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L-ENRICHED TOPOLOGICAL SYSTEMS—A COMMON
FRAMEWORK OF L-TOPOLOGY AND L-FRAMES
M. LIU

Abstract. Employing the notions of the strong L-topology introduced by
Zhang and the L-frame introduced by Yao and the concept of L-enriched topological system defined in the present paper, we construct adjunctions among
the categories StL-Top of strong L-topological spaces, SL-Loc of strict Llocales and L-EnTopSys of L-enriched topological systems. All of these
concepts are essentially based on the theory of L-enriched categories, thus
we obtain a unified enriched-categorical version of the classical adjunctions
among the categories Top of topological spaces, Loc of locales and TopSys
of topological systems, as well as a unified enriched-categorical approach to
treating these concepts.

1. Introduction
Initiated by Lawvere’s famous paper [16] in 1973, quantale-enriched categories
(Ω-categories for short) become interesting objects for both mathematicians and
theoretical computer scientists, which are the core objects in Quantitative Domain
Theory [8, 11, 15, 14, 22, 24, 26]. All the categorical, order-theoretical, and topological aspects of Ω-categories have received lots of attention in the literatures, see,
e.g. [2, 3, 5, 8, 11, 14, 15, 16, 21, 22, 24, 25, 26, 27, 28]. Many classical concepts
have been developed in the frame-work of Ω-categories. Let us recall some of them.
In [27], Zhang presented an enriched category approach to many valued topology
by interpreting the axioms (two logical formulas) for classical topological spaces in
the fuzzy setting making use of the intrinsic fuzzy partial order on the fuzzy power
set of X. In that paper, Zhang introduced the concept of strong Ω-topology. He
also discussed some relations between the new concepts and related notions already
available in the literatures.
Later, based on L-ordered sets (or equivalently, L-enriched categories) Yao [25]
introduced a fuzzy version of frames, called L-frames. Then he constructed an
adjunction between the category of stratified L-topological spaces and that of Llocales, which is a fuzzy counterpart of the Isbell-adjunction between topological
spaces and locales.
Recently, motivated by questions arising from programming, J. T. Denniston, A.
Melton and S. E. Rodabaugh [5] proposed an enriched category approach to study
topological systems. They introduced the notion of enriched topological system.
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We know that the concepts of topology, frame and topological system have close
relations with each other. Their categories (i.e., Top of topological spaces, Loc
of locales and TopSys of topological systems) are connected by three well-know
adjunctions [6, 23]. As reported above, all of these notions have been developed
in the frame-work of enriched categories individually, so it is natural to ask that,
can these concepts be connected with each other in a natural way just as in the
crisp situation? In order to establish compatible relations among them, we extend
the notion of topological system to the frame-work of L-enriched categories in a
new way. Then employing the concepts of strong L-topology and L-frame and
the concept of L-enriched topological system defined in the present paper, we construct adjunctions among their categories in a natural way. So we obtain a unified
enriched-categorical approach to treat topologies, frames and topological systems.
The contents of the paper are organized as follows. Section 2 lists some preliminary notions and results about L-ordered sets. In Section 3, we recall the concepts
of strong L-topology and L-frame. Then, we introduce the concept of L-enriched
topological systems. In Section 4, we construct an adjunction between the category
of strong L-topologies and the category of L-locales. In Section 5, we construct
an adjunction between the category of strong L-topologies and the category of Lenriched topological systems. In Section 6, we construct an adjunction between the
category of L-enriched topological systems and the category of L-locales.
2. L-ordered sets
