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HIERARCHICAL FUNCTIONAL CONCEPTS FOR KNOWLEDGE
TRANSFER AMONG REINFORCEMENT LEARNING AGENTS
A. MOUSAVI, M. NILI AHMADABADI, H. VOSOUGHPOUR,
B. N. ARAABI AND N. ZAARE

Abstract. This article introduces the notions of functional space and concept
as a way of knowledge representation and abstraction for Reinforcement Learning agents. These definitions are used as a tool of knowledge transfer among
agents. The agents are assumed to be heterogeneous; they have different state
spaces but share a same dynamic, reward and action space. In other words,
the agents are assumed to have different representations of an environment
while having similar actions. The learning framework is Q-learning. Each dimension of the functional space is the normalized expected value of an action.
An unsupervised clustering approach is used to form the functional concepts
as some fuzzy areas in the functional space. The functional concepts are abstracted further in a hierarchy using the clustering approach. The hierarchical
concepts are employed for knowledge transfer among agents. Properties of the
proposed approach are tested in a set of case studies. The results show that
the approach is very effective in transfer learning among heterogeneous agents
especially in the beginning episodes of the learning.

1. Introduction
Reinforcement learning (RL) agents are very popular because of their ability to
learn in interaction with the environment in face of limited prior knowledge and
minimal environmental feedback. Nevertheless, one of the main deficits of an RL
agent is to be slow in learning. In addition, knowledge transfer among heterogeneous
RL agents is a big challenge. Human beings -and some animals- apply RL-like
methods as well, however they are fast learners with the capability of transferring
their knowledge to each other in a number of ways. One may contribute these
characteristics to humans’ knowledge abstraction capabilities. Therefore, we target
developing a knowledge abstraction approach to improve RL methods in terms of
learning speed and transferability of gained knowledge. By knowledge abstraction
we mean clustering the experiences to form granules of knowledge as independent
from the observed situations as possible. We call these granules functional concepts.
According to Zentall’s definition [26], concept is the agent’s representation of its
environment. So, the most important problems in concept learning methods are
how to form that internal representation, and how to use it in decision making.
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Knowledge transfer is almost a new and challenging area in the field of RL
[17, 22]. The goal of transfer is to speed up the learning process of an agent in a
target task by using the knowledge of a different agent that has already learned
a related task. The main challenge of knowledge transfer is the heterogeneity of
the target and source agents. Lazaric [8] classifies the transfer problems into three
categories; goal, dynamic and domain transfer problems. A problem in which the
agents share the same context (i.e., state and action spaces) and the same transition
model, but have different reward functions, is a goal transfer problem. A problem
in which tasks share the same context and the same reward function, but have
different transition models, is a dynamics transfer problem. In the case of domain
transfer, each agent may have different dynamics, goals and state-spaces. This is
the most general and complex problem of transfer.
There is also another category of problems that is not mentioned in the Lazaric’s
classification. This category is referred to as representation transfer problems [19];
the agents share the same transition model, reward function and action spaces,
but have different state spaces. This article focuses on presenting an unsupervised
algorithm for solving this kind of problems. Difference between the representations
of different agents may be due to the difference between their sensors or the way
they control their attention in the environment.
Besides, an agent may have a poor performance with a representation or attention control in an environment and needs to change it. If experience is expensive
then it is desirable to leverage the previous knowledge to improve the learning with
the new representation or attention control.
In this paper, we propose a learning framework for unsupervised formation of
