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IMPLICATIONS, COIMPLICATIONS AND LEFT
SEMI-UNINORMS ON A COMPLETE LATTICE

Y. WANG, K. M. TANG AND Z. D. WANG

ABSTRACT. In this paper, we firstly show that the N-dual operation of the
right residual implication, which is induced by a left-conjunctive right arbi-
trary V-distributive left semi-uninorm, is the right residual coimplication in-
duced by its N-dual operation. As a dual result, the N-dual operation of
the right residual coimplication, which is induced by a left-disjunctive right
arbitrary A-distributive left semi-uninorm, is the right residual implication
induced by its N-dual operation. Then, we demonstrate that the N-dual
operations of the left semi-uninorms induced by an implication and a coim-
plication, which satisfy the neutrality principle, are the left semi-uninorms.
Finally, we reveal the relationships between conjunctive right arbitrary V-
distributive left semi-uninorms induced by implications and disjunctive right
arbitrary A-distributive left semi-uninorms induced by coimplications, where
both implications and coimplications satisfy the neutrality principle.

1. Introduction

Uninorms, introduced by Yager and Rybalov [27], and studied by Fodor et al. [9],
are special aggregation operators that have been proven useful in many fields like
fuzzy logic, expert systems, neural networks, aggregation, and fuzzy system model-
ing (see [10, 25, 26]). This kind of operation is an important generalization of both
t-norms and t-conorms and a special combination of t-norms and ¢-conorms. But,
there are real-life situations when truth functions cannot be associative or commuta-
tive (see [6, 7]). By throwing away the commutativity from the axioms of uninorms,
Mas et al. introduced the concepts of left and right uninorms in [15, 16], and Wang
and Fang [23, 24] studied the left and right uninorms on a complete lattice. By re-
moving the associativity and commutativity from the axioms of uninorms, Liu [13]
introduced the concept of semi-uninorms, and Su et al. [22] discussed the notion
of left and right semi-uninorms, on a complete lattice. On the other hand, it is
well known that a uninorm (semi-uninorm, left and right uninorms) U is conjunc-
tive or disjunctive whenever U(0,1) = 0 or 1, respectively. This fact allows us to
use uninorms (semi-uninorm, left and right uninorms and so on) in defining fuzzy
implications and coimplications (see [4, 5, 13, 20]).

Constructing fuzzy connecives is an interesting topic. Recently, Jenei and Mon-
tagna [12] introduced several new types of constructions of left-continuous t-norms,
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Mas et al. [17] derived two types of implications from uninorms, Ruiz and Tor-
rens [18] investigated the residual implications and coimplications from idempotent
uninorms, Su and Liu [19] studied the characterizations of residual coimplications
of pseudo-uninorms on a complete lattice, and Su and Wang [21] discussed con-
structions of implications and coimplications on a complete lattice. In this paper,
motivated by these works, we will further focus on this issue and investigate con-
structions of implications, coimplications and left semi-uninorms on a complete
lattice.

The organization of this study is as follows. Section 2 recalls some necessary con-
cepts examples about implications, coimplications, left semi-uninorms and N-dual
operations. In Section 3, we show that the N-dual operation of the right residual
implication, which is induced by a left-conjunctive right arbitrary V-distributive
left semi-uninorm, is the right residual coimplication, which is induced by its N-
dual operation. As a dual result, the N-dual operation of the right residual coim-
plication, which is induced by a left-disjunctive right arbitrary A-distributive left
semi-uninorm, is the right residual implication, which is induced by its N-dual oper-
ation. Then, we demonstrate that the N-dual operations of the left semi-uninorms
induced by an implication and a coimplication, which satisfy the neutrality princi-
ple, are the left semi-uninorms. In Section 4, we reveal the relationships between
conjunctive right arbitrary V-distributive left semi-uninorms induced by implica-
tions and disjunctive right arbitrary A-distributive left semi-uninorms induced by
coimplications, where both implications and coimplications satisfy the neutrality
principle.

The knowledge about lattices required in this paper can be found in [11].

Throughout this paper, unless otherwise stated, L always represents any given
complete lattice with maximal element 1 and minimal element 0; J stands for any
index set.

2. Implications, Coimplications, Left Semi-uniorms and
N-dual Operations

In this section, we briefly recall some concepts and examples which will be used
in the paper.