We refer the reader to [1, 13] for general and enriched category theory. Throughout this paper, L denotes a frame [12, 20]. The greatest element of L is denoted 1
and the least element of L is denoted 0. For
W A ⊆ L, the
V least upper bound (resp.,
greatest lower
bound)
of
A
is
written
as
A
(resp.,
A). For a, b ∈ L, we define
W
a → b = {c ∈ L|a ∧ c ≤ b}. A map from a set X to L is called an L-subset of X.
LX denotes the set of all L-subsets of X.
Definition 2.1. [13, 14, 16, 24] An L-category, or an L-preordered set is a set with
a binary function, called hom-functor, A(− ,− ) : A × A −→ L such that A(a, a) = 1
(reflexivity) and A(a, b) ∧ A(b, c) ≤ A(a, c) (transitivity) for all a, b, c ∈ A.
Two elements x and y in an L-category A are said to be isomorphic if A(x, y) =
1 = A(y, x). An L-category is said to be anti-symmetric if different elements are
always non-isomorphic.
Clearly, L-categories are a special case of Ω-categories, which are studied extensively in [2, 3, 8, 14, 15, 25, 26, 27, 28] from the fuzzy orders point of view . When
we consider an L-category as a set with a many valued order, then it is usually said
to be an L-preordered set, and an anti-symmetric L-category is usually said to be
an L-ordered set. We often simply write A for an L-category (A, A(− ,− )) if the
hom-functor is clear from the context. For an L-category (resp., anti-symmetric
L-category) A, the hom-functor A(− ,− ) is said to be an L-preorder (resp., L-order )
and will be often denoted by e.
An L-functor, or a monotone map, between L-categories A and B is a function
f : A → B such that A(a, b) ≤ B(f (a), f (b)) for all a, b ∈ A. A pair of L-functors
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f : A → B and g : B → A is said to be an L-adjunction (or simply an adjunction)
between L-categories A and B, if B(f (a), b) = A(a, g(b)) for all a ∈ A and b ∈ B.
Remark 2.2. Let (X, e) be an L-ordered set. The L-order e induces a patrial
order ≤e on X defined by x ≤e y iff e(x, y) = 1. We will denote ≤e simply by ≤,
and denote the join operation in (X, ≤e ) by ∨. Conversely, given a poset (X, ≤),
define e≤ : X × X −→ L by e≤ (x, y) = 1 if x ≤ y and e≤ (x, y) = 0, otherwise, then
(X, e≤ ) is a fuzzy poset. Let 2 = ({0, 1}, ∧, 1), where {0, 1} is a complete lattice
with the ordering 0 < 1. When L = 2, an L-ordered set is just a partially ordered
set.
Example 2.3. (1) (The canonical L-order on L) Define eL : L × L −→ L by
eL (x, y) = x → y for all x, y ∈ L. Then (L, eL ) is an L-ordered set.
(2) (Sub-L-ordered set) Let (X, e) be an L-ordered set and Y ⊆ X. Then (Y, e|Y )
is an L-ordered set, where e|Y : Y × Y −→ L is the restriction of e to Y × Y, we
will write (Y, e|Y ) simply as (Y, e).
(3) Let X be a set. For A,VB ∈ LX , the subsethood degree [9] sub(A, B) of A in
B is defined by sub(A, B) = x∈X (A(x) → B(x)). Then (LX , sub) is an L-ordered
set [3].
Definition 2.4. Let (X, e) be an L-ordered set and A ∈ LX . An element a ∈ X
is called a join (resp., meet)Vof A, in symbols a = tA or a = supA (resp., a = uA
or
V a = infA), if e(a, y) = x∈X (A(x) → e(x, y)) for all y ∈ X (resp., e(y, a) =
x∈X (A(x) → e(y, x)) for all y ∈ X).
Definition 2.5. [21, 14] An L-ordered set is called complete if tA exists for every
A ∈ LX , or equivalently, uA exists for every A in LX .
Complete L-ordered set can also be defined in a purely categorical manner. For
more about complete L-ordered set, we refer to [2, 3, 14, 15, 28].
Let
W L = 2, (X, e) be an L-ordered set. Then for
W A ⊆ X, tχA (in (X, e)) exists
iff A (in (X, ≤e )) exists, in which case tχA = A. Thus, (X, e) is complete iff
(X, ≤e ) is complete.
Example 2.6. Let X be a set, then (LX , sub) is complete. Particularly, (L, eL ) is
complete. For their proofs, we refer to [13, 14, 15, 27].
For a map f : X −→ Y , the L-forward powerset operator fL→ : LX −→ LY and
the
f ← : LY −→ LX [19] are defined by fL→ (A)(y) =
W L-backward powerset operator
X
{A(x)|f (x) = y} (∀A ∈ L ), f ← (B) = B ◦ f (∀B ∈ LY ). A monotone map
f : X −→ Y is said to preserve joins if, for every A ∈ LX , f (tA) = tfL→ (A),
whenever tA exists; Meet preserving maps are defined dually.
Recall that an L-category A is said to be tensored (resp., cotensored ) [13, 15, 22]