abstract concepts and their hierarchy in RL agent’s functional space. By using
extracted concepts and the hierarchy formed on top of those concepts in the source
agent, the target agent with a different perceptual space can speed up the convergence of its action-values and consequently accelerates its learning.
In the next section, some preliminary definitions are reviewed and discussed.
The notions of functional space and functional concepts are discussed in sections 3
and 4, respectively. The relation of the approach and the transfer of knowledge in
RL is discussed in section 6. Section 7 contains the simulations and results. The
last section contains the conclusion and proposes some future works.
2. Background
In this section, some main definitions are reviewed and discussed. Firstly, we
discuss the different levels of concept abstraction as proposed by Zentall [26]. Then
the main learning framework which is Q-learning and the notion of knowledge
transfer in RL are reviewed and discussed.
2.1. Concept Abstraction. Several definitions and theories have been proposed
to explain the humans’ mental models of concepts and how those concepts are
formed in our minds [1]. In addition, studies in cognitive psychology on evidences
in humans’ behavior show that the concept is not necessarily the thing which exists
in the environment and is observed. For example the concept of an apple in the mind
is more informative than what we percept by vision or other sensors. Moreover,
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the concept is not the word or sound used to express it. Sometimes the concept of
an object or situation is clear for us, but we cannot find a word to express it. In
addition, the concepts and the words or sounds used to express them are formed
distinctly in the mind.
These evidences show that the concepts are modeled in the mind in a manner
independent from perceptual or communicative spaces [4, 12]. More evidences
about concept leaning in human infants show that early concepts in children are
functional concepts.
Concepts by an artificial system may be formed in different spaces; including
perceptual and functional spaces. By functional space we mean a representation
space in which items with similar functionalities form distinct clusters. Abstraction in the perceptual space does not result in state-independent abstraction while
abstraction in the functional space does.
Moreover, in the real environments, the perceptual space usually is continuous
and complex and the concepts may be very scattered in the perceptual space; which
is not the case in the functional space. In addition, functionality can be defined
easily for RL agents.
Therefore, we form the abstract concepts in the functional space. The concepts
are associative concepts [26]. It means that the stimuli within the classes of this
type of concepts bear no obvious similarities, but rather cohere because of shared
functional properties. In other words, the exemplars of a concepts do not necessarily resemble each other perceptually and all the information needed to categorize
stimuli into concepts are out of the perceptual space.
2.2. Reinforcement Learning Agent. An RL agent acts in a sequential manner
to maximize a received reward signal from the environment [15]. The environment
is typically formulated as a finite-state Markov decision process (MDP) defined as
follows.
Definition 2.1. A Markov Decision Process (MDP) is a tuple hS, A, T, ri, where
S is the set of all states, A is the set of all actions, T : S × A → p(S) is the state
transition function and r : S × A → R is the reward function. p(S) is the set of
probability distributions over the set of S.
At each time step, t, the agent senses the environment’s state, st ∈ S, and
performs an action, at ∈ A. As a consequence of its action, the agent receives a
numerical reward, rt+1 ∈ R, and finds itself in a new state st+1 . The objective
of the agent is to learn a policy for acting, π : St → At , in order to maximize its
cumulative reward.
One popular RL technique is Q-learning which involves learning a Q-function
[23]. The Q-function, Q(s, a), estimates the discounted cumulative reward starting
in state s and taking action a and following the current policy thereafter. When the
number of states is finite and small, the Q-function is represented as a table. Given
the optimal Q-function, the optimal policy is to take the action argmax Q(st , a).
a∈A

