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GENERALIZATION OF (€, € Vq)-FUZZY SUBNEAR-RINGS AND
IDEALS

P. DHEENA AND S. COUMARESSANE

ABSTRACT. In this paper, we introduce the notion of (€, € Vgg)— fuzzy
subnear-ring which is a generalization of (€, € Vq)—fuzzy subnear-ring. We
have given examples which are (€, € Vg )—fuzzy ideals but they are not (€, €
Vq)—fuzzy ideals. We have also introduced the notions of (€, € Vqi)—fuzzy
quasi-ideals and (€, € Vg )—fuzzy bi-ideals of near-ring. We have character-
ized (€, € Vgi)—fuzzy quasi-ideals and (€, € Vqy)—fuzzy bi-ideals of near-
rings.

1. Introduction

In 1965 Zadeh [24] introduced the concept of fuzzy subsets and studied their
properties on the lines parallel to set theory. In 1971, Rosenfeld [17] defined a fuzzy
subgroup and gave some of its properties. Rosenfeld’s definition of a fuzzy group is
a turning point for pure mathematicians. Since then, the study of fuzzy algebraic
structure has been pursued in many directions such as groups, rings, modules, vector
spaces and so on. In 1981 Das [6] explained the inter-relationship between a fuzzy
subgroups and its t—level subsets. Fuzzy subrings and ideals were first introduced
by Wang-jin Liu [12] in 1982. Subsequently, Mukherjee and Sen [14], Swamy and
Swamy [20], Yue [23], Dixit et al [7] and Rajesh Kumar [10] applied some basic
concepts pertaining to ideals from classical ring theory and developed a theory of
fuzzy rings. The notions of fuzzy subnear-ring and ideal were first introduced by
Abou-Zaid [1] in 1991. The concept of quasi-coincidence of a fuzzy point with
a fuzzy subset was introduced by Pu Pao-Ming and Liu Ying-Ming [13] in 1980.
The idea of quasi-coincidence of a fuzzy point with a fuzzy set was introduced
by Bhakat and Das [2] in 1992. In particular, the (€, € Vq)—fuzzy subgroup is
an important and useful generalization of a fuzzy subgroup. In [4], Bhakat and
Das have extended the notion of (€, € Vg)—fuzzy subgroups to the notion of
(€, € Vq)—tfuzzy subrings. Narayanan and Manikantan [15] have extended these
results to near-rings. We introduce the notion of an (€, € Vg )—fuzzy subnear-ring
which is a generalization of an (€, € V¢)—fuzzy subnear-ring. We give examples
which are (€, € Vqr)—fuzzy ideals but not (€, € Vq)—fuzzy ideals. Finally, we
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introduce the notions of (€, € Vq)—fuzzy quasi-ideals and (€, € Vqi)—fuzzy bi-
ideals of near-rings which are the generalization of fuzzy bi-ideals, fuzzy quasi-ideals,
(€, € Vq)—tfuzzy quasi-ideals, (€, € Vq)—fuzzy bi-ideals of near-ring N. We also
characterize (€, € Vqi)—fuzzy quasi-ideals and (€, € V¢ )—fuzzy bi-ideals of near-
rings.

2. Preliminaries

For the sake of completeness we first recall some definitions and results proposed
by the early pioneers.

Definition 2.1. A near-ring N is a system with two binary operations + and -
such that:

(1) (N,+) is a group, not necessarily abelian,

(2) (N, -) is a semigroup,

(3) (x+y)z=x2z+4yz forallx, y,z € N.

We will use the word ”near-ring” to mean "right distributive near-ring” and write
xy instead of z.y. Note that 0.2 = 0 and (—z)y = —zy but in general x.0 # 0 for
some z € N.

Definition 2.2. Let (N, +,-) be a near-ring. A subset I of N is said to be an ideal
of N if:

(1) (I,+) is a normal subgroup of (N, +),

() INCI,

(3) ni(ne +1i) —ning € I, for all ¢ € I and ny,ne € N.

If T satisfies (1) and (2), then it is called a right ideal of N. If T satisfies (1) and
(3), then it is called a left ideal of N.

Let N be a near-ring. Given two subsets A and B of N, the product AB =
{abla € A,;b € B} and Ax B = {a(d’ +b) —ad' |a,d’ € A, b € B}. In what
follows, N will denote right distributive near-ring, unless otherwise specified. For
the basic terminology and notation we refer to Pilz [16] and Abou-Zaid [1].

Definition 2.3. Let S be any set. A mapping p: S — [0,1] is called a fuzzy subset
of S.

A fuzzy subset p : S — [0,1] is nonempty if p is not the constant map with
value 0. For any two fuzzy subsets A and p of S, A < p means that A(a) < p(a) for
all @ € S. The characteristic function of N is denoted by N and the characteristic
function of a subset A is denoted by f4. The image of a fuzzy subset p is denoted by
Im(p) = {p(n)|n € N} and |Im(u)| denotes the cardinality of I'm(u). Hereafter,
we consider only nonempty fuzzy subsets of V.

Definition 2.4. [12] Let p be a fuzzy subset of a ring R. Then p is called a fuzzy
subring (resp. ideal) of R if for all x, y € R:

(1) p(z —y) = min{p(z), p(y)},

(2) p(zy) = min{pu(z), u(y)} (resp, p(zy) = max{p(z), p(y)}).
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Definition 2.5. Let p be a fuzzy subset of N. Then p is called a fuzzy left (right)
N —subgroup of N if for all x, y € N:

(1) p(r —y) > min{u(z), pu(y)},
(2) p(zy) > p(y)(w(zy) > p(z)).