if for every α ∈ L and every x ∈ A, there is an element α ⊗ x ∈ A (resp., α 
x ∈ A) called the tensor (resp., cotensor ) of α and x, such that α → A(x, y) =
A(α ⊗ x, y) (resp., α → A(y, x) = A(y, α  x)) for any y ∈ L. IfWX is a complete
L-ordered set, then (X, ≤e ) is a complete poset, and supµ = x∈X (µ(x) ⊗ x),
V
infµ = x∈X (µ(x)  x), for all µ ∈ LX . Particularly, for every subset A ⊆ X,
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W
V
we have supχA =
A, infχA =
A. For more about tensored and cotensored
L-categories, we refer to [15, 22].
Every complete L-ordered set is both tensored and cotensored. For instance,
(LX , sub) is both tensored and cotensored. For α ∈ L, µ ∈ LX , α ⊗ µ = α ∧ µ, α 
µ = α → µ, where (α ∧ µ)(x) = α ∧ µ(x), (α → µ)(x) = α → µ(x).
3. Basic Ideals of Strong L-topologies, L-frames and L-enriched
Topological Systems Based on L-ordered Sets
In this section, firstly let us recall the definition of strong L-topologies introduced
by Zhang [27] and the definition of L-frames introduced by Yao [25]. Then we will
introduce the concept of L-enriched topological systems. All of the three concepts
are based on L-ordered sets.
3.1. Strong L-topologies. We say an L-subset A ∈ LX is finite if the support
set {x ∈ X : A(x) 6= 0} of A is a finite set.
Definition 3.1. [27] A strong L-topology on a set X is a subset T ⊆ LX such
that:
(LT1) For every function G : T −→ L,
W
sup i→
L (G) =
µ∈T G(µ) ∧ µ ∈ T .
(LT2) For every function G : T −→ L with finite support,
V
inf i→
L (G) =
µ∈T (G(µ) → µ) ∈ T .
Where, i : T −→ LX is the inclusion function.
For a strong L-topology T on X, the pair (X, T ) is called a strong L-topological
space.
Theorem 3.2. [27] A subset T ⊆ LX is a strong L-topology on X if and only if it
satisfies the following axioms:
(O1) 0̄ ∈ T .
(O2) 1̄
W∈ T .
(O3) j∈J λj ∈ T for every family {λj |j ∈ J} ⊆ T .
(O4) λ ∧ µ ∈ T for every λ, µ ∈ T .
(H1) a ∧ λ ∈ T for every a ∈ L, λ ∈ T .
(H2) a → λ ∈ T for every a ∈ L, λ ∈ T .
According to the proof of the above theorem given in [27], we know (LT1) ⇐⇒
(O1)+(O3)+(H1), (LT2) ⇐⇒ (O2)+(O4)+(H2). In other words, (LT1) means that
(T , sub) is closed in (LX , sub) under the formation of (crisp) arbitrary joins and
tensors, (LT2) means that (T , sub) is closed in (LX , sub) under the formation of
(crisp) finite meets and cotensors.
A subset δ ⊆ LX satisfying (O1)—(O4) is a Chang-Goguen L-topology, or an
L-topology in short, on X [4, 10]. For a strong L-topology T , the axiom (H1)
implies that every constant function X −→ L belongs to T . Such L-topologies
were first introduced by Lowen [18] in the case L = ([0, 1], ∧, 1), and have been
called stratified L-topologies.
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A map f : X −→ Y is called continuous respect to two given L-topological
spaces (X, δX ) and (Y, δY ) iff f ← (B) ∈ δX for all B ∈ δY . The category of Ltopological spaces with continuous maps is denoted by L-Top and by SL-Top
its full subcategory of all stratified L-topological spaces. The category of strong
L-topological spaces with continuous maps is denoted by StL-Top
3.2. L-frames.
Definition 3.3. [25] Let (P, e) be a complete L-ordered set and ∧ is the meet
operation in (P, ≤e ). We call (P, e) an L-frame if for any a ∈ P, the map ∧a : P −→
P (b 7→ a ∧ b) has a right adjoint, or equivalently, the following identity holds:
P
(FIDL) ∧a (tS) = t(∧a )→
L (S) (∀a ∈ P, ∀S ∈ L ).
Remark 3.4. For every complete L-ordered set P and every a ∈ P , it can be
checked that the map ∧a : P −→ P (b 7→ a ∧ b) must
be monotone. Indeed, for
V
x, y ∈ P, we have e(a∧x, a∧y) = e(a∧x, uχ{a,y} ) = z∈P (χ{a,y} (z) → e(a∧x, z)) =
e(a ∧ x, a) ∧ e(a ∧ x, y) = 1 ∧ e(a ∧ x, y) ≥ e(a ∧ x, x) ∧ e(x, y) = e(x, y). Thus, the
map ∧a is monotone. So, the requirement that the map ∧a is monotone in the
original definition of the concept of L-frame given by Yao is omitted here.
Let f : P −→ Q be a map between two L-frames (P, eP ), and (Q, eQ ). (1) f is
said to be an L-frame homomorphism [25] if f : (P, ≤eP ) −→ (Q, ≤eQ ) is a crisp
frame homomorphism and f : (P, eP ) −→ (Q, eQ ) preserves joins of arbitrary Lsubsets of P . (2) f is said to be a strict L-frame homomorphism if f preserves joins