Definition 2.1. (Baczyniski and Jayaram [1], De Baets [3], De Baets and Fodor [4],
Fodor and Roubens [8]) An implication I on L is a hybrid monotonous (with non-
increasing first and non-decreasing second partial mappings) binary operation that
satisfies the boundary conditions 7(0,0) = I(1,1) = 1 and I(1,0) = 0. A coimpli-
cation C' on L is a hybrid monotonous binary operation that satisfies the corner
conditions C'(0,0) = C(1,1) =0 and C(0,1) = 1.

An implication I (a coimplication C) is said to satisfy the neutrality principle
with respect to e (w.r.t. e, for short) if I(e,y) =y (C(e,y) = y) for any y € L.

Note that for any implication I and coimplication C' on L, due to the mono-
tonicity, the absorption principle holds, i.e., I(0,2) = I(x,1) = 1 and C(z,0) =
C(1,2) =0 for any x € L.
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Definition 2.2. (Wang and Fang [23, 24]) A binary operation U on L is called left
(right) arbitrary V-distributive if

U( \/ xjvy) = \/ U(xjvy) (U(.’E, \/ y]) = \/ U(xayj)) vmvyaxjvyj € La

=Y j€J jed jed
left (right) arbitrary A-distributive if

U( /\ xjvy) = /\ U(l'j,y) (U($, /\ y]) = /\ U($,y])) vxayaxjvyj € L.
jeJ jeJ jeJ jeJ
If a binary operation U is left arbitrary V-distributive (A-distributive) and also
right arbitrary V-distributive (A-distributive), then U is said to be arbitrary V-
distributive (A-distributive).

Left (right) arbitrary V-distributivity and left (right) arbitrary A-distributivity
are, respectively, called left (right) infinitely V-distributivity and left (right) infin-
itely A-distributivity in [23, 24]. But, speaking of “infinitely” distributivity is not
appropriate, since the index set J may be a finite or empty set.

Noting that the least upper bound of the empty set is 0 and the greatest lower
bound of the empty set is 1 (see [2, 11]), we have that

U(0,9) = U(\ 25,9) = \/ Ulz,9) = 0(U(,0) = U2, \/ 33) = \/ Ul ;) = 0)

jED jen jen jen

for any x,y € L when U is left (right) arbitrary V-distributive and
ULy) = U( A\ wsy) = AUGziy) =1 (U1) = Uz, \vs) = \ Ulw,yi) = 1)

j€0 j€o j€0 jEo

for any x,y € L when U is left (right) arbitrary A-distributive.

For the sake of convenience, we introduce the following symbols:

Z(L) (C(L)): the set of all implications (coimplications) on L;

ZA(L) (Cy(L)): the set of all right arbitrary A-distributive (V-distributive) im-
plications (coimplications) on L;

ZmPe(L) (C™P¢(L)): the set of all implications (coimplications) which satisfy the
neutrality principle w.r.t. e on L;

I PE(L) (CUPC(L)): the set of all right arbitrary A-distributive (V-distributive)
implications (coimplications) which satisfy the neutrality principle w.r.t. e on L.

Example 2.3. (Su and Wang [21]) Let

1 ifz=0o0ry=1,

) 0 if (x,y) = (1,0),
Iw(z,y) = { 0 otherwise,

1 otherwise,

[ 1 if (z,y) =(0,1), _J 0 ifz=1lory=0,
Cw(,y) = { 0 otherwise, Cu(,y) = 1 otherwise,

In(z,y) = {

where x and y are elements of L. It is easy to see that Iy and I, are, respectively,
the smallest and greatest elements of Z(L) and Iy is also the smallest element of
IA(L). Cw and C)py are, respectively, the smallest and greatest elements of C(L)
and C)y is also the largest element of Cy/(L).
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Example 2.4. (Suand Wang [21]) Let L = {0, a,b, 1} be a lattice, where 0 < a < 1,
0<b<1l,anb=0and aVb =1 Define two implications I, I and two
coimplications Cy, Cy as follows:

L|0 a b 1 L |0 a b 1
01 1 1 1 01 1 1 1
all 1 1 1 all 1 1 1
b1 1 1 1 b1 1 1 1
110 a b 1 110 b a 1
Ci|0 a b 1 Cy |0 a b 1
0[0 a b 1 0/0 b a 1
al0 0 0 0 al0 0 0 0
b0 0 0 0 b0 0 0 0
110 0 0 0 1{0 0 00

It is straightforward to verify that I; and I> are two right arbitrary A-distributive
implications, C7 and Cs are two right arbitrary V-distributive coimplications, I; V
Iy = Iy and Cy A Cy = Cy. But Iy is not right arbitrary A-distributive and Cy,
is not right arbitrary V-distributive.

This example shows that Z,(L) is not a join-semilattice and Cy(L) is not a
meet-semilattice.

