closed if for any sequence {z,} in F with
lim x, = x implies z € F

(b) A subset A of X is said to be compact if any sequence {z,} in A has a
subsequence converging to some point in A;

(c) A subset A of X is said to be bounded if for each « € (0, 1] there exists a
real number M («) such that |z], < M(a)Vz e A.

Note 3.5. The underlying topology of the generating space of quasi-norm family
(X, Q) is the topology 7o mentioned by Xiao & Zhu in Lemma 2.3[13], with respect
to which the family {U(e, o) : € >0, a € (0, 1]}, where U((¢, @) = {z : |z|a < €}, forms
a neighborhood base of 6. The topological space (X, 7¢) is first countable Hausdorff
and linear. Therefore it is metrizable so that the topology 7o can be derived using
sequences instead of nets or filters.

Lemma 3.6. Let {21, T2, T3,........ , Tnt be a linearly independent set of vectors
in a generating space (X, Q) of quasi-norm family. Then 3 C >0 and 3 o € (0, 1]
such that for any choice of scalars A1, Mg, ..e.e..... , An we have

‘)\1$1+)\2x2+ ........... +>\nxn|oz 2 C(|)\1|+|)\2|+ ........ +|>\n|)

Proof. Let s = [A]|+ | 2|+ .ocneee. + |An|. If s = 0, then the above condition is holds
for every C' > 0.
Let s > 0. Then the problem is equivalent to the existence of some C' > 0 and some

n
a € (0, 1] such that for any scalars py, pa,...... , Un With Z |pi| =1
i=1
such that |p1z1 + poxs + oo fin@pla > C (1)
If possible, suppose (1) is not true. Then there exists a sequence {y,, = Z Mg”%i}
n 1=1
with Z |u§m)| =1 such that |y,lo = 0as m — oo Va € (0, 1]
i=1 9
ie. {ym} — 0 (2)

i=1
Thus for each i(= 1, 2,...., n), the sequence {,uz(»m)} is bounded and by Bolzano-
Weierstrass theorem, { uz(-m)} has a convergent subsequence. Let 117 denote the limit
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of the subsequence {557”)} of {,U,gm)} and {y1, m} denote the corresponding subse-
quence of {y,, }. By the same argument {y; ., } has a subsequence {y2 n,} for which

the corresponding subsequence {6§m)} of scalar {,ugm)} converges, let us denote the
limit. Continuing in this way after n-steps we obtain a subsequence {y,,, m} of {ym}

and subsequences ’yfm) of {ugm)} (Vi=1, 2,...., n) such that

Yn, m = Z’Yi(m)xi with Z |fyi(m)\ =1 and 'yi(m) — [1; aS M — 00.
i1 i—1

Let y = En:/iixi with Zn: |i] = 1.
i=1 i=1

n n n
By Note L1, [y, m = la = | D %™ =Y pizila = 1D (1™ = pi)aila <
=1 =1 i=1

Z m(m) — wi| x| g for some g € (0, af.
i=1

Thus y,, m — y. Since all p; are not zero and {z1, zg,...... , Tpn} is a linearly
independent set, we have y # 6. On the other hand from (2), {yn, m} — 6. This is
a contradiction. This proves the Lemma. O

Theorem 3.7. Let (X, Q) be a generating space of quasi-norm family. If X be
finite dimensional then X is complete.

Proof. Let {ym,} be a Cauchy sequence in X.

Let dim X = n and {e1, €9, .cccccevnnnn , en} be a basis of X. Then there exists scalars
A A A AT such that
Ym = )\(lm)el + )\gm)GQ + e + )\%m)en

Since {ynm } is a Cauchy sequence, so for each o € (0, 1], there exists N («) such that

|ym _yr|a < OJVm, r> N(a)
From Lemma 3.6, 3 C > 0 and g € (0, 1] such that

0 > m = trlaw = |0 = Metlay = CSINT = X[ ¥ m, 7 > N(a)
B i=1 i=1
m T O[() m
= Z:|/\z -] < el V' m, r > N(w) = {A\"} are bounded sequences
i=1
in R or C for each i = 1, 2,...., n and by Bolzano-Weierstrass theorem each
{)\Em)} has a convergent subsequence converges to some point A;. We define y =
Arer+Ageg+ ... + Apén. Then y € X. As in the proof of Lemma 3.6 we conclude
that {yn,} has a subsequence {y,, »} which converges to y.
By (QN-3), for each « € (0, 1] there exists 8 € (0, a] such that
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|ym - y|oc = |ym —Ym, n+Ym, n — y‘a < |ym — Ym, n|,6 + |ym - y|6-
= lim |ym —yla =0 Va e (0, 1].