of arbitrary L-subsets and preserves meets of finite L-subsets of P . The category
of L-frames and L-frame homomorphisms (resp., strict L-frame homomorphisms)
is denoted by L-Frm (resp., SL-Frm ). Their opposite categories are denoted by
L-Loc and SL-Loc respectively.
Remark 3.5. Let f : P −→ Q be a map between two L-frames (P, eP ) and (Q, eQ ).
(1) f is an L-frame homomorphism iff f : (P, ≤eP ) −→ (Q, ≤eQ ) is a crisp frame
homomorphism and f preserves tensors in P.
(2) f is a strict L-frame homomorphism iff f : (P, ≤eP ) −→ (Q, ≤eQ ) is a crisp
frame homomorphism and f preserves tensors and cotensors in P.
3.3. L-enriched Topological Systems.
Definition 3.6. An L-enriched topological system is an ordered triple (X, P, ),
where X is a set, P is an L-frame and : X × P −→ L is an L-valued relation such
that:
(1) For every A ∈ LP , (x  tA) = t(x − )→
L (A).
(2) For every L-subset B ∈ LP with finite support, (x  uB) = u(x − )→
L (B).
Proposition 3.7. Let X be a set, P an L-frame and : X ×P −→ L an L-relation.
Then the following conditions are equivalent:
(1) (X, P, ) is an L-enriched topological system.
(2) x − : P −→ L is a strict L-frame homomorphism for every x ∈ X.
(3) (X, P, ) is an L-topological system in the sense of [6] and x − : P −→ L
preserves tensors and cotensores for every x ∈ X.
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Recently, motivated by questions arising from programming, J. T. Denniston,
A. Melton and S. E. Rodabaugh [5] proposed an enriched category approach to
study topological system. They introduced the notion of enriched topological system. Both the concept L-enriched topological system and the concept of enriched
topological system in the sense of [5] are based on enriched category theory and
both of them generalize the concept of L-topological system in the sense of [6]. But
those two approaches are obviously different in many aspects.
Definition 3.8. Let (X, P, ) and (Y, Q, 0 ) be two L-enriched topological systems.
An ordered pair (f, ϕ) is said to be a continuous map from (X, P, ) to (Y, Q, 0 )
(in symbols, (f, ϕ) : (X, P, ) −→ (Y, Q, 0 )) provided that:
(1) f : X −→ Y is a function.
(2) ϕ : P −→ Q is a strict L-locale homomorphism (which means that ϕop :
Q −→ P is a strict L-frame homomorphism).
(3) (x  ϕop (b)) = (f (x) 0 b) for every x ∈ X, b ∈ Q.
The class of all L-enriched topological systems as objects with continuous maps
between them as morphisms form a category, which will be denoted by L-EnTopSys.
4. An Adjunction Between StL-Top and SL-Loc
In this section we will construct an enriched-categorical version of the Isbelladjunction between topological spaces and locales. Firstly, let us recall the adjunction ΩL a P tL : SL-Top* L-Loc between the category of stratified L-topological
spaces and that of L-locales constructed by Yao [25].
Proposition 4.1. [25] (1) If (X, δ) is a stratified L-topological space, then (δ, subX )
is an L-frame.
(2) If f : (X, δ) −→ (Y, η) is a morphism in SL-Top, then fL← : (η, subY ) −→
(δ, subX ) is a morphism in L-Frm.
For an L-frame (A, e), an L-frame homomorphism (resp., a strict L-frame homomorphism) from A to L is called an L-fuzzy point (resp., a strict L-fuzzy point)
[17] of A. Let ptL (A) (resp., sptL (A)) denote the set of all L-fuzzy points (resp.,
strict L-fuzzy points) of A. For a ∈ A, define ΦL (a) : ptL (A) −→ L by (p 7→ p(a)).
Denote the restriction of ΦL (a) to sptL (A) by SΦL (a). In [25], it is proved that
ΦL (A) =: {ΦL (a)|a ∈ A} is a stratified L-topology on ptL (A).
Recall that the functor ΩL : SL-Top−→ L-Loc is defined by (f : (X, δ) −→
(Y, η)) 7→ ((fL← )op : (δ, subX ) −→ (η, subY )). The functor P tL : L-Loc −→SLTop is defined by sending an L-locale (A, e) to the stratified L-topological space
(ptL (A), ΦL (A)) and sending an L-Loc morphism f : A −→ B to PtL (f ) :
ptL (A) −→ ptL (B)(p 7→ p ◦ f op ).
Proposition 4.2. If f : (X, TX ) −→ (Y, TY ) is a continuous map between strong
topological spaces, then fL← : (TY , subY ) −→ (TX , subX ) is a strict L-frame homomorphism.
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Proof. By Proposition 4.1 and Remark 3.5, we only need to show that fL← preserves
TY