Definition 2.5. (Su et al. [22]) A binary operation U on L is called a left (right)
semi-uninorm if it satisfies the following two conditions:

(U1) there exists a left (right) neutral element, i.e., an element ey, € L (eg € L)
satisfying U(ep,z) = (U(z,eg) = x) for all x € L,

(U2) U is non-decreasing in each variable.

In the sequel, we only discuss left semi-uninorms. Similar results hold for right
semi-uninorms.

For any left semi-uninorm U on L, U is said to be left-conjunctive and right-
conjunctive if U(0,1) = 0 and U(1,0) = 0, respectively. U is called conjunctive if
both U(0,1) = 0 and U(1,0) = 0 since it satisfies the classical boundary conditions
of AND. U is said to be left-disjunctive and right-disjunctive if U(1,0) = 1 and
U(0,1) = 1, respectively. We call U disjunctive if both U(1,0) = 1 and U(0,1) =1
by a similar reason.

If a left semi-uninorm U is associative, then U is the left uninorm in [23, 24]. If
a left semi-uninorm U with the left neutral element ey has a right neutral element
er, then ef, = U(er,er) = er. Let e = e, = eg. Here, U is the semi-uninorm
in [13].

Now, for the sake of convenience, we list the following symbols:

UL (L): the set of all left semi-uninorms with left neutral element ey, on L;

T (L): the set of all right arbitrary V-distributive left semi-uninorms with left
neutral element ey, on L;

<X (L): the set of all right arbitrary A-distributive left semi-uninorms with left
neutral element ey, on L;
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USE(L): the set of all conjunctive left semi-uninorms with left neutral element

er, on L;
L, (L): the set of all conjunctive right arbitrary V-distributive left semi-uninorms

with left neutral element ey, on L;

UGE(L): the set of all disjunctive left semi-uninorms with left neutral element
er, on L;

UsL, (L): the set of all disjunctive right arbitrary A-distributive left semi-uninorms
with left neutral element e;, on L.

Example 2.6. Let e;, € L,

W _Jy fzx>eg, M _Jy ifx<er,
U (,y) —{ 0 otherwise, U (x,y) _{ 1 otherwise,

0 ifz=0o0ry=0, 1 ife=1lory=1,
UM(e,y) = v f0<z<ery#0, U(r,y)={ y ifer<z<l,
1 otherwise, 0 otherwise,

where = and y are elements of L. By virtue of Example 2.5 in [22], we know that U
and UM are, respectively, the smallest and greatest elements of U¢E (L); UM is the
smallest element of U (L); and UM is the greatest element of Uk (L). Moreover,
it is easy to see that UM is the greatest element of Usk, (L); U)W is the smallest
element of UG%, (L); UV is the smallest element of Uk, (L) when ey, # 0; and UM

dsN
is the greatest element of U3, (L) when ey, # 1.

Definition 2.7. (Ma and Wu [14]) A mapping N : L — L is called a negation if
(N1) N(0) =1 and N(1) =0,
(N2) z <y, z,y € L= N(y) < N(z).
A negation N is called strong if it is an involution, i.e., N(N(z)) = x for any
x e L.

Definition 2.8. (De Baets [3]) Consider a strong negation N on L. The N-dual
operation of a binary operation A on L is the binary operation Ay on L defined by

An(z,y) = N1 (A(N(a:), N(y))) Va,y € L.

Note that (Ax)ny-1 = (An)ny = A for any binary operation A on L.

Moreover, for any nonempty subfamily {4; | j € J} of LE*L | the least up-
per bound V;ecsA; and the greatest lower bound AjesA; of A;-s are, respectively,
defined by

( \/ Aj)(z,y) = \/ Aj(z,y) and ( /\ Aj)(z,y) = /\ Aj(x,y) Yo,y € L.
jeJ jeJ jeJd jeJ

3. The Residual Implications and Coimplicatons Induced by Left
Semi-uninorms and the Left Semi-uninorms Induced by
Implications and Coimplications

Recently, De Baets and Fodor [4] investigated the residual operators of uninorms
on [0, 1], Torrens et al. [17, 18] studied the implications and coimplications derived
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from uninorms on [0, 1]. Now, we consider the residual implications and coimplica-
tions induced by left semi-uninorms on a complete lattice.
For a binary operation U on L, let

I (2,y) = \/{ZEL|U(Z£C <y}, If(z,y) = \/{ZEL|U(:UZ <y}Vz,y€eL.

Here, I% ¢ and Iz i are, respectively, called the left and right residuum of U.