The Q-functions are recursively updated after each step according to the following
equation:
Q(st , at ) ←− (1 − α)Q(st , at ) + α(rt + γ max Q(st+1 , a))
(1)
a∈A
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where γ ∈ [0, 1] and α ∈ (0, 1] are called discount factor and learning rate, respectively. Under certain conditions, Q-learning is guaranteed to converge to an
accurate Q-function [24].
RL methods are divided into two distinct categories; methods that must follow
the policy they are learning about, called on-policy methods, and those that can
learn from behavior generated by a different policy, called off-policy methods [15].
Q-learning is an off-policy method in that it learns the optimal policy even when
actions are selected randomly. It only requires that all actions be tried in all
states, whereas on-policy methods require that actions be selected by a specific
probabilities.
2.3. Knowledge Transfer. Transfer learning is almost a new and challenging area
in the field of RL [17, 22]. The goal of transfer in reinforcement learning is to speed
up the learning process of an agent in a target task by using the knowledge of a
different agent that has already learned a related task.
If two agents are homogeneous, then the transfer learning can be applied directly
between agents. But, if the agents are heterogeneous, the knowledge from an agent
can be transferred to another only if one can distinguish some common properties
between the source and target agents. The heterogeneity between agents can be
due to the difference in their environment’s dynamic, reward or the state-action
spaces [8]. In this article, the heterogeneity among agents is assumed to be due to
the difference between their state spaces. In other words, it is assumed that the
agents have identical dynamic, reward and action spaces but differ in the perceptual
spaces. This situation is referred to as representation transfer in [19].
The main problem of knowledge transfer between heterogeneous agents is to
find a common language between the agents. It, actually, requires a mapping to
translate some properties of the source to the target agent. In [22], this problem
is referred to as the mapping problem. Many transfer approaches assume that
a human provides such information [16, 20, 25]. Sometimes, a domain can be
constructed such that in that domain two agents become homogeneous. Relational
learning is useful for creating such domains [3, 7, 13]. Another way of finding the
common properties is to generate several possible mappings among the properties
and allow the target agent to try them all. Taylor et. al. [18] perform an exhaustive
search. Mihalkova et. al. [9] limit their search in Markov logic network, requiring
that mapped predicates have matching arity and argument types. Soni and Singh
[14] not only limit the candidate mappings by considering object types, but also
avoid a separate evaluation of each mapping by using options in RL transfer.
In this article, we assume that the mapping between action spaces is given and
is a one-to-one mapping, but the mapping between state spaces is unknown. As the
functional concepts are defined in the space of actions, we use them as a common
language between agents to transfer the knowledge.
3. Functional Space
Real world concepts are usually scattered irregularly and asymmetrically in an
agent’s perceptual space. It is due to the fact that concepts are mostly associative
and two neighbor observations in the perceptual space do not necessarily have the
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Figure 1. A Schematic View of Samples in the Perceptual Space and
the Corresponding Functional Points in the Agent’s Functional Space
same functionality. In addition, samples of a relational concept may form disjoint
clusters in the perceptual space.
Difference in the perceptual space of different agents is also common as the
agents control their attention and process their sensory information, differently. In
addition, agents may even have different sensors; which is the case in robots.
As a result, having a representation space in which the samples of a concept
-relational or associative- form a single cluster is highly desired; especially if agents
with different perceptual spaces share that space.
One of the desired properties of this space is to be agent-centered rather than
being environment-centered. By agent-centered we mean that the space is based on
the values of the agent’s expected reward. The reward is the result of the agent’s
interaction with the environment. A candidate for such abstract space could be the
space of agent’s best response to perceptual stimuli [10], agent’s emotional space,
etc. This space will be used to serve our main objective; forming a hierarchy of
concepts and transferring knowledge among agents with different perceptual spaces.
Figure 1 schematically shows the goal space; called functional space. The functional space (F ) is a continuous m-dimensional space where m is the size of agent’s
action set. In this figure m is three. The ith dimension of the functional space
represents the normalized expected value of action ai ; namely Q(ai ). Each perceptual sample is mapped into a point in the functional space and the points are
clustered into disjoint and compact regions. Each cluster is called a functional concept and represents a set of perceptual samples that -despite being scattered in the
perceptual space (P )- are similar with respect to their functionality (Q-values). In
other words, the agent conceptualizes its environment by its action values in its
functional space.
In a discrete perceptual space, each stimuli can be considered as a perceptual
sample. In a continuous perceptual space, the samples can be generated by a discretization method. Due to the reality that stimuli corresponding to a concept are
scattered in the perceptual space irregularly, the sampling radius is set to a small
value; which yields a large number of samples. In other words, sampling is a mapping from the continuous perceptual space to the agent’s large discrete state space
(S):
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Sampling : P → S

(2)