LY

cotensors. Suppose α ∈ L, µ ∈ TY . Then f ← (α  µ) = f ← (α  µ) = (α →
TX

µ) ◦ f = α → (µ ◦ f ) = α  f ← (µ).



By this proposition we know the functor ΩL : SL-Top−→ L-Loc restricts to a
functor SΩL : StL-Top−→ SL-Loc.
Proposition 4.3. Let (P, e) be an L-frame. Then
(1) SΦL (P ) = {SΦL (a)|a ∈ P } is a strong L-topology on sptL (P ).
(2) (ΦL (P ), subspt (P ) ) is an L-frame and the map SΦL : P −→ SΦL (P ) (a 7→
L
SΦL (a)) is a strict L-frame homomorphism.
Proof. (1) It is easy to check that SΦL (P ) satisfies (O1)—(O4).
(H1) Suppose α ∈ L, SΦL (a) ∈ SΦL (P ). Then, for every f ∈sptL (P ), (α ∧
SΦL (a))(f ) = α ∧ (SΦL (a)(f )) = α ∧ f (a) = f (α ⊗ a) = SΦL (α ⊗ a)(f ). Thus,
α ∧ SΦL (a) = SΦL (α ⊗ a) ∈ SΦL (P ).
Similarly, we can check that SΦL (P ) satisfies (H2). Thus, by Theorem 3.2 we
know SΦL (P ) is a strong L-topology on sptL (P ).
(2) By Proposition 4.1 we know (ΦL (P ), subspt (P ) ) is an L-frame. By a similar
L
arguments as in the proof of part (1) we can check that the map SΦL is a strict
L-frame homomorphism.

Proposition 4.4. If f : A −→ B is a SL-Loc morphism, then SPtL (f ) : sptL (A) −→
sptL (B)(p 7→ p ◦ f op ) is a continuous map between strong topological spaces (sptL (A),
SΦL (A)) and (sptL (B), SΦL (B)).
Proof. This is similar to the proof of the fact that PtL (f ) is a continuous map given
in [25].

By the above two propositions, we know the assignment SP tL which associates
an L-locale A with the strict L-topological space (sptL (A), SΦL (A)) and a morphism f : A −→ B in SL-Loc with the map SPtL (f ) is a functor SL-Loc −→
StL-Top. Thus, we can obtain the following theorem [17].
Theorem 4.5. SΩL a SP tL : StL-Top* SL-Loc.
Proof. This is similar to the proof of the fact that ΩL a P tL .