If u is both left and right fuzzy N —subgroup of N, then it is called a fuzzy
N —subgroup of N.

Definition 2.6. Let p be any fuzzy subset of N. For ¢ € [0, 1], the set
e ={x € N|u(x) >t} is called a level subset of p.

Definition 2.7. Let f and g be any two fuzzy subsets of N. Then fNg, fUgy,
f+g, fgand f*g are fuzzy subsets of N defined by:

(f N g)(x) = min{ f(z), g(x)}
(f Ug)(x) = max{f(z), g(x)}

sup {min{f(y), g(z)}}, if x is expressed asx =y + z,
(f +9)(x) = { o=t

, otherwise,

sup {min{ f(y), g(z)}}, if x is expressed as = = yz,

(f 9)() = { o=y

0 , otherwise,

sup  {min{f(a), g(c)}}, if x = a(b+ ¢) — ab,
(fxg)(x) = 8:a<b+c>—ab

, otherwise,

Definition 2.8. For any € N and ¢ € (0, 1], define a fuzzy point x; as

_Jt ify==
ze(y) = { 0 ify#x.
If x4 is a fuzzy point and p is any fuzzy subset of N and x; < p, then we write
x; € pu. Note that z; € p if and only if z € u; where u; is a level subset of p.

Definition 2.9. A fuzzy subset p of N is called a fuzzy subnear-ring of N if for all
x,y € N,

(1) p(x —y) = min{u(x), p(y)},

(2) plxy) = min{pu(x), p(y)}-

Definition 2.10. Let pu be a nonempty fuzzy subset of N. p is a fuzzy ideal of N
if for all x, y, ¢ in N;

(1) p(z —y) > min{u(z), u(y)},
(2) p(z) = ply+2z —y),

(3) p(zy) > p(x),

(4) p(x(y +1) — zy) > p(i)
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If o satisfies (1), (2) and (3), then it is called a fuzzy right ideal of N. If p
satisfies (1), (2) and (4), then it is called a fuzzy left ideal of N. If u is both fuzzy
right as well as fuzzy left ideal of N, then p is called a fuzzy ideal of N.

Definition 2.11. A fuzzy point z; is said to belong to (resp. be quasi-coincident
with) a fuzzy subset p, written as xy € p (resp. xiqu ) if p(z) > ¢ (resp. p(x)+t >
1). If x4 € p or x4qu, then we write z; € Vqu.

Definition 2.12. A fuzzy subset p of a ring R is said to be an (€, € Vq)—fuzzy
subring of R if for all z, y € R and ¢t, r € (0, 1];

(1) ¢, yr € p implies (T + Y)min{t,r} € Vau,

(2) x; € p implies (—z); € Vqpu,

(3) @¢, yr € p implies (TY)minge, r} € Vapu.

Definition 2.13. [4] A fuzzy subset p of a ring R is said to be an (€, € Vq)—fuzzy
ideal of R if:

(1) pis an (€, € Vq)—fuzzy subring of R,

(2) z¢ € p and y € R implies (zy):, (yx): € Vau, for all x, y € R and ¢ € (0, 1].

Example 2.14. [4] Consider the ring R = J/(4). Let A : R — [0, 1] be defined by
A(0) = 0.6, A(1) = A(3) = 0.4, A(2) = 0.7. Then A is an (€, € Vq)—tuzzy ideal of
R but not a fuzzy ideal according to Definition 2.4.

Definition 2.15. [15] A fuzzy subset p is said to be an (€, € Vq)—fuzzy subnear-
ring of N if for all z, y € N and t, r € (0, 1]:
(1) @4, yr € p implies (2 + Y)minge, v} € Vap,
(2) x4 € p implies (—x): € Vqu,
(3) @¢, yr € p implies (Y)minge,ry € Vapu-
Definition 2.16. [15] A fuzzy subset p of N is said to be an (€, € Vq)—fuzzy ideal
of Nif for all z, y, z € N and for all r, ¢t € (0, 1]:
(1) Try, Yt € W1 imphes (l‘ - y)min(r,t) € Vapu,
(2) z; € pand y € N implies (y + x — y): € Vqu,
(3) z; € p and y € N implies (zy): € Vqu,
(4) 2z € pand z, y € N implies (z(y + 2) — zy): € Vqpu.
If 1 satisfies (1), (2) and (3), then it is called an (€, € Vq)—fuzzy right ideal of

N. If p satisfies (1), (2) and (4), then it is called an (€, € Vq)—fuzzy left ideal of
N.

Example 2.17. ([15]) Let N = {0, a, b, ¢} be Klein’s four group. Define multipli-
cation in IV as follows:

+ \ 0 a b c |0 a b c
00 a b ¢ 00 0 0 O
ala 0 c b ala a a a
b|b ¢ 0 a b0 0 0 b
c|lc b a 0 cla a a c
Then (N, +, o} is a near-ring ( see [ [16], P-408 | scheme 19 ). Let p: N — [0, 1]

t
be a fuzzy subset of N such that p(0) = 0.7, p(a) = pu(c) = 0.4, u(b) = 0.8. Then
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uis an (€, € Vq)—fuzzy subnear-ring of N. But, since 0.7 = p(0) = p(b — b) 2
min{u(b), u(b)} = 0.8, p is not a fuzzy subnear-ring of N. Further, p is an (€, €
Vq)—tuzzy ideal of N. Since 0.7 = p(0) = p(b0) 2 p(b) = 0.8, p is not a fuzzy ideal
of N.

Lemma 2.18. [1] Let p be a fuzzy subset of N. p is a fuzzy left (right) N —subgroup
of N if and only if the level subset iy, t € Im p, is a left (right) N—subgroup of N.