When U is a left semi-uninorm on L, it is easy to see that [, 5 and [ ,1} are all
non-increasing in the first variable and non-decreasing in the second one.

For any operation U on L and x,y € L, it follows from Theorems 4.1 and 4.2 in
[23] that

(1) [ (1) = [f(2,1) = 1.

(2)x<IU(y,U( v)) andy<IR(ac Ul(z,y)).

(3) If U(1,0) = 0, then I%(0,y) = 1 and if U(0,1) = 0, then I}(0,y) = 1.

(4) If U is a left semi-uninorm with the left neutral element ey, then I[f(er,y) =y
for any y € L.

By virtue of Theorems 3.1, 3.3 and 3.4 in [13], we see that if U is a left-conjunctive
left semi-uninorm with the left neutral element e, then I 5 is an implication which
satisfies the neutrality principle w.r.t. er; if U is a left-conjunctive right arbitrary
V-distributive left semi-uninorm with the left neutral element ey, then [ (I} is a right
arbitrary A-distributive implication and

1f(x,y) = max{z € L| Ulx,2) < y}.

Here, I (I} is called the right residual implication induced by the left semi-uninorm
U.

By Theorems 4.4 and 4.5 in [23] or Theorems 3.3 and 3.4 in [13], we know that
if a binary operation U is right arbitrary V-distributive, then U and I} satisfy
the generalized modus ponens (GMP) rule (see [4]) U(z, If}(z,y)) < y and the
following right residual (implication) principle:

Uz,z) <y z < I z,y) Vo,y,2 € L;
if U is left arbitrary V-distributive, then U and I} satisfy GMP rule in the form
U(IE(z,y), ) <y and the following left residual (implication) principle:
Ulz,2) <y e 2z < IE(x,y) Va,y,z € L.
Example 3.1. For some left semi-uninorms in Example 2.6, a simple computation
shows that
. 1 ifx=0o0ry=1,
R _Jy ffx>en, _ - <
IU:V (.y) = { 1 otherwise, IU&? (z,y) =q er if0< r=y <L
0  otherwise,
1 ife=0o0ry=1,
I{}—i%(x,y): y if0<zx<er,y#l1,
' 0 otherwise,
When ef, € L\ {0}, we see that I[?M is an implication; Ig'M is the smallest element

of ZyP°*(L); and I[}}W is the greatest element of TP ().
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For a binary operation U on L, let
CH(x,y) = /\{zeL|y<Uzm} iz /\{ZGL|y§U($,z)}Vm7y€L.

Here, CE and Cf are, respectively, called the left and right deresiduum of U.

For any operation U on L, it follows from Theorems 3.1 and 3.2 in [24] that

(1) CE(,0) = CH(z,0) = 0 for any z € L.

(2) For any z,y € L, C’,ﬁ(y, U(ay)) <z and Cg(x, U(;v,y)) <uy.

(3) If U is right-disjunctive, then C£(1,y) = 0 and if U is left-disjunctive, then
Cl(1,y) =0.

(4) If U is a left semi-uninorm with the left neutral element ey, then Cf(er,,y) =
y for any y € L.

It is easy to see that C’é and C{} are all non-increasing in the first variable
and non-decreasing in the second one when U is a left semi-uninorm,; C{} (e,z) =
Cf(e,z) = x for any = € L when U is a semi-uninorm with the neutral element e.

Example 3.2. For some left semi-uninorms in Example 2.6, a simple computation
shows that
. 0 ifz=1lory=0,
y if x <ep, L .
= <
C’UM(:E y) = { 0 otherwise, CU;‘;(x,y) er, if0< y<w <1,
1 otherwise,
0 ifz=1ory=0,
CUW(I y) =< y ife,<z<l1,
1 otherwise,
When ey, € L\ {1}, we see that C’LW is a coimplication, Cf,, is the smallest element

of CyP°*(L); and C’RW is the greatest element of C{P" (L).

Theorem 3.3. If U € U (L) is left-disjunctive, then Cff € C(L).

Proof. If U is a left-disjunctive left semi-uninorm with the left neutral element ey,
then CF is non-increasing in its first and non-decreasing in its second variable and
CH(1,1) = 0. Moreover,

C10,0)= A\{ze L |0<U(0,2)} =0.
By the non-decreasingness of U, we see that
CH0,1) = /\{Z€L|U02—1}>/\{Z€L|Z— Uler,z) > U(0,2) =1} = 1.
Thus, C’U is a coimplication on L. (Il

Moreover, if U € Uk (L) is left-disjunctive, then it follows from Theorems 3.1
and 3.2 in [13], Theorem 3.5 in [24] and Theorem 3.3 that Cf € C, (L) and

CH(z,y)=min{z € L |y <U(z,2)}.