m—0o0
= Ym — Y.
Hence X is complete. (I

Remark 3.8. Any finite dimensional subspace of a generating space of quasi-norm
family is closed.
Let (X , Q) be a generating space of quasi-norm family. We assume that

(QN-5) \/ <ooVzeX.
a€e(0,1]

Theorem 3.9. Let (X, Q) be a generating space of quasi-norm family satisfying
the condition (QN-5). Define ||z||q = \/ |z|la Vz € X.
a€e(0, 1]
Then (X, ||-llg) is a normed linear space.
Proof. (N1) Let = 0, then |z|, =0Va € (0, 1] = [|z|/o =0
Conversely let ||z||g = 0, then \/ |z]a =0,
ae(0, 1]

= |2[a =0Yae (0, 1] = z=0.

(N2) Clearly || z||g = |Al]|z]|g holds.
(N3) Let o € (0, 1] then 3 8 € (0, «] such that

|z +yla < |zlg+ylg V2, y € X;
= z+yla < V lzls+ \/ lyls;

B<a B<a
= Vlz+yls <\ lzls+ V lyls;
B<a B<a B<a
=V lz+yls< V Jzls+ \/ lyls by (QN-4);
Be(0, 1] Be(0, 1] Be(0, 1]

= llz+ylle < llzlle + llylle-
Thus (X, ||.||g) is a normed linear space.
[|.]lg is called the norm induced by the family of quasi-norm Q. O
Example 3.10. Let (X, ||.||]) be a normed linear space. Let for z € X

[|z]| for o € (0, 0.5]
|2|a =

G lzl| for a € (0.5, 1]

Then
Q = {|l]a:a€ (0, 1]} is a quasi norm family and (X, Q) is a G.S.Q.N.F and
lzlle = [lzl| V2 e X.
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Theorem 3.11. Let (X, Q) be a generating space of quasi-norm family satisfying

(QN-5). If A C X is closed in (X, Q) then it is closed in (X, ||.||q)-

Proof. Let {z,} be any sequence in A such that lim ||z, — z||/g = 0 for some
n— oo

re X.
Then corresponding to any € > 0 $thereexistsanaturalnumberN(e)suchthat

[lzn, — z||o < € whenever n > N(e);

= \/ |z, — x|o < € whenever n > N (e);
ae(0, 1]
= |z, — x|o < € Va € (0, 1] whenever n > N(e);
= nh_)rr;<> |z, — z|o < € Ya € (0, 1].

Since e is arbitrary,
= ILm |Ty, — x| = 0 Va € (0, 1].
Since A C X is closed in (X, @), so x € A. Thus A is closed in (X, ||.|lg). O

Lemma 3.12. (Riesz) Let Y and Z be subspaces of a generating space of quasi-
norm family (X, Q) satisfying (QN-5) and suppose that Y is a closed and proper
subset of Z. Then for every real number 8 € (0, 1) there exist z € Z such that
|zl =1 and|lz —y|llo >0 Vyec Y.

Proof. Proof follows from Theorem 3.9, Theorem 3.11 and Lemma 2.8. (]

Theorem 3.13. Let (X, Q) be a generating space of quasi-norm family satisfying
(QN-5). If M ={x € X : ||z|lg =1} is compact, then X is finite dimensional.

Proof. 1t is obvious. O

Definition 3.14. In a linear space X, two quasi-norm families ()7 and Q- are said
to be equivalent if there exist ag, By € (0, 1] and for each « € (0, 1] there exist
o, b > 0 such that

|y < aalzd, and [z]2 < bolxlh, V2 € X, where Qy = {|.], : € (0, 1]} and
Q= {2 :ae (0, 1}

Note 3.15. The relation of equivalent quasi-norm family defines an equivalence
on a linear space. Further from Note 3.5, it is evident that equivalent quasi-norm
families ()1 and )2 generate equivalent topologies 7, and 7q,.

Theorem 3.16. In a finite dimensional linear space X, any two quasi-norm fam-
ilies are equivalent.