Lemma 2.19. [1] Let I be a subset of N. I is an (left or right) ideal of N if and
only if fr is a fuzzy (left or right) ideal of N.

Lemma 2.20. [1] Let u be a fuzzy subset of N. u is a fuzzy (left or right) ideal of
N if and only if the level subset puy, t € Im pu, is an ideal of N.

3. (€, € Vqr)—fuzzy Subnear-rings and (€, € V ¢)—fuzzy Ideals in N

In this section, we introduce the notion of Vg, —fuzzy sets which are a general-
ization of fuzzy sets.

Definition 3.1. A fuzzy point z; is said to belong to (resp., be k— quasi-coincident
with) a fuzzy subset p, written as x; € p (vesp., zrqrp) if p(x) >t (vesp., p(z)+t >
1 —k, where k € [0, 1) ).

For any t € (0, 1], @t € p or z4qru will be denoted by z;Vqrp. ©: € I, ¢ € Vqrp
will respectively mean x; € 1 and x4 € Vggp do not hold.

If K = 0, then z; € Vggp if and only if x; € Vgu. Thus the two definitions
Definition 2.11 and Definition 3.1 will coincide when & = 0. Throughout this
paper, k € [0, 1) is arbitrary, but fixed.

Definition 3.2. A fuzzy subset p is said to be an (€, € Vqr)— fuzzy subnear-ring
of Nifforall z, y € N and ¢, r € (0, 1]:

(1) ¢, yr € p implies (T + Y)min{r,r} € VarL,

(2) z¢ € p implies (—x); € Vgrp,

(3) xt, yr € p implies (2Y)min{t,r} € VqLi-

Lemma 3.3. Let p be a fuzzy subset of N and t, r € (0, 1]. Then:
(1) (a) z¢, yr € p implies (T + Y)minfe,r} € Varp, and
(b) p(z +y) >min(u(z), p(y), 5) for all z, y € N are equivalent.
(2) (¢) x¢ € p implies (—x); € Varpu, and
(d) p(—z) > min(u(z), 5%) for all z € N are equivalent.
(3) (e) z¢, yr € p implies (TY)min{t,r} € Varit, and
(f) p(zy) > min(u(z), p(y), 5E) for all z, y € N are equivalent.

Proof. (1) (a) = (b). Let 2,y € N and min(u(z), pu(y)) < 5% Assume that
w(x 4+ y) < min(u(z), u(y)). Choose t such that u(z +y) < t < min(u(z), u(y)).
This implies ¢, y: € p but (z + y): € Vggp, which contradicts (a). Next, let
min(p(z), pu(y)) > 5E. Assume that p(z +y) < 5%, Then Tik, Yk € p but

(x + y)% € Vi, which contradicts (a). Thus p(z +y) > min(u(z), p(y), 55).
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(b) = (a). Let a, b, € p. Then u(a+b) > mln(,u(a) pu(b), 155) > min(¢, r, 355).
Thus p(a+b) > min(t, 7) if t < 5% or r < 5% and p(a+b) > £ if
(= 12k' Hence (CL + b)mm(t,r) € \/Qkp"

(2) (c) = (d). Let 2 € N. p(z) =t < 5% Suppose pu(—z) < p(z). Let
u(—z) = r. Choose p such that r < p < t and r+p < 1 —k. Then x, € p
but (—z), € Vggu, which is a contradiction to (c¢). So, p(—z) > u(x). Next,
let p(z) > 55 If p(—z) < 5%, then z1-« € p but (—x)% € Vggp, which

contradicts (c). Hence p(—z) > mln(u(as), 15 )

(d) = (c). Let z; € p. Then u(x) > t. Now p(—zx) > min(p (gc), k) >
min(¢, 12k). That is pu(—z) >t or % according as t < 1% k ort > . Hence
(—z)¢ € Vagp.

(3) follows easily from (2). O

Theorem 3.4. A fuzzy subset u of N is an (€, € Vqy)—fuzzy subnear-ring of N if
and only if p(x —y), pley) > min{u(z), p(y), 155}, for all z,y € N.
Proof. Tt follows from Lemma 3.3. O

Corollary 3.5. [[15], Lemma 3.2.] A fuzzy subset u of N is an (€, € Vq)—fuzzy
subnear-ring of N if and only if p(x —y), p(xy) > min{u(x), u(y), 0.5}, for all
z,y €N.

Proof. The result follows easily from Lemma 3.3 if we take k = 0. O

Corollary 3.6. [[4], Theorem 3.3.] u is an (€, € Vq)—fuzzy subring if and only if
w(z —y), p(zy) > min{u(z), ply), 0.5}, for all z,y € R.

Remark 3.7. Every fuzzy subnear-ring and (€, € Vq)—fuzzy subnear-ring of N is
n (€, € Vqi)—fuzzy subnear-ring of N, but, as the following example shows, the
converse is not necessarily true.

Example 3.8. Consider the near-ring (NN, +, e} as defined in Example 2.17. Define
a fuzzy subset p : N — [0, 1] by p(0) = 0.42, p(a) = p(c) = 0.4, p(b) = 0.44.
Then p is an (€, € Vqo.o)—fuzzy subnear-ring of N. But, since u(0) = u(b —b) 2
min{u(b), u(b)} and p(0) = (b —b) ? min{u(b), u(b), 0.5}, u is neither a fuzzy
subnear-ring of N nor an (€, € Vq)—fuzzy subnear-ring of N.

Now we generalize the notions of fuzzy ideals of N defined by Zaid [1] and
(€, € Vq)—tfuzzy ideals of N defined by Narayana and Manikantan [15].