Here, C{} is called the right residual coimplication induced by the left semi-uninorm
U.

If P and Q are two propositions, then the property U(z,C#(z,y)) > y is a
generalization of the following tautology Q@ = (P V (P <= Q))) in classical logic and
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is in some sense dual to the modus ponens (see [3]). By Theorems 3.3 and 3.4
n [24], we know that U and C{} satisfy the generalized dual modus ponens rule
and the following right residual (coimplication) principle:

y < U(x,2) < Cf(x,y) < 2 Va,y,2 € L

when U is a right arbitrary A-distributive left semi-uninorm on L.
The following theorem reveals the relationships between the residual implications
and the residual coimplications.

Theorem 3.4. Let U be a binary operation and N strong negation on L. Then
(1) (If)n = Cf,, and (C)n = I,
(2) Iff)n = Cff, and (CfH)n = If},.

Proof. We only prove that statement (1) holds.
Noting that the strong negation N is a bijection, by Definition 2.8, we have that

I N(z,y) = N(Ié(N(x),N(y)))
N(\V{zeL| U N@) < N)})
A{NGE) eL |N(U(N(N(z>)7N<x))) >y}

A{N(G) €L |y < Un(N(z),2)}
= /\{u €L|y<Un(u2)}=Ck (2,y) Vz,y€ L.

Thus, (I)n = Cf, . Moreover, (I )n = Cf;

(wyw = Ot and so (CH)n =1, O

By virtue of Theorem 3.4, we see that the N-dual operation of the right residual
implication, which is induced by a left-conjunctive right arbitrary V-distributive left
semi-uninorm, is the right residual coimplication induced by its N-dual operation
and the N-dual operation of the right residual coimplication, which is induced by a
left-disjunctive right arbitrary A-distributive left semi-uninorm, is the right residual
implication induced by its N-dual operation.

Liu [13] discussed the semi-uninorms induced by implications, and Su and Wang [20]
studied the pseudo-uninorms induced by coimplications. Below, we investigate the
left semi-uninorms induced by implications and coimplications on a complete lattice.

For an implication I on L, let

Ut (2z,y) = /\{zeL|m<Iy, )} U (z,y) /\{zeL\y<Imz}me€L

Clearly, UF = CE, UF(0,2) = UF(2,0) =0, UF(1,2) = Uf(z,1) for any = € L.
It is easy to see that U} and UF are all non-decreasing in its each variable and

UF(I(z,y),2) <y, Uf(z,I(z,y)) <y Va,y €L,

i.e., UF and I, UF and I satisfy the GMP rule.
For a coimplication C' on L, let

UL (z,y) \/{zGL\C’y, <z}, Ug(:c,y):\/{zeL|C’(x,z)gy}VCL’,yEL.
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Obviously, U = IE, UL(1,2) = UE(2,1) = 1; UL(0,2) = UE(2,0) = V{z €
L | C(z,z) = 0} for any x € L. It is also easy to see that UL and U} are all
non-decreasing in its each variable and

y <UE(C(z,y),2), y < UE(x,C(x,y)) Va,y € L.

These explain that U5 and C, U and C satisfy the generalized dual modus ponens
rule.

Example 3.5. For Iy, I, Cyw and Cjy in Example 2.3, we have that

0 ifz=0o0ry=0,

L _717R —
Ur, (z,y) = ULy (z,y) = { 1 otherwise,

I _ /\aeL\{O}a ifx>07y=17
UIM (x,y) - { 0 otherwise,

R — /\aEL\{O}a if 2 = 1,y >0,
Ul (@.9) { 0 otherwise.
1 ifxe=1lory=1,

L _17R _
UCM (x’y) - UCM (x’y) B { 0 otherwise,

L . VaeL\{1}0 ifx<1l,y=0,
Ucy (2,y) = { 1 otherwise,

R _ ) Vaernina ifx=0,y<1,
Uty (,y) = { 1 otherwise.

Thus, these operations induced by implications Iy and I, and coimplications Cy
and C); are neither left semi-uninorms nor right semi-uninorms on L.

Now, we find some conditions such that these operations induced by implications
and coimplications are left semi-uninorms.

Theorem 3.6. Let I € Z(L) and C € C(L). If I and C satisfies the neutrality
principle w.r.t. e, then UE, UE € Ut (L). Moreover, if I € Ix(L) and C €
Cy(L), then UR € USE(L) and UL € UG (L).