Proof. Let @1 and Q2 be two quasi-norm families on a finite dimensional linear
space X.
Let Q = {|.|]} : @ € (0, 1]} and Q2 = {|.]2 : a € (0, 1]}.

Let dim X = n and {e1, eq,........ , en} be a basis of X. Then every z € X has a
unique representation
T=Mer+ A€o+ oo + Apén. By Lemma 3.6, 3ap € (0, 1] and Cy > 0

such that
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22, > Co >IN (3)
=1

Again for each a € (0, 1], 38 € (0, «] such that

n n n
|z} = |Z)\i6i|i < Z |>‘iei|}-}(a) = Z |)\’i|‘ei|é(o¢)’
i=1 i=1 i=1
Let a, = maxi< i< n|ei|é(a), then we have

2l < a3 M) "
, i=1
From (3) and (4) we get |z, < g |z[3, Yo € (0, 1].
Le. |z}, < aalz|?, Yo € (0, 1].

Interchanging the role of |.|} and |.|2 we can prove that there exists [y € (0, 1]
and for each o € (0, 1] there is b, > 0 such that |z|2 < balzls, Vo e X. O

Lemma 3.17. Any compact subset M of a generating space of strong quasi-norm
family (X, Q) is closed and bounded.

Proof. Let {x,} be a sequence in M such that lim x,, = . Since M is compact, {z, }
has a subsequence {x,, } converging to some point in M. But lim z, = x implies
lim z,, = 2 and hence x € M. So M is closed.

If possible, let M be unbounded. Then there exists ag € (0, 1] and for each
n € N, x, € M such that |2,|a, > n. So {x,} is a sequence in M. Since
M is compact, {z,} has a subsequence {z,, } such that lim z,, =z € M.

Thus |Zn,|ag = "k = |ZT|a, > oo [By Lemma 2.7],

which is a contradiction. Hence M is bounded. (]
Theorem 3.18. In a finite dimensional generating space of strong quasi-norm
family (X, Q), any subset M of X is compact iff M is closed and bounded.

Proof. First, we suppose that M is compact. Then by Lemma 3.17, it follows that
M is closed and bounded.

Next we suppose that M is closed and bounded. Let dimX = n and {e1, ez, ......... , en}
be a basis for X. We consider any sequence {x,,} in M. Then for eachm € N, z,,
has a unique representation

Ty = g{m)el + §§m)eg Foeee, +&Me, (say).
Since M is bounded, for each a € (0, 1] there exists M («) > 0 such that

|13m‘a < M(a) vV m (5)
By Lemma 3.6, 3 ap € (0, 1] and C' > 0 such that
[@nlay 2 C Y 1™
i=1

From (5) we have M (o) > |Zm|ay > CZ ‘fi(m)‘
i=1
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n m M
= Sl < MY (©)

From (6), we see that {§£m)} is a bounded sequence of scalars for each i =
1,2,......,n and by Bolzano-Weierstrass theorem each {fi(m)} has a subsequence

{ﬁgmi)} which converges to some point &;. As in the proof of Lemma 3.6 we con-
n

clude that {z,,} has a subsequence {z,,} which converges to z = Z&-ei. Since
i=1

M is closed, z € M. This shows that the arbitrary sequence {,,} in M has a

subsequence which converges in M. Hence M is compact. (I

4. Generalized Fuzzy Normed Linear Space and a
Decomposition Theorem

In this Section we generalize the fuzzy norm introduced by Bag & Samanta [1]
and deduce a G.S.Q.N.F from it.

Definition 4.1. Let X be a linear space over the field F (real or complex) and *
be a continuous t-norm. A fuzzy subset N on X x R (R-set of all real numbers) is
called a fuzzy norm on X if and only if for x, y € X and ¢ € F

(N1) Vt € Rwitht <0, N(z, t) =0

(N2) (Vte R, t>0, N(z, t)=1) iff z = 6.

(N3)Vte R, t >0, N(cz, t) = N(=x, \tT|) if ¢ #0.
(NA)Vs,teR, z,y € X, Na+y.,t+s)> N(z, t)* N(y, s).
(N5) hm N(z, t) =1.

The trlplet (X, N, %) will be referred to as a fuzzy normed linear space.