Definition 3.9. A fuzzy subset p of N is said to be an (€, € Vqi)—fuzzy subgroup
of N if x,, y; € p implies (¢ — Y)min(r,¢) € Varp, for all z, y € N and for all
r,te(0,1].

Definition 3.10. A fuzzy subset u of N is said to be an (€, € Vqy)—fuzzy ideal of
N if for all z, y, z € N and for all ,t € (0, 1]:

(1) @, y¢ € p implies (x — Y)min(r, ¢) € Vari,

(2) ; € pand y € N implies (y + z — y) € Varu,

(3) 2+ € pand y € N implies (xy): € Vai i,

(4) 2, € pand x, y € N implies (z(y + 2) — zy)¢ € Vi
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A fuzzy subset p with conditions (1), (2) and (3) is called an (€, € Vqi)—fuzzy
right ideal of N. If u satisfies (1), (2) and (4), then it is called an (€, € Vqi)—fuzzy
left ideal of N.

Lemma 3.11. Let yu be a fuzzy subset of N. Then:
(1) (a) xv, ys € p implies (r — Y)min(r, 1) € Vit and
(b) p(z —y) >min(u(z), p(y), 5) for all z, y € N are equivalent.
(2) (¢) x¢ € pandy € N implies (y +x — y)¢ € Varp and
(d) ply+z—y) > min{u(z), 155} for allz, y € N are equivalent.
(3) (e) = € pand y € N implies (zy); € Varp and
(f) w(zy) > min{p(z), 55} for all z, y € N are equivalent.
(4) (g9) 2t € p and x, y € N implies (x(y + z) — xy): € Vgpp and
(h) p(z(y+z) —zy) > min{u(z), 555} for all z, y, z € N are equivalent.

Proof. (a) < (b). It follows from Lemma 3.3.

(c) =(d). Let z,y € N and pu(z) < 15E. Assume that pu(y + 2 —y) < p(z).
Choose t such that u(y +z —y) <t < p(x). Then a; € p and (y + = — y): € Vi,
which contradicts (¢). Thus u(y + 2 —y) > p(z). Next let p(x) > % Assume
that p(y +z —y) < % Then Tik € p and y +  — y € Vqgp, which contradicts
(c). Hence (d) holds.

(d)=(c). Let 2 € pand y € N. Then u(xz) > ¢ and, by (d), ply + = —y) >
min{p(z), %} This implies p(y +  — y) > min{¢, 15—’“} Then puly+z—y) >t
if t < 15’“ and pu(y +x —y) > % ifl;zk <t. Thus y +x —y € Vgru. Hence (¢)
holds.

(e)=(f). Let z, y € N. Let u(z) < 15%. Assume that p(zy) < p(z). Choose ¢
such that p(zry) <t < p(z). Then xy € p and (zy); € Vgrp which contradicts (e).
So p(zy) > p(z). Next let p(z) > 155, Assume that p(zy) < 5%, Then Tik €p
and (zy) 1=k € Vgkp, which contradicts (e). Hence (f) holds.

(f)=(e). Letz; € pandy € N. By (f), u(zy) > min{u(z), 555} > min{t, 155},
Then p(zy) > tif t < 5% and p(zy) >t if t > 155 Hence (zy): € Vggp. Thus
(e) holds.

(g)=(h). Let z, y, z € N and p(z) < 15E. Assume that p(z(y+2) —zy) < p(2).
Then there exists ¢ such that p(x(y + z) —xy) <t < p(z). This implies that z; € p
and z(y + 2) — 2y € Vg, which contradicts (g). Assume that p(z) > 155, Then
Zik € p. Suppose p(z(y + z) — 2y) < 5E. Then (z(y + z) — xy)% € Vaip,
which contradicts (h). Thus p(z(y+2) —2y) > min{u(z), 155} for all z, y, z € N.
Therefore (h) holds.

(h)=(g). Let zx € p and z,y € N. Then, by (h), plz(y + 2z) — zy) >
min{u(z), 355} > min{t, 355}, Thus p(z(y +2) —2y) > tif t < 355 or p(z(y +

z)—xy) > SEif t > 15E. Therefore (z(y +2) — 2y)¢ € Vgyp. Hence (g) holds. O

Corollary 3.12. [[15], Theorem 3.8.] A fuzzy subset u of N is an (€, € Vq)—fuzzy
ideal of N if and only if for all x, y, z € N:

(1) p(z —y) = min{u(z), u(y), 0.5},

(2) w(y + = —y) = min{u(z), 0.5},
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(3) p(xy) > min{u(x), 0.5},
(4) p(x(y + 2) — 2y) > min{u(z), 0.5}.

Proof. The result follows from Lemma 3.11, if we take k = 0. (]

Corollary 3.13. [[4] BHDF, Theorem 3.5.] p is an (€, € Vq)—fuzzy ideal of ring
R if and only if:

(1) p(z —y) = min{u(z), u(y), 0.5},

(2) p(xy), p(yx) = min{u(z), 0.5}, for all z, y € R.

Remark 3.14. A fuzzy ideal and an (g, € vq)— fuzzy ideal of N are (¢, € vqi,)—fuzzy
ideals of N. However, as the following example shows, the converse is not necessarily
true.

Example 3.15. Consider the near-ring (N, +, o) as defined in Example 2.17. De-
fine a fuzzy subset u: N — [0, 1] by ©(0) = 0.42, p(a) = p(c) = 0.4, p(b) = 0.44.
Then p is an (€, € Vqo.2)—fuzzy ideal of N. But, since p(b0) = p(0) # p(b) and
w(b0) = p(0) 2 min{u(d), 0.5}, p is neither a fuzzy ideal nor an (€, € Vq)—fuzzy
ideal of N.