Here, UF and UE are called the left semi-uninorms induced by the implication
I and the coimplication C, respectively.

Proof. Assume that C € C(L). Then UJ is non-decreasing in each variable. If C
satisfies the neutrality principle w.r.t. ey, then

Ug(eL,y):\/{zeL|C(eL,z)§ y}:\/{zeL|z§y}:yVy€L.

So, UZ € Ucx(L). Moreover, if C is a right arbitrary V-distributive, then it follows
from Theorem 5.3 in [20] that UZ is right arbitrary A-distributive. Thus, UE €
UH(D).

Similarly, we can show that Uf* € U2 (L) when I satisfies the neutrality principle
w.r.t. e and UF € US55 (L) when I € T, (L) satisfies the neutrality principle w.r.t.
cr,. O
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When I € Z(L), 1(0,x) = 1 for any # € L and hence U¥(1,0) = UE(0,1) = 0.
Thus, UR in Theorem 3.6 is the conjunctive left semi-uninorms induced by the
implication 1.

When C € C(L), C(1,z) = 0 for any = € L and hence U5(0,1) = UE(1,0) = 1.
Thus, Ug in Theorem 3.6 is the disjunctive left semi-uninorms induced by the
coimplication C.

By virtue of Theorems 4.2 and 4.3 in [13] and Theorems 5.1 and 5.2 in [20], we
know that I, UF and UF satisfy the following adjunction conditions:

x<I(y,z2) e Ul(z,y) <z y<I(z,z) e Ulz,y) <zVe,y,z€ L
when [ is a right arbitrary A-distributive implication on L; C, Ué and UCR satisfy
the following adjunction conditions:

Cy,2) <z e z<ULx,y), Clz,2) <ye 2z <US(x,y) Vo,y,z € L
when C is a right arbitrary V-distributive coimplication on L.

The following theorem reveals the relationships between the left semi-uninorms
induced by implications and coimplications.

Theorem 3.7. Let I be an implication, C a coimplication and N a strong negation
on L. Then

(1) (U&)N =Ug,, and (Uf)n =UF, -

(2) (UB)N = UgN and (UF)N = Uﬁv.
Proof. We only prove that statement (1) holds.

If I is an implication and C' a coimplication, then it is easy to see that Iy is a
coimplication and Cn an implication. By Definition 2.8, we see that

UEIN(e,y) = N(UE(N@),N()))
= N(V{zeL|C(Nw),?) < N@)})
= A {NG)eL|C(NW),2) < N()}
= A\{N() eL| N(CINW), N(N () = o}
= AN{NG) eL|CnlyN(z) =}
= A{uelL|Cnyu) >z}

= (U&,)(z,y) Yo,y € L.

Thus, (U&)n = UE,.
We can prove in an analogous way that (U})y = UZ, . O

By Theorems 3.6 and 3.7, we know that the N-dual operation of the left semi-
uninorm induced by an implication, which satisfies the neutrality principle w.r.t.
er, is the left semi-uninorm induced by its N-dual operation. As a dual result,
the N-dual operation of the left semi-uninorm induced by a coimplication, which
satisfies the neutrality principle w.r.t. ey, is the left semi-uninorm induced by its
N-dual operation.
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4. The Relations Between Conjunctive Left Semi-uninorms Induced by
Implications and Disjunctive Left Semi-uninorms Induced
by Coimplications

We know that the N-dual operations of an implication and a coimplication are,
respectively, a coimplication and an implication and the N-dual operation of a left
semi-uninorm is a left semi-uninorm. By virtue of Theorem 3.4, we see that the
N-dual operations of the right residual implication and coimplication, which are in-
duced by a left semi-uninorm, are, respectively, the right residual coimplication and
implication, which are induced by its N-dual operation. By Theorem 3.7, we know
that the N-dual operations of the left semi-uninorms induced by an implication and
a coimplication, which satisfy the neutrality principle, are the left semi-uninorms.

In the final section, we reveal the relationships between conjunctive right ar-
bitrary V-distributive left semi-uninorms induced by implications and disjunctive
right arbitrary A-distributive left semi-uninorms induced by coimplications on a
complete lattice.

Theorem 4.1. (1) IfU € U5 (L) is left-conjunctive, then I € Tx(L) satisfies the
neutrality principle w.r.t. er, and Uﬁ2 =U.
U

2) If U € Uk (L) is left-disjunctive, then CfF € Cy (L) satisfies the neutrality
U
principle w.r.t. er, and UgR =U.
U
3) If I € Io(L) satisfies the neutrality principle w.r.t. ey, then UE € USL (L
I
is conjunctive and IgR =1.
I

(4) If C € Cy(L) satisfies the meutrality principle w.r.t. ey, then UE € Usk (L)

is disjunctive and C’II}R =C.
C

Proof. We only prove that statements (1) and (3) hold.