5. An Adjunction Between L-EnTopSys and StL-Top
In this section, we will construct an enriched version of the adjunction between
the category of topological systems and the category of topological spaces. It is
useful to recall the adjunction EL a ExtL : L-Top * L-TopSys between the category of L-topological spaces and the category of L-topological systems constructed
in [6].
The functor EL : L-Top −→ L-TopSys is defined as follows:
For an L-topological space (X, δ), EL (X, δ) = (X, δ, ), where (x  µ) = µ(x),
and for a morphism f : (X, δ) −→ (Y, η), EL (f ) : (X, δ, ) −→ (Y, η, ) is given by
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EL (f ) = (f, ((fL← )|η )op ), where (fL← )|η : η −→ δ is the restriction and co-restriction
of fL← .
The functor ExtL : L-TopSys−→L-Top is defined as follows:
For an L-topological system (X, A, ), ExtL (X, A, ) = (X, extL (A)), where
extL : A −→ LX is given by extL (a)(x) = (x  a); and for a morphism (f, ϕ) :
(X, A, 1 ) −→ (Y, B, 2 ), ExtL (f, ϕ) = f : (X, extL (A)) −→ (Y, extL (B)).
Proposition 5.1. If (X, T ) is a strong L-topological space, then (X, T , ) is an
L-enriched topological system, where : X × T −→ L is defined by (x  µ) = µ(x)
for every x ∈ X and µ ∈ T .
Proof. By Proposition 3.7, we only need to show that x − : P −→ L preserves
tensors and cotensores for every x ∈ X. These are direct consequences of axioms
(H1) and (H2), and we leave the details to the reader.

Proposition 5.2. If f : (X, TX ) −→ (Y, TY ) is a continuous map between two
strong L-topological spaces, then EL-en (f ) =: (f, ((fL← )|η )op ) : (X, TX , ) −→
(Y, TY , ) is a continuous map between L-enriched topological systems.
Proof. If we consider (X, TX , ) and (Y, TY , ) as L-topological systems, then (f, ((fL← )|η )op )
is a continuous map between them. Thus, by the definition of continuous map
between L-enriched topological system and Remark 3.5, we need to show that
(fL← )|η : TY −→ TX preserves tensors and cotensors.
Suppose α ∈ L, µ ∈ TY . Then, for every x ∈ X, we have (fL← )|η (α∧µ)(x) = ((α∧
µ)◦f )(x) = (α ∧µ)(f (x)) = α ∧(µ(f (x))) = α ∧(fL← )|η (µ)(x) = (α ∧(fL← )|η (µ))(x).
Thus (fL← )|η preserves tensors. That it preserves cotensors is similar.

Proposition 5.3. If (X, P, ) is an L-enriched topological system, then
ExtL-en (X, P, ) =: (X, extL-en (P ))
is a strong L-topological space, where extL-en : P −→ LX is defined by extL-en (a)(x)
= (x  a) for every x ∈ X and a ∈ P .
Proof. Since every L-enriched topological system can be considered as an L-topological
system, we know from the functor ExtL that (X, extL-en (P )) is an L-topological
space. Suppose α ∈ L, a ∈ P. Then, for every x ∈ X, (α ∧ extL-en (a))(x) =
α ∧ extL-en (a)(x) = α ∧ (x  a) = (x  α ⊗ a) = extL-en (α ⊗ a)(x). Thus
α ∧ extL-en (a) = extL-en (α ⊗ a) ∈ extL-en (P ). A similar argument implies that
α → extL-en (a) = extL-en (α  a) ∈ extL-en (P ). Thus ExtL-en (X, P, ) is a strong
L-topological space.