Theorem 3.16. Let {p;};_, be a family of (€, € Vai)—fuzzy subnear-rings (ideals)
of N. Then p= Ny, is an (€, € Vqy)—fuzzy subnear-ring (ideal) of N.

Proof. Let x, y € p.

wlz +y) = Mizy e +y)
min {min{p;(z), pi(y), d}}

Y

1<i<n ( )
> mln{ mlnn {pi(z)}, 1121%1 {ui(y)}, Qk}
= min{(N7; pa)(@), (NiZy ) (Y), * }
= min{u(z), pu(y), 5=}
p(—x) = ﬂ? 1 Hi(—)
> 1mlmn{mln{/h(m)7 2 }}
> min{ mlnn{uz(l”)}7 5}

min{ (., Mz)(x)v 50}
min{p(z), 154},

u(zy) = Ny pi(ry)

= min {min{pu;(z), pi(y ), 551}
> min{ min {x;(z)}, 1gngn{u W)} 158}
= mind (N, i) (@), (N i) (), 55}
= min{p(x), p(y), F*}.
Thus 4 is an (€, € Vg )—fuzzy subnear-ring of N. O

Theorem 3.17. A non-empty subset I of N is an ideal (subnear-ring) of N if and
only if fr is an (€, € Vqi)—fuzzy ideal (subnear-ring) of N.
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Proof. Let I be an ideal of N. Then f; is an (€, € Vgg)—fuzzy ideal of N.
Conversely, let f; be an (€, € Vg )—fuzzy ideal of N. For any z, y € I, we have
fr(z —y) > min{f;(z), fr(y), 355} = min{1, 1, 155}, Since k € [0, 1), z —y € I.
Let € I and y € N. Then fi(y + =z —y) > min{f;(z), 55} = 5% £ 0.
This implies that y + « —y € I. Now let a € N and « € I. Then f;(za) >
min{ f7(z), %} = % This implies that xa € I. Let z,y € N and z € I,
fr(z(y +2) — zy) > min{f;(z), 155} = L5E. This implies that z(y + z) — zy € I.
Thus I is an ideal in N. (]

Corollary 3.18. [[15], Theorem 3.12.] A non-empty subset I of N is a subnear-
ring (ideal) of N if and only if fr is an (€, € Vq)—fuzzy subnear-ring (ideal) of
N.

Proof. The result follows from Theorem 3.17, if we take k = 0. (]

Corollary 3.19. [[4], Theorem 3.10.] A non-empty subset S of R is a subring
(ideal) of R if and only if fs is an (€, € Vq)—fuzzy subring (ideal) of R.

Theorem 3.20. A fuzzy subset p of N is an (€, € Vqi)—fuzzy ideal (subnear-
ring) of N if and only if the level subset p; is an ideal (subnear-ring) of N, for all
0<t<E andkeo,1).

Proof. Let o be an (€, € Vqi)—fuzzy ideal of N. Let 0 < ¢t < % and z, Y, 2 € .
Then p(z —y) > min{u(z), p(y), 155} > min {t, 155} =t and hence z — y € y,.
Now pi(zy) > min{u(z), 155} = t. Thus zy € pp. p(r+y—x) > min{u(y), 155} =
t implies z +y — « € p,. Hence p(a(b+ z) — ab) > min{u(z), 5%} = ¢ for every
a, b, z € N. This implies that a(b+ z) — ab € us. So py is an ideal of N.
Conversely, let u; be an ideal of N for all 0 < t < % Let z,y € N.
Suppose p(z — y) < min{u(z), u(y), 35%}. Choose ¢ such that u(zx —y) < t <
min{yu(z), p(y), 355}, This implies @, y € p;. Then z —y € py, since p is
an ideal of N. This implies u(x — y) > ¢, a contradiction. Thus u(x —y) >
min{u(z), u(y), 35%.}. Suppose pu(z +y — ) < min{u(z), 5£}. Choose ¢ such
that p(z +y — ) < t < min{u(z), 158}, Then y € p. Since p¢ is an ideal of
N,z+4+y—x € p and p(r +y — ) > t, a contradiction. Thus p(x +y —z) >
min{u(z), 5%}, Similarly, it can be shown that p(z(y+2) —2zy) > min{u(z), 5%}
for all z, y € N. Thus p is an (€, € Vqy)—fuzzy ideal of N. O

Corollary 3.21. [[15], Theorem 3.13.] A fuzzy subset u of N is an (€, € Vq)—fuzzy
subnear-ring (ideal) of N if and only if the level subset p; is a subnear-ring (ideal)
of N for all 0 <t <0.5.

Proof. The proof follows from Theorem 3.20, if we take k = 0. (]

Corollary 3.22. [[4], Theorem 3.12.] A fuzzy subset u of R is an (€, € Vq)—fuzzy
subring (ideal) of ring R if and only if the level subset p; is a subring (ideal) of R
for all 0 <t <0.5.
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Remark 3.23. Let p be an (€, € Vg )—fuzzy subnear-ring (ideal) of N. Then the
level subset p; is not necessarily a subnear-ring (ideal) in N. In Example 3.8, if we
take ¢ = 0.43, then u; = {b} which is not a subnear-ring in N, because t ¢ (0, 0.4].

4. Fuzzy Quasi-ideal and Fuzzy Bi-ideal

In this section, we introduce the notion of fuzzy bi-ideals of N. We characterize
fuzzy quasi-ideals and fuzzy bi-ideals of V.