Each point in the functional space F is called a functional point and is represented
by a functional vector. Multiple states of S might be mapped to a single functional point. Because of being uncertain about the action values during learning,
functional points are modeled as fuzzy points in the functional space [5]. For this
purpose, each functional point is represented by a vector of action values (Qs ) representing the center of the fuzzy point and a vector of uncertainties (Us ) representing
the amount of uncertainty (or the fuzziness) of action values in each dimension of
the functional space:
Ψ:S→F
Ψ(s) = hQs , Us i
Qs = hQ(s, a1 ), · · · , Q(s, am )i
Us = hU (s, a1 ), · · · , U (s, am )i

(3)

where F is the space of fuzzy points in F , Ψ is a mapping from the states in the
perceptual space to F, {a1 , a2 , · · · , am } is the agent’s action set, m is the number
of actions and s is a state in the perceptual space.
We define the Q-values of the functional points as the expected discounted reward
and the centers of the functional points are continuously updated after every agentenvironment interaction (equation 1).
The uncertainty of Ψ(s) in dimension i is modeled as a function of action ai ’s
value in state s in addition to the frequency of being selected in that state (Cs,i ).
Variance of ai ’s value is represented by σ 2s,i and is used as a criterion for estimation
of the level of uncertainty in the environment.
Assume s and s0 are two states in the perceptual space. Then, we have:
Cs,i < Cs0 ,i , σ 2s,i = σ 2s0 ,i ⇒ U (s, ai ) > U (s0 , ai ),
σ 2s,i < σ 2s0 ,i , Cs,i = Cs0 ,i ⇒ U (s, ai ) < U (s0 , ai ).

(4)

where Cs,ai is the number of times that ai is experienced in response to s. It suggests
that uncertainty about Q(s, ai ) should be proportional to its variance (σ 2s,i ) and
inversely proportional to Cs,ai :
σ 2s,i
U (s, ai ) =
(5)
K × Cs,i + 1
where K is a constant and is specified manually to scale the uncertainty measures
in a normal range. The uncertainty measure, U (s, ai ), models a combination of
uncertainty in the environment and lack of sufficient experience.
4. Functional Concepts
An estimation of a functional concept is formed by clustering the functional
points. As we use the softmax action selection policy, the lenght of the vectors does
not have any effect on the decision and just the orientation of them is important.
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So, to cluster the functional points, firstly, we normalize the functional vectors using
the following equation:
v
um
uX
Q(s, ai )
U (s, ai )
L=t
Q2 (s, ak ) , q(s, ai ) =
, u(s, ai ) =
L
L
(6)
k=1

By normalizing the functional vectors, we actually transfer all the points on the
surface of a unit globe. It means that we ignore the lenght of the vectors and
concentrate on the orientation of them to form the functional concepts.
When some states in the perceptual space map to a compact region in the functional space, we can assume that those states belong to a single concept from the
view point of the agent’s actions. Then, a functional concept F C can be represented
by a compact region in the functional space as follows:
F C = {x = Ψ(s)|kx − CF C k ≤ ε, ε > 0}

(7)

where k.k is the Euclidean norm in the functional space and CF C stands for representative functional point of concept F C. Therefore, CF C is a functional point in
the functional space:
CF C = hQF C , UF C i
(8)
QF C and UF C are the center and uncertainty vector of F C.
In this paper, the functional clusters are formed by using Basic Sequential Algorithmic Scheme (BSAS) [21] on the normalized functional points. In order to
cluster, firstly, we need a distance measure. The distance between two functional
points is a function of their q and u vectors. The following distance measure is used
to cluster functional points:
v
um
uX
0
di (f, f 0 )2
d(f, f ) = t
(9)
i=1
where m is the size of agent’s action set and di (f, f 0 ) represents the distance between
f and f 0 functional points in the ith dimension. di (f, f 0 ) is computed as:
di (f, f 0 ) =

|q(s, ai ) − q(s0 , ai )|
(u(s, ai ) + 1)(u(s0 , ai ) + 1)