Note 4.2. Since min > * (x is a continuous t-norm), it is easy to see that if (X, N)
is a fuzzy normed linear space in the sense of Definition 2.9, then (X, N, x) is also
a fuzzy normed linear space in the sense of Definition 4.1 (i.e., a generalized fuzzy
normed linear space).

Remark 4.3. From (N2) and (N4) it is clear that N(z,t) is nondecreasing with
respect to t.

Note 4.4. From (N4) it is clear that
N(.’L‘l + X9 + ... +x, , tl + t2 + ...+ tn) > N(xl,tl) * N(.Z‘Q, tg) * N(J?g, tg) *
....... * N(p, tn).

Example 4.5. Let X be a linear space over a field F and let N : X x R — [0, 1]
be defined by

e
Nz, t)={ wf=r  fort> |l
0 fort< ||zl

Then (X, N, %) is a fuzzy normed linear space for any continuous t-norm .
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Example 4.6. Let (X, ||.||) be a normed linear space over the field F(real or
complex) and let N : X x R — [0, 1] be defined by

[0 fort <[z
Nz, “—{ 1 fort> |z

Then N is a fuzzy norm on X and (X, N, %) is a fuzzy normed linear space for
any continuous t-norm .

Example 4.7. Let (X = R?) be a linear space over the field R ( the set of real
numbers ),
x=(x1, x2) € X and N : X x R — [0, 1] be defined by

t2
N(z, t) =< FeDl+z2]) fort >0
0 fort< 0

Then (X, N, x) is a fuzzy normed linear space in the sense of Definition 4.1 for
the continuous t-norm * defined by a xb =ab ¥V a, b,€ [0 1], but (X, N) is not a
fuzzy normed linear space in the sense of Definition 2.9.

Proof. First we show that (X, N) is not a fuzzy normed linear space in the sense
of Definition 2.9. Let z = (1, 0), y = (0, 1), t = s =1 then

N(z, t)=4=N(y, s) and N(z +y, t +s) = 2.

Thus N(z 4y, t+s) < min{N(z, t), N(y, s)}.
So N does not satisfy the condition (N4) in the sense of Definition 2.9. Thus (X, N)
is not a fuzzy normed linear space in this sense.

Next we show that (X, N, x) is a fuzzy normed linear space in the sense of
Definition 4.1 for the continuous t-norm * defined by axb=abV a, b€ [0 1].

(N1) Vt € R with t <0, N(z, t) =0 (from definition).

(N2)Vt e R, t> 0, N(z, t) =1
t2 _

= ) —

= 2 =2 + t(|l‘1| + |x2|) + |.Z‘1JJ2‘

= t(|lz1] + |z2]) + |z122]| =0V E >0

= |z1] =0, |z2] =01ie x=06.

Conversely, if © = 0, then N(x, t) =1Vt € R, t > 0 (from definition).

)2

_ t° _ -
(N3)VteR t> 0, Nex, 1) = Grmnosiensd = (TG 1D
= N(z, \%l) ife# 0.

(N4) Let z = (21, z2), y = (Y1, y2) € X and ¢, s > 0. Note that

_ (t+s)? (t+s)?
N(@+y, t+5) = GrarmrphiretmTn) 2 T D Ty 2id
t282

N(z, t)« N(y, s)

= e D@z (Hy D s +y2D *
and it is not difficult to verify that
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\(tTS)T(tI;L 21 [)(t 4+ |22]) (s + [yi) (s + |yal) > 282 ((t + ) + || + [y ) (¢ + 5) +
T2| + |Y2]).

Hence N(4) holds.

2
N5) lim N(z, t) = lim =1
(o) Ty Mo 0= B8, G e+ el
Hence proved. ([l

Note 4.8. Definitions of Convergent sequences and Cauchy sequences are the same
as in Definition 2.10[1] and Definition 2.11[1] respectively.

Proposition 4.9. The limit of a sequence in a fuzzy normed linear space (X, N, x), if
exists, 1S unique.

Proposition 4.10. FEvery convergent sequence is a Cauchy sequence.

Proposition 4.11. Let (X, N, %) be a fuzzy normed linear space and {x,} be a
convergent sequence which converges to x in X. Then any subsequence {x,, } also
converges to x.