Definition 4.1. A subgroup Q of (N, +) is said to be a quasi-ideal of N if QN N
NQ NNx*xQ CQ.
A subgroup B of (N, +) is said to be a bi-ideal of N if BNB N (BN)* B C B.

Definition 4.2. A fuzzy subgroup p of N is called a fuzzy quasi-ideal of N if
(LN) N (Np) N (N p) < p.
A fuzzy subgroup p of N is called a fuzzy bi-ideal of N if (uN p) N (u N ) < p.
Note that
(BN p)(z) = sup {min{ (1 N)(z), pu(c)}}
z=xz(y+c)—xy
= sup  {min{ sup {u(x1), u(c)}}}

z=z(y+c)—zy T=T1 T2

= sup {min{u(x1), p(c)}}

z=z122(y+c)—z122Y
=0 otherwise.
It is clear that if N is a zero-symmetric near-ring, then pNpu < p for every
bi-ideal p.

Lemma 4.3. Let p be a fuzzy subset of N. If p is a fuzzy left ideal (right ideal,
N —subgroup, subnear-ring) of N, then p is a fuzzy quasi-ideal of N.

Proof. Let x € N and & = ab = ny(ng + ¢) — nina, where a, b, ny, ng and c are in
N. Consider

(BN N Np NN p)(z) = min{ (uN)(2), (Np)(z), (N* p)(x)}
= min{ sup {u(a)}, sup {n(b)}, sup {n(e)}}

r=ab r=ab z=n1(na2+c)—ninz)
(since p is the fuzzy left ideal, u(ng(ne + ¢) — ning) > p(c). )

< min{l, 1, sup {pu(ni(ng +¢) —nin2)}};
z=n1(n2+c)—nins)
< p(x).

We remark that if  is not expressed as x = ab = n1(n2 + ¢) — nina, then (uIN N
NunNNx#*p)(z) =0 < p(z). Thus uNNNp NN * g < p. Hence p is a fuzzy
quasi-ideal of V. O

Lemma 4.4. For any non-empty subsets A and B of N;
(1) fafp = fan,
(2) fanfe = fans,
(3) fa*fB = faup-
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Proof. The proof is straightforward. O

Lemma 4.5. Let Q be a subgroup of N.
(1) Q is a quasi-ideal of N if and only if fo is a fuzzy quasi-ideal of N.
(2) Q is a bi-ideal of N if and only if fo is a fuzzy bi-ideal of N.

Proof. (1) can be easily proved.
(2) Assume that @ is a bi-ideal of N. Then fq is a fuzzy subgroup of N. Also,

fofnfon fofn * fo < fononon«g < fo. This means that fg is a fuzzy bi-ideal
of N.
Conversely, let y be any element of QNQ N QN * Q. Then we have
foy) = (fafnfo N fofn = fB)(Y) = fangnan«q(y) =1
Thus y € @ and this implies QNQ N QN *x Q C @, which, in turn, implies that Q
is a bi-ideal of N. This completes the proof. O
Lemma 4.6. Any fuzzy quasi-ideal of N is a fuzzy bi-ideal of N.

Proof. Let pu be any fuzzy quasi-ideal of N. Then we have

pNp < p(NN) < uN
pNp < (NN)p < Np
pN s < (NN s pp < Nosep
Hence
pNp O pN s < pNAONp AN s p < p
Thus pu is a fuzzy bi-ideal of N. (]

However, as shown by the following example, the converse of the Lemma 4.6
need not be true in general.

Example 4.7. Let N = {0, a, b, ¢} be the Klein’s four group. Define multiplica-
tion in NV as follows:

+‘Oabc o‘Oabc

0|0 a b ¢ 00 0 0 O

ala 0 ¢ b al0 b 0 b

blb ¢c 0 a b|{0 0 0 O

c|lc b a 0 c|0 b 0 b
15).

Then (N, +, ) is a near-ring ( see [ [16], P.408 ] scheme 15
1
0

) o ifz=0,a.
Define pp: N — [0, 1] by p(x) := { if otherwise.
For any ¢t € [0, 1], ut = {0, a} or {0, a, b, ¢}. Since {0, a } and {0, a, b, ¢} are
the bi-ideals in N, p; is a bi-ideal in IV for all ¢t. Hence p is a fuzzy bi-ideal of N.
Now (uN)(b) = sup {min{xu(z), N(y)}}

b=zxy

= sup {min{xu(a), N(a)}, min{u(c), N(c)}, min{u(a)b’ ! (C)};min{_u(C)’_N(a)}L
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= sup {min{1, 1}, min{0, 1}, min{1, 1}, min{0, 1}} =sup{1, 0, 1, 0} = 1.
Similarly, we have (Nu)(b) = 1. Thus

(4N N Np)(8) = min{(uN)(b), (Npo)(0)} = min{1, 1} = 1.

But p(b) = 0. Hence (uIN N N)(b) = 1 £ u(b) = 0. Therefore p is not a fuzzy
quasi-ideal of V.

Lemma 4.8. Let p be a fuzzy subset of N. If p is a fuzzy left ideal (right ideal,
N —subgroup, subnear-ring) of N, then p is a fuzzy bi-ideal of N.

Proof. Since p is a left ideal of N, p is a fuzzy quasi-ideal of N by Lemma 4.3.
Hence p is a fuzzy bi-ideal of N, by Lemma 4.6. O

Theorem 4.9. Let pu be a fuzzy subset of N. u is a fuzzy quasi-ideal of N if and
only if pg is a quasi-ideal of N, for all t € Im(u).