(1) If U is a left-conjunctive right arbitrary V-distributive left semi-uninorm,
then If} € Z,(L) satisfies the neutrality principle w.r.t. e;, by Theorem 3.1 in [13]
and Theorem 4.6 in [23]. Moreover, it follows from the right residual (implication)
principle that

Ufg(x,y) :/\{z€L|y§I§(m,z)} :/\{z€L|U(x,y) <z}=U(z,y)Va,y € L.
Thus, Uﬁ% =U.
U

(3) If I € (L) satisfies the neutrality principle w.r.t. ey, then UF is a conjunc-
tive right arbitrary V-distributive left semi-uninorm by Theorem 3.6. Moreover, it
follows from the adjunction condition that

Ihe(a,y) = \/{z € LI UF(2,2) <y} = \{z € L| 2 < I{a.y)} = I(w.y) Yy € L.

Therefore, 15/}% =1. ([

Example 4.2. Let L = [0, 1],
%zy ify:Oorz<%,
Ulw,y) =3 y ifz=3

27
1 otherwise.



126 Y. Wang, K. M. Tang and Z. D. Wang

1
Then, U € U2,([0,1]) is left-conjunctive and

1 ifx=0o0ry=1,

min{l, &} f0<z< 1,
I(w.y) = sup{z € [0,1] | Ulw,2) < gy = { 0D T0<a< 3

y if =3,

0 otherwise.

Thus, I} € Zx([0,1]) satisfies the neutrality principle w.r.t. % and

%xy ify:00r1<%,
U%(z,y):inf{ze 0,1 |y < IH(z,2)y={ y if 2 =1,
1 otherwise,
ie., U}""}Q =U.
U

Theorem 4.3. (1) If e;, # 0, then UK, (L) is a complete lattice with the smallest
element UV and greatest element UM .

(2) If e, # 1, then UL, (L) is a complete lattice with the smallest element U)Y

and greatest element UM
(3) If e, # 0, then I "“" (L) is a complete lattice with the smallest element I[,,

and greatest element I[}}W.

(4) If e, # 1, then CépeL (L) is a complete lattice with the smallest element Cf.
and greatest element Cgﬂ' ’
Proof. We only prove that statements (1) and (3) hold.

(1) Suppose that U; € Uck (L) (j € J) and J # 0. Clearly, \/,c,;U; € Ugk(L).
Moreover, for any index set K and any z,y; € L (k € K), we have that

(VU Vo) = VUV ow) =V V Ui

jeJ keEK jeJ keK jeEJ keEK
= \V/ VU@w =V (VU@uw)=\ ((VU)uw).
keK jeJ keK jeJ keK jeJ

Hence, \/,c; U; € Us /(L) By virtue of Theorem 4.2 in [2] and Example 2.6, we
see that USK, (L) is a complete lattice with the smallest element U and greatest
element UM when ey, # 0.

(3) Assume that er, # 0, I; € ZXP* (L) (j € J), and J # 0. Clearly, A\;c; [; €
Zmrer(L). Moreover, for any index set K and any z,y; € L (k € K), we see that

(ALY @ Aw)= AL A\ w)= A\ N L

JjeJ keK jeJ keK jeJ keEK
= A AL@uw) = A\ (A L) =N\ (A L))
keK jeJ keK jeJ keK jeJ

Hence, A\;c;I; € ZXP**(L). By virtue of Theorem 4.2 in [2] and Example 3.1,
we know that ZyP“"(L) is a complete lattice with the smallest element If},, and

greatest element I II}W' O
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Define two mappings @1 : Usk, (L) — ZyP“" (L) and ¢y : USE (L) — CUP¥ (L) as
follows:

p1(U) = I YU € Uk, (L), 2(U) = Cff YU € Ugl, (L)
Then it follows from Theorem 4.1 that ¢ and @5 are all invertible,
e (1) = U VI e PH(L), @51 (C) = U VC € CYP°"(L).
Moreover, we have the following theorem.

Theorem 4.4. (1) (UK, (L), V) is order-reversing isomorphic to (ZxP°* (L), A).
(2) (UL, (L), N) is order-reversing isomorphic to (Cy7* (L), V).

(8) (UZE,(L),V) is order-reversing isomorphic to (Z/ICZE\SL)(L),/\).