(10)

where f and f 0 are the functional points of states s and s0 respectively.
Using this distance measure, we expect that the centers of functional clusters to
be more affected by the functional points with lower uncertainties. It is compatible
with the fact that these points are more reliable for concept representation than the
points with higher uncertainties. In addition, the measure satisfies the following
desired properties:
(1) Symmetry
di (f, f 0 ) = di (f 0 , f ).
(2) Zero distance conditions
di (f, f 0 ) = 0 ⇔ q(s, ai ) = q(s0 , ai ).
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(3) The effect of points’ center distances
|q(s, ai ) − q(s0 , ai )| < |q(s, ai ) − q(s00 , ai )|, u(s0 , ai ) = u(s00 , ai )
⇒ di (f, f 0 ) < di (f, f 00 ).
(4) The effect of points’ uncertainties
|q(s, ai ) − q(s0 , ai )| = |q(s, ai ) − q(s00 , ai )|, u(s0 , ai ) < u(s00 , ai )
⇒ di (f, f 0 ) > di (f, f 00 ).
Now we define representative point of functional concept F C; namely CF C =
hQF C , UF C i. The center of mass of each cluster is defined as the cluster center.
The mass of each functional point in each dimension is in inverse proportion to its
uncertainty in that dimension. The following formula is used to compute the center
of cluster F C in the ith dimension:
P
u(s, ai )−1 × q(s, ai )
QF C (ai ) =

∀s:Ψ(s)∈F C

P

u(s, ai )−1

(11)

∀s:Ψ(s)∈F C

It shows that, the cluster center is closer to the points with lower uncertainties.
Uncertainty measure for a cluster can be defined as an inter-cluster distance [11].
We suggest the following measure in which the uncertainty of a cluster in the ith
dimension is computed as the average of its members’ distance to the cluster center
in that dimension:
P
di (f, QF C )
UF C (ai ) =

f ∈F C

kF Ck
where kF Ck denotes the number of the functional concept’s members.

(12)

5. Abstract Hierarchy
A meaningful hierarchy can help the agent to have more abstract representation
of its environment. Such a hierarchy can be made based on either ”has-a” or
”is-a” relation among the concepts. Describing the concepts in terms of action
values in the agent’s functional space facilitates establishing ”is-a” relation among
the concepts and to form an abstract hierarchy on them. We will discuss about
application of the hierarchy more later.
To achieve this goal, similarity between the concepts in the functional space is
used to form more abstract concepts which represent higher levels of the hierarchy.
These concepts are more general and cover more samples in the perceptual space.
As uncertainty about the action-values is high during the early stages of learning,
the concepts may be formed in the higher levels of the hierarchy first.
The similarity between two functional concepts F C1 and F C2 is inversely proportional to the distance of their representative points; namely CF C1 and CF C2 .
Two concepts are similar if the distance between them is smaller than a threshold:
d(CF C1 , CF C2 ) ≤ ε,

(13)