Proof. Let u be a fuzzy quasi-ideal of N. Let ¢t € Im(u). Suppose z, y € N such
that x, y € ps. Then p(z) > tand p(y) > ¢. This implies that min{u(z), u(y)} > t.
Since p is a fuzzy quasi-ideal, u(x—y) > t and hence z—y € ;. Let £ € N. Suppose
x € ug NN Npug N N pg. Then there exist a, b, ¢ € uy and nq, na, ng, ng € N such
that = an; = nab = ng(ng + ¢) — nang. Thus p(a) > ¢, p(db) >t and p(c) > t.
Then

(BN N Np NN p)(2) = min{(uN)(z), (Np)(@), (N * p@)(2)}
= min{ sup {p(a)}, sup {u(b)}, sup {u(e)}}

r=an, T=nso z=ng(na+c)—nsna

>t.

Since p is a fuzzy quasi-ideal of N, p(x) > t. Thus & € py and hence pu; is a
quasi-ideal of V.

Conversely, let us assume that p, t € Im(u), is a quasi-ideal of N. Let © € N.
Consider

(WNONp NN+ p)(2) = min{ (uN) (), (Np)(@), (N * p)(2)}

min{jgfb{min{ﬂ(a), N(b)}}ailfb{min{N(a)’ (b))},
xzm(nszg-lz)—n nz{min{N(nl)’ n(c)}}}

= min{flzlgb{u(a)}, mSl:lgb{u(b)}, sup {u(c)}}.

r=n1(n2+c)—ning

Let sup{p(a)} = t1, sup{u(b)} = t3 and sup {p(c)} = t3 for some

r=ab r=ab z=n1(n2+c)—ning
a, b,ni, ny and ¢ in N. Assume that min{ty, to, t3} = t. Then a, b, ¢ € py.
Since p; is a quasi-ideal of N, then x = ab € Ny, v = ab € N and z =
ni(n2 + ¢) —ning € N x puy. This implies ¢ € pueN N Ny NN« py C py. Thus
(LNNNpuNNx*p)(z) <t < p(z). Hence (uNNNpu NN x p)(z) < p(x), for all
x € N. This shows that p is a fuzzy quasi-ideal of V. (I

Theorem 4.10. Let p be a fuzzy subset of N. p is a fuzzy bi-ideal of N if and
only if pg is a bi-ideal of N, for all t € Im(u).
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Proof. Let u be a fuzzy bi-ideal of N. Let t € Im(u). Suppose x, y € N such that
x,y € pe. Then p(x) > ¢, p(y) >t and min{p(z), p(y)} > t. Since p is a fuzzy
bi-ideal, u(x — y) > t and thus z — y € p.

Let z € N. Suppose z € us N g N g N % . Then there exist x, y, a1, az, b € g
and ny, ng, ng € N such that z = zn1y = aina(asng + b) — aynzasns. Then
(Np N = 1) () = min{ (uNg) (), (N * p)(2) .

Now (1Np)(z) = sup {min{u(z), ply)}} > .

Z=xn1yY

(1N * p)(z) = sup {min{u(a1), p(b)}} = t.

z=ains(aznz+b)—ainsasns
Therefore min{ (uNp)(z), (uN* p)(2)} > ¢ and thus (uNp N pN * 1) (z) > t. Since
w is a fuzzy bi-ideal of N, p(z) > ¢ implies z € ps. Hence py is a bi-ideal in N.
Conversely, let us assume that u; is a bi-ideal of N, t € I'm(u). Let p € N.
Consider

(uNp O pN s p)(p) = min{(uNp)(p), (#IN =+ p)(p)}
= min{ sup {min{u(z), u(y)}},

o sip {min{pu(ar), w(©)}})
p=aini(b+c)—ainid
= sup {min{u(@), u(y), plar), pc)}}.

p=zny=aini(b+c)—ainib

Let p(z) =11 < p(y) =tz < plar) = t3 < plc) = ts. Then pe, 2 ey 2 peg 2 piay-
Thus z, y, a1, ¢ € g, and p = any € uy, Ny, and p = aing (b + ¢) — aynib €
piy N % pig, . Thus p € py, Ny, N pgy, N % pg; C pg, - This implies that p(p) > ¢ and
hence uNp N puN % p < p. Therefore p is a fuzzy bi-ideal of N. [

Proposition 4.11. Let A and p be any two fuzzy quasi-ideals of N. Then AN is
also a fuzzy quasi-ideal of N.

Proof. The proof is straightforward. O

Proposition 4.12. Let A and p be any two fuzzy bi-ideals of N. Then X\ Ny is
also a fuzzy bi-ideal of N.

Proof. The proof is straightforward. O

Corollary 4.13. If u is a fuzzy bi-ideal of N and X is a fuzzy subnear-ring of N,
then puN X is a fuzzy bi-ideal of N.

Proof. The result follows from Lemma 4.8 and Proposition 4.12. O

5. (€, € Vgr)—fuzzy Quasi-ideal and (€, € Vq;)—fuzzy Bi-ideal

In this section, we introduce the notions of (€, € Vqi)—fuzzy quasi-ideals and
(€, € Vgi)—fuzzy bi-ideals of N which, respectively, are generalizations of fuzzy
quasi-ideals and bi-ideals of N.

Definition 5.1. An (€, € Vq)—fuzzy subgroup p of N is called an (€, € Vq)—fuzzy
quasi-ideal of N if for all x € N, p(x) > min{((tN) N (N )N (N x u))(z), 0.5}.
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An (€, € vVgq)—fuzzy subgroup p of N is called an (€, € Vq)—fuzzy bi-ideal of N
if for all z € N, p(z) > min{((¢Nu) N (uN = p))(z), 0.5}.