By Propositions 5.1 and 5.2, the functor EL : L-Top −→ L-TopSys restricts
to a functor EL-en : StL-Top−→L-EnTopSys. By Proposition 5.3, the functor
ExtL : L-TopSys−→L-Top restricts to a functor ExtL-en : L-EnTopSys −→StLTop. Thus, the restrictions of the adjunction EL a ExtL establish an enrichedcategorical version of the adjunction between the category of topological spaces and
the category of topological systems.
Theorem 5.4. EL-en a ExtL-en : StL-Top*L-EnTopSys.
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6. An Adjunction Between L-EnTopSys and SL-Loc
In this section, we will give an enriched-categorical version of the adjunction
ΩV a ELoc between the category of topological systems and the category locales
(see [6, 23]).
Proposition 6.1. (1) If P is an L-frame, then (sptL (P ), P, ) is an L-enriched
topological system, where : sptL (P ) × P −→ L is defined by (f  x) = f (x).
(2) Suppose ϕ : P −→ Q is an SL-Loc morphism. Define spt(ϕ) : sptL (P ) −→
sptL (Q) by spt(ϕ)(f ) = f ◦ ϕop for every f ∈ sptL (P ). Then
(spt(ϕ), ϕ) : (sptL (P ), P, ) −→ (sptL (Q), Q, )
is a continuous map.
Proof. (1) For every f ∈ sptL (P ), the map (f − ) : P −→ L is just the map f ,
thus (f − ) : P −→ L is a strict L-frame homomorphism. From Proposition 3.7,
we conclude that (sptL (P ), P, ) is an L-enriched topological system.
(2) Since the composition of two strict L-frame homomorphisms is also a strict
L-frame homomorphism, the map spt(ϕ) is well-defined. For any f ∈ sptL (P ) and
any y ∈ Q, (spt(ϕ)(f )  y) = (f ◦ ϕop  y) = f (ϕop (y)) = (f  ϕop (y)). This
completes the proof.

By Proposition 6.1, we immediately have
Proposition 6.2. The assignment ESL-Loc which associates with an L-locale P
the L-enriched topological system (sptL (P ), P, ) and with an SL-Loc morphism
ϕ : P −→ Q the continuous map ESL-Loc (ϕ) = (spt(ϕ), ϕ) : (sptL (P ), P, ) −→
(sptL (Q), Q, ) in L-EnTopSys is a functor SL-Loc−→L-EnTopSys.
Proposition 6.3. The assignment L-en-ΩV which associates with an L-enriched
topological system (X, P, ) the L-locale P and with a continuous map (f, ϕ) :
(X, P, 1 ) −→ (Y, Q, 2 ) in L-EnTopSys the SL-Loc morphism ϕ : P −→ Q
is a functor L-EnTopSys −→ SL-Loc.
Proof. This follows immediately from the definition of L-enriched topological system.

Theorem 6.4. L-en-ΩV a ESL-Loc : L-EnTopSys * SL-Loc.
Proof. Let (X, P, ) be an L-enriched topological system. Define f : X −→ sptL (P )
by f (x) = (x − ) for every x ∈ X. Then (f, idP ) : (X, P, ) −→ (sptL (P ), P, ) is
a continuous map. Let Q be an L-frame and (g, ϕ) : (X, P, ) −→ (sptL (Q), Q, )
a continuous map. Then, for every b ∈ Q and every x ∈ X, ((spt(ϕ) ◦ f )(x))(b) =
(spt(ϕ)(f (x)))(b) = (f (x) ◦ ϕop )(b) = f (x)(ϕop (b)) = (x  ϕop (b)) = (g(x) 
b) = g(x)(b), i.e., g = spt(ϕ) ◦ f. Thus (g, ϕ) = (spt(ϕ), ϕ) ◦ (f, idP ). This shows
that (f, idP ) : (X, P, ) −→ (sptL (P ), P, ) is an ESL-Loc -universal arrow. Thus,
ESL-Loc is an adjoint for L-en-ΩV .

It is easy to check that SΩL = L-en-ΩV ◦ EL-en , SP tL = ExtL-en ◦ ESL-Loc , so
we have
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Theorem 6.5. As adjunctions [SΩL a SP tL ] = [L-en-ΩV ◦ EL-en a ExtL-en ◦
ESL-Loc ].
When L = 2, the categories StL-Top, SL-Loc and L-EnTopSys are the categories Top, Loc and TopSys respectively. Thus, the three classical adjunctions
among these categories [6, 23] can be recovered from the results in this paper.
7. Conclusions
In this paper, we establish a unified enriched-categorical version of the classical
adjunctions among the categories Top, Loc and TopSys. Several concepts based
on enriched category theory that are studied individually in the literature previously
have been connected with each other by adjunctions. Thus we obtain a unified
enriched-categorical approach to treat these concepts.
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