where d(., .) is the distance function defined in equation 9. If the functional concepts
F C1 and F C2 are similar, then they can be treated as a members of a higher level
cluster as a more abstract functional concept (F C3 ). In other words, F C3 is a higher
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Figure 2. The Functional Concepts in the Different Levels of the Hierarchy
level concept in the abstract concept hierarchy which is formed by the similarity
between F C1 and F C2 . This higher level concept forms ”is-a” relation with all of
the concepts in the lower level that have formed it and inherits its action value from
the most compact one.
To obtain the higher level concepts, we treat the current functional concepts
as some functional points and cluster them to obtain the new level’s functional
concepts. We use the BSAS using the defined distance measure and a new threshold
which is expected to be higher than the threshold used for the previous level. We
also weight the functional concepts with the number of their members for clustering
and forming the new level of the hierarchy. This process is repeated for every new
level of the hierarchy until there are no new clusters.
Example 5.1. Consider five functional points as {f1 , f2 , f3 , f4 , f5 } where:
qf1 = h0.1, 0.3, −0.5i , uf1 = h0.05, 0.1, 0.07i
qf2 = h−0.6, −0.3, −0.1i , uf2 = h0.12, 0.19, 0.2i
qf3 = h0.3, 0.5, 0.1i , uf3 = h0.1, 0.05, 0.05i
qf4 = h−0.1, 0.2, −0.3i , uf4 = h0.25, 0.2, 0.1i
qf5 = h0.2, 0.7, −0.1i , uf5 = h0.1, 0.1, 0.3i
These functional points are clustered in an abstract hierarchy. The threshold for
different levels are:
ε1 = 0.3 , ε2 = 0.5 , ε3 = 0.7
where εi is the threshold for clustering of level i’s concepts. The functional concepts
of the different levels of hierarchy is shown in Figure 2.
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6. Functional Concepts and Knowledge Transfer
One of the main advantages of forming an abstract hierarchy on the functional
concepts of an agent is that another agent with different perceptual space can
use it to speed up its learning in the same environment. This is due to the fact
that functional concepts are independent from the state representation. So, in
this section, the notion of functional concept is used to propose an algorithm for
transfer learning among heterogeneous agents which share a same action space,
environment’s dynamic and reward function, but have different state spaces.
Suppose that the first agent (source agent) has finished its learning and its
functional concepts and the hierarchy are available for the second agent (target
agent) which is at its initial steps of learning. Let the target agent be in its current
state which is represented by a functional fuzzy point in the functional space. As
the action spaces of two agents are the same, one can compare the similarity of
functional point of the current state of target agent with the functional concepts of
the source agent. This similarity will give some valuable information for choosing
the best action for the current state.
The similarity of a functional point and a functional concept is defined using a
distance function:
v
um
uX
di (F C, f )2
d(F C, f ) = t
(14)
i=1
where f is the functional point of state s and F C is a functional concept and:
di (F C, f ) =

|QF C (ai ) − qf (ai )|
.
(UF C (ai ) + 1)(uf (ai ) + 1)

(15)

All functional concepts near to the state’s functional point f are candidate concepts and can be used to estimate the real action values for the observed state.
It means ”f is-a F C” or equivalently ”s is-a F C”. The value of each action is
estimated from the candidate concept with lowest uncertainty in that action value.
The details of the knowledge transfer algorithm are as follows:
(1) Form functional concepts and the hierarchy on them using the final Q-values
of the source agent. Let H be the number of the levels of hierarchy.
(2) Initialize the Q-values of the target agent with the q-values of the highest
level functional concept of the hierarchy.
(3) Initialize the U -values of the target agent with a large positive value.
(4) For every step i of learning of the target agent do:
(a) Let M = maxK(st , aj ), where st is the current state of the agent and
j

K(st , aj ) is the number of visits of the pair (st , aj ) by the agent.
(b) If i < M then:
(i) Normalize the Q-values of the current state (st ) and form the
functional point for the current state (F C).
(ii) Find the nearest functional concept of level M −i of the hierarchy
to the functional point F C, denoted by F H.
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(iii) Use the vector of F H and the softmax action selection policy to
make a decision and take an action.
(c) Else
(i) Use the classical softmax action selection policy to make a decision and take an action.
(d) End of if
(e) Update the Q and U values of the target agent.
(5) End of for
As indicated in the algorithm, the knowledge transfer algorithm is only applied
to the first H steps of the learning where H is the number of the levels of the
hierarchy. Based on the number of maximum number of visits of the current state
with different actions, the functional concepts of a specific level of the hierarchy is
used to make a decision. To make a decision, the functional point of the current
state is compared with the functional concepts of the selected level of the hierarchy
and the nearest functional concept is used to make a decision. The rest of decision
making process is a softmax action selection policy, such as Boltzmann’s method
[5].
The point is that the functional concepts are just used for decision making and
does not change the Q-values of the target agent. As the Q-learning is an offpolicy method, the proposed transfer learning method will have the guarantee of
convergence.
7. Case Studies
In this section, three simulations are performed in order to analyse the main
properties of the proposed method. Here we assume that agents have the same
functional but different perceptual spaces. All the simulations are performed twice;
firstly, without knowledge transfer and then using the knowledge transfer algorithm.
In the simulations without knowledge transfer the Q-values of the target agent is
initialized with zero. The results of the simulations are compared to investigate the
effectiveness of the proposed algorithm.
7.1. Grid World Problem. To facilitate analysing the approach, a simple grid
world problem is considered first. The grid world problem is one of the classical testbeds in the field of artificial intelligence. The goal of the learning agent is to reach
the target place along shortest path without hitting the obstacles; see Figure 3.
The agent has three actions which makes the visualization of the functional space
and concepts possible. At each step, the agent can choose one of its three actions;
moving forward, turning 90◦ to left or turning 90◦ to right. The reward function
is:

moving without hitting the obstacles or turning
 −1
−10 hitting the obstacles
Reward=

100 reaching the goal
Each episode of learning starts from a random location and finishes when the
agent arrives at the goal place. The learning is repeated for 500 episodes and the
whole learning process is repeated for 500 epochs. The action selection policy is
softmax and the learning parameters are as follows; the learning rate (α) is 0.1,
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Figure 3. The Two-dimensional Grid Environment with Some
Obstacles. The Arrow Shows the Agent’S Location and Heading
and the Goal is at the Top-right Corner
the discount factor (γ) is set to 0.9, and the temperature (τ ) decreases by the
exponential function (τ = e−n + 1) where n is the number of iterations.
Here we have two agents; namely the source and the target agents differing
in state representation. The source agent learns first and then its knowledge is
used by the target agent to speed up its learning. The source agent’s state is its
configuration, i.e., a tuple where its first and second elements are its horizontal and
vertical locations, and the third element encodes its direction; see Figure 3.
When the source agent’s learning is finished, its Q vectors are normalized and
then clustered to form the functional concepts (Figure 4). The BSAS is used to
cluster the Q vectors. The thresholds for clustering of different levels of hierarchy
are: ε1 = 0.01, ε2 = 0.02, ε3 = 0.05, ε4 = 0.1, ε5 = 0.2, ε6 = 0.3, ε7 = 0.5, ε8 = 0.7
and ε9 = 0.9. Some functional concepts of the hierarchy are shown in Figure 5.
The number of functional concepts in different levels of the hierarchy are 274, 219,
159, 88, 36, 16, 12, 5, 3 and 1, respectively.
To evaluate the proposed approach for transfer learning, a target agent with
different type of sensors is considered. The state of the target agent is represented
by an agent-centered 5 × 5 binary matrix. Each entry of the matrix indicates
existence or absence of obstacle in the corresponding grid with one exception; the
entry (3, 3) at the center of the matrix indicates the direction of the agent (see
Figure 3). With this state representation the grid world problem will be an MDP
for the target agent as well.
The functional points, the normalized values and the representative points of the
clusters are shown in Figure 4. The functional concepts are clustered in nine levels
of a hierarchy. These concepts are transferred to the target agent and that agent
employs the proposed approach for learning and decision making. The average
rewards per episodes are depicted in Figure 6. This figure and Table 7.1 shows the
efficiency of the approach for knowledge transfer between two agents with different
perceptual spaces in terms of the learning speed. As the results show the target
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Figure 4. Functional Points, Normalized Values and the
Representative Points of the Clusters

Figure 5. Functional Concepts of Different Levels of the Hierarchy
agent has learned the rewarding policy much faster than when it learns from scratch;
which is the goal of knowledge transfer.
7.2. Taxi Problem. This problem is adopted from Diettrich’s work [2]. The agent
controls a taxi on a grid with some obstacles as shown in Figure 7. There are four
locations on the grid that are possible passenger pick-up/drop-off locations. In each
episode, the passenger must be dropped off at a specific drop-off location. Here,
the environment is non-deterministic as well; with the probability of 0.1, the action
may have a different result. At each step, the agent can choose one of its six actions;
moving upward, downward, left, right, pick up passenger or drop off passenger. The
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Figure 6. Comparing the Average Rewards of the Target Agent
with and without Knowledge Transfer for the Grid World Problem
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3
5
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Table 1. Comparing the Learning Speeds of the Target Agent
with and without Knowledge Transfer for the Grid World Problem