Theorem 4.12. Let (X, N, x) be a fuzzy normed linear space. We assume that
N(z, .) is continuous, as well as strictly increasing for all t > 0. For o € (0, 1]
we define
|z]lo = AN{t >0 : N(z, t) >1—a}
and

Q={lla:ae 0, 1}
Then (X, Q) is a generating space of quasi-norm family such that |.| is continuous

forae (0, 1].

Example 4.13. In Theorem 4.12, if we take a xb = ab then Q={|.| : @ € (0, 1]}.
is a quasi-norm family and (X, @) is a generating space of quasi-norm family with

B=1—+v1-a.

Note 4.14. Let (X, N, %) be a fuzzy norm linear space. Then |z|, is lower semi-
continuous for « € (0, 1.

For some ag € (0, 1], to € [0, 00) , |Z]ae > to

= N(SL’, to) <1l-—aq

= Je>0such that N(z, to) <l—ay—€ <1—ayp

= |z|o > to Va € (ag —€, ag+e€)N (0, 1].

= |x|( is lower semi-continuous.

Acknowledgements. The authors are grateful to the referees for their valuable
suggestions in rewriting the paper in the present form. The authors are also thankful
to the editors of the journal (IJFS) for their valuable comments which helped to
revise the paper.

REFERENCES

[1] T. Bag and S. K. Samanta, Finite dimensional fuzzy normed linear spaces, The Journal of
Fuzzy Mathematics, 11(3) (2003), 687-705.



2]
(3]
(4]

(10]

(1]
(12]

(13]

Finite Dimensional Generating Spaces of Quasi-Norm Family 125

S. S. Chang, Y. J. Cho, B. S. Lee, J. S. Jung and S. M. Kang, Coincidence point theorems and
minimaization theorems in fuzzy metric spaces, Fuzzy Sets and Systems, 88 (1997) 119-127.
S. Gumus, H. Efe and C. Yildiz, Some results on t-best approrimation in fuzzy n-normed
spaces, Iranian Journal of Fuzzy Systems, 9(5) (2012), 137-146.

A. Hasankhani, A. Nazari and M. Saheli, Some properties of Fuzzy Hilbert spaces and norm
of operators, Iranian Journal of Fuzzy Systems 7( 3) (2010) , 129-157.

J. S. Jung, B. S. Lee and Y. J. Cho, Some minimization theorems in generating spaces of
quasi-metric family and applications, Bull. Korean Math. Soc., 33(4) (1996) 565-586.

O. Kaleva and S. Seikkala, On fuzzy metric spaces, Fuzzy Sets and Systems, 12 (1984), 215-
229.
G. J. Klir and B. Yuan, Fuzzy sets and fuzzy logic, Prentice-Hall of India Private Limited, New
Delhi-110001 , 1997.

E. Kreyszig, Introductory functional analysis with applications, John Wiley &
Sons. Inc., 1978.

A. K. Mirmostafaece and M. Mirzavaziri, Uniquely remotal sets in co-sums and £°°-sums of
fuzzy normed spaces, Iranian Journal of Fuzzy Systems, 9(6) (2012), 113-122.

A. Narayanan and V. Vijyabalaji, Thillaigovindan, intuitionistic fuzzy bounded linear oper-
ators, Iranian Journal of Fuzzy Systems, 4(1) (2007), 89-101.

B. Schweizer and A. Sklar, Statistical metric spaces, Pacific J. Math, 10 (1960), 313-334.
J. Z. Xiao and X. H. Zhu, Fized point theorems in generating spaces of Quasi-norm family
and applications, Fixed Point Theorem and Applications, Article ID 61623, (2006), 1-10.

Y. Yilmaz, Schauder bases and approrimation property in fuzzy normed spaces, Com-
put. Math. Appl., 59 (2010), 1957-1964.

G. RANO, DEPARTMENT OF MATHEMATICS, VISVA-BHARATI, SANTINIKETAN-731235, WEST BEN-

GAL, INDIA

E-mail address: gobardhanr@gmail.com

T. BAG*, DEPARTMENT OF MATHEMATICS, VISVA-BHARATI, SANTINIKETAN-731235, WEST BEN-

GAL, INDIA

E-mail address: tarapadavb@gmail.com

S. K. SAMANTA, DEPARTMENT OF MATHEMATICS, VISVA-BHARATI, SANTINIKETAN-731235, WEST

BENGAL, INDIA

E-mail address: syamal.123samanta@visva-bharati.ac.in

*CORRESPONDING AUTHOR