(4) (ZPE (L), N) is order-reversing isomorphic to ( GPN(SL)(L),\/),

Proof. (1) If Uy, Uy € UZK,(L), then it is easy to see that Uy V Uy € UK, (L).
Moreover, it follows from the right residual (implication) principle that

Iy (@y) = \{zeL| U1V U)(z,2) <y}
= \{zeL|Ui(x,2)VUs(x,2) <y}
= V{zeL|Ui(x,2) <y, Us(x,2) <y}
= {zel|z<If(z,y), 2 <If(x,9)}
= \V{zel|z<If(x,9) NI (2,)}
= (IF NIE)(z,y) Yo,y € L,

ie., p1(Uy VUs2) = ¢1(U1) Ap1(Us). Thus, ¢; is an order-reversing isomorphism of
U, (L), V) onto (T7(L), A).

(2) If U1,Uz € Uk, (L), then Uy AUy € Uk, (L). Moreover, it follows from the
right residual (coimplication) principle that

Clino(@y) = NEzeLly<(Uinl)(x,2)}

Nz €L |y<Ui(a,2) AUs(x,2)}

/\{z eL|y<Ulx,z2), y<Us(z,2)}
= Nzel|Cf(x,y) <z Cf(x,y) <z}

= /\{z eL| C’II}I (x,y)V C’f}i(m,y) <z}
(G v Cf,) (@, y) Va,y € L,

e, pa(Us AUz) = p2(Ur) V @2(Usz). So, @9 is an order-reversing isomorphism of
(UEL (L), A) onto (CJP* (L), V).

dsA

(3) Define f : UK (L) — UY (L) as follows: f(U) = Uy YU € UK, (L).
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(i) T U € UZE,(L), then Uy is a right arbitrary A-distributive left semi-uninorm
with the left neutral element N(er). Noting that U is a conjunctive left semi-
uninorm, we have that

Un(1,0) = N"HUN (1), (N(0))) = N7 (U(0,1)) = N7H0) =1,
Un(0,1) = N"H(U(N(0), (N(1))) = NTH(U(1,0)) = N7H(0) = 1.

Thus, Uy € Z/{é\;(AeL)(L) and so f is a morphism of Uck, (L) into U, (eL)(L).
(ii) If U1, Uz € Ugiy (L) and f(Ur) = f(Uz), then

(Un)n = (U2)n, Ur = ((U1)n)n = ((U2)n) N = Ua.

Moreover, for any U € Z/{ds(eL)(L), we have that Uy € USK,(L) and f(Uy) =
(Uv)n =U. Thus, f is a bijection.
(iii) If Uy, Us € UCE, (L), then

fULVU) = (U VU = (Ur)n A (Uz2)n = f(UL) A f(Us).

Therefore, f is an order-inversing isomorphism of (U, (L), V) onto (U(xg\“ )(L)7 A).
(4) Define g : TP (L) — CUPN) (L) as follows: g(I) = Iy VI € TpP°=(L). 1f
I € Z;P°* (L), then I € Cy(L) and

In(N(ep),z)) = N’l(I(N(N(eL)),N(x)))
= N7 '(I(er,N(z)) = N"'(N(z)) =z Vz € L.

Thus, Iy € CPPN“*)(L) and g is a morphism of TP (L) into CPV ) (L). More-
over, by the proof of statement (3), we see that g is an order-inversing isomorphism

of (ZP°= (L), A) onto (CIPN (L), V). O
By Theorems 4.1, 4.3 and 4.4, we can get the relational graph as follows:
Z/{cs\/( )‘ N_dual > MCJI\S\EL)( )
P1 o1t P2 o3
IPer (L) N-dual ©oeneNlen) ()

5. Conclusions and Future Works

In this paper, we have discussed the residual implications and coimplications
induced by left semi-uninorms and the left semi-uninorms induced by implications
and coimplications. We have shown that the N-dual operations of the right resid-
ual implication and coimplication, which are induced by a left semi-uninorm, are,
respectively, the right residual coimplication and implication, which are induced by
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its N-dual operation; demonstrated that the N-dual operations of the left semi-
uninorms induced by an implication and a coimplication, which satisfy the neu-
trality principle, are all left semi-uninorms; and revealed the relationships between
conjunctive right arbitrary V-distributive left semi-uninorms induced by implica-
tion and disjunctive right arbitrary A-distributive left semi-uninorms induced by
coimplication, where both implications and coimplications satisfy the neutrality
principle.

In forthcoming papers, we will further investigate the constructions of left (right)
semi-uninorms, implications and coimplications on a complete lattice.
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