Figure 7. Two-dimensional Grid for Taxi Problem. The Locations for Passengers’ Pick up and Drop off are Indicated by A, B,
C and D
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Figure 8. Comparing the Average Reward of the Target Agent with
and without Knowledge Transfer for the Taxi Problem
reward function is as follows:

hitting the obstacles

 −5

100 successful pick up or drop off
Reward=
−10 drop off or pick up at wrong location



−1
otherwise
Each episode of learning finishes when the passenger is picked up and dropped
off at the specific location. The learning is repeated for 500 episodes and the whole
learning is initialized again for 500 epochs. The action selection policy is softmax
and the learning parameters are as follows; the learning rate (α) is 0.1 and the
discount factor (γ) is set to 0.9.
The state of the source agent is a tuple consisting three numbers; the first two
values are the location indicating its row and column numbers, the second and
fourth values are the passenger and destination locations, respectively. Again, we
assume that the target agent has different type of sensors. The state of target agent
is represented by an agent-centered 5 × 5 binary matrix where each entry of the
matrix indicates existence or absence of obstacle in the corresponding grid.
For ε1 = 0.02, ε2 = 0.03, ε3 = 0.04, ε4 = 0.06, ε5 = 0.08, ε6 = 0.1, ε7 = 0.15,
ε8 = 0.2, ε9 = 0.25, ε10 = 0.35, ε11 = 0.5, ε12 = 0.7, ε13 = 0.8 and ε14 = 0.9,
the number of functional concepts in different levels of the hierarchy are 886, 743,
542, 346, 219, 162, 85, 45, 28, 13, 7, 4, 2 and 1, respectively. The number of all
functional points is 1296. The comparison of average reward with and without
knowledge transfer is shown in Figure 8, and the number of episodes to reach a
certain level of maximum reward is shown in Table 7.2.
The result clearly shows that the algorithm could efficiently increase the average
reward, specially, at the beginning episodes of the learning. It also decreases the
number of episodes to reach the maximum reward, which means that the algorithm
has a higher convergence speed while using knowledge transfer.

114

M. Nili Ahmadabadi, A. Mousavi, H. Vosoughpour, B. N. Araabi and N. Zaare

Episodes
Episodes
Episodes
Episodes
Episodes
Episodes

to
to
to
to
to
to

reach
reach
reach
reach
reach
reach

40%
50%
60%
70%
80%
90%

of
of
of
of
of
of

max.
max.
max.
max.
max.
max.

reward
reward
reward
reward
reward
reward

Without K.T.
13
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10
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Table 2. Comparing the Learning Speeds of the Target Agent with
and without Knowledge Transfer for the Taxi Problem
8. Discussion and Conclusion
The notion of transfer learning is almost a new and challenging area in the field of
Reinforcement Learning. This research focused on abstracting and representation
of knowledge in a new space called functional space. It was discussed that in the
functional space, the concepts that are related to the functionality of the agent
have suitable and compact representations. In addition, it was targeted that, if the
heterogeneity of the agents is due to the difference in their state spaces and the
agents have the same action space, then the knowledge can be transferred among
them using the functional space.
Each point in the functional space is an action-value vector. A functional concept
in the functional space can be understood as a neighborhood area of a vector. In this
article, this area was expressed by fuzzy values. In fact, extremely distant points
of the same concept in the perceptual space may map to neighboring points in the
functional space. A clustering approach was proposed for extracting the concepts
and forming an abstract hierarchy based on fuzzy values. The functional concepts
and the hierarchy were used as a knowledge transfer tool among heterogeneous
agents with different state spaces.
The simulations showed that the representation of concepts in the functional
space can provide a proper tool of transfer learning. The results showed significant
improvement in the learning average reward especially in the beginning episodes of
the learning when using the knowledge transfer algorithm.
The next step of this research is to code ambiguity in the functional space in
addition to search for a set of distance measures that codes similarity of functional
points better.
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