Definition 5.2. An (€, € Vqi)—fuzzy subgroup u of N is called an (€, € Vgr)—
fuzzy quasi-ideal of N if for all x € N, p(z) > min{((uN) N (Nu) N (N *
1)) (z), 355}, where k € [0, 1).

An (g, € Vg )—fuzzy subgroup p of N is called an (€, € Vqy)—fuzzy bi-ideal of
N if for all z € N, p(z) > min{((uNp) N (0N = p))(z), 355}, where k € [0, 1).

Remark 5.3. Every fuzzy quasi-ideal and (€, € Vq)—fuzzy quasi-ideal of N is an
(€, € Vqr)—fuzzy quasi-ideal of N. Also every fuzzy bi-ideal and (€, € Vq)—fuzzy
bi-ideal of N is an (€, € Vgi)—fuzzy bi-ideal of N. However, as the following
example shows, the converse is not necessarily true.

Example 5.4. Let N = {0, 1, 2, 3} be the group under addition modulo 4. Define
multiplication as follows:

+/0 1 2 3 e|0 1 2 3
0j0 1 2 3 0(0 0 0 O
111 2 3 0 110 3 0 1
212 3 01 210 2 0 2
313 0 1 2 310 1 0 3
Then (N, +, ) is a near-ring ( see [ [16], P.407 | scheme 7 ). Let p: N — [0, 1]

be a fuzzy subset of N such that p(0) = 0.4, u(1) = u(3) = 0.3, u(2) = 0.42. Then
wis an (€, € Vqo.2)—fuzzy quasi-ideal of N. Since p(0) = 0.4 2 min{(x N)(0),
(N 12)(0), (N % 2)(0)} = 0.42 and pa(0) = 0.4 # min (#N)(0), (N 12)(0), (N * )(0),
0.5} = 0.42, p is neither a fuzzy quasi-ideal of N nor an (€, € Vq)—fuzzy quasi-ideal
of N. Also p is an (€, € Vqo.2)—fuzzy bi-ideal of N. Since p(0) 2 min{(x Nw)(0),

(uN * 1)(0)} and p(0) 2 min{(xNu)(0), (uN * 1)(0), 0.5}, p is neither a fuzzy
bi-ideal of N nor an (€, € Vq)—fuzzy bi-ideal of N.

Lemma 5.5. Let QQ be any nonempty subset of N. Then
(1) Q is a quasi-ideal of N if and only if fq is an (€, € Vqx)—fuzzy quasi-ideal
of N.
(2) Q is a bi-ideal of N if and only if fo is an (€, € Vqx)—fuzzy bi-ideal of N.

Proof. (1) Let @ be a quasi-ideal of N. By Lemma 4.5, fq is a fuzzy quasi-ideal of
N and by Remark 5.3, fo is an (€, € Vqi)—fuzzy quasi-ideal of N.

Conversely, let fo be an (€, € Vqi)—fuzzy quasi-ideal of N. Let x be any element
of QN N NQ@N N x@Q. Then we have

fo(@) = min{(fo fv N fn fo N fn * fo)(x), 155}
=min{f(gnnnonns0) (@), 55}
=min{1, 5%}
1-k
5
This implies that x € Q and so Q N N NQN N xQ C Q. This means that @ is a
quasi-ideal of V.
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(2) Let @ be a bi-ideal of N. By Lemma 4.5, fg is a fuzzy bi-ideal of N and by
Remark 5.3, fg is an (€, € Vg )—fuzzy bi-ideal of N.

Conversely, let fo be an (€, € Vg )—fuzzy bi-ideal of N. Let y be an element of
QNQN QN xQ. Then we have

foly) z min{(fq fn fo N fo I - %)(y)y 54}
=min{fQnenonN=@)(¥), 5"}
= min{1, %
_ 1k
5
This implies that y € Q and so QN QN QN *Q C . This means that @Q is a
bi-ideal of N. O

Corollary 5.6. [[15], Theorem 4.5.] A nonempty subset Q of N is a quasi-ideal
of N if and only if fo is an (€, € Vq)—fuzzy quasi-ideal of N.

Lemma 5.7. Any (€, € Vqi)—fuzzy quasi-ideal of N is an (€, € Vqi)—fuzzy bi-
ideal of N.

Proof. Let p be an (€, € Vg )—fuzzy quasi-ideal of N. Then we have
puNp < p(NN) < uN
pNp < (NN)p < Np
pN s < (NN) s pp < Nosk
Hence uNpNpuN s+ p < uNNNp NN * g < p.
Let z € N. Now
min{(uNp N pN * p)(x), 55} < min{(uN 0 Nun N p)(z), 155} < p(le).
It follows that u is an (€, € Vqy)—fuzzy bi-ideal of N. O

However, as the following example shows, the converse of the Lemma 5.7 is not
necessarily true.

Example 5.8. Consider the near-ring (N, +, o) as defined in Example 4.7.
Define a fuzzy subset p: N — [0, 1] by:

() = 03 ifxz=0,a
=9 0.2 if otherwise.

Let k = 0.2. For all ¢t € (0, 13%], p, is the bi-ideal of N. Hence p is an
(€, € Vqo.2)—fuzzy bi-ideal of N. For t = 0.24, p; = {0, a} and Ny N N NN * puy
= {0, b} Z {0, a}. Thus p; is not a quasi-ideal of N. Hence p is not an (€, €

Vqo.2)—fuzzy quasi-ideal of N.

Theorem 5.9. Let u be an (€, € Vqi)—fuzzy subset of N. If u is an (€, €
Vqi)—fuzzy left ideal (right ideal, N—subgroup, subnear-ring) of N, then u is an
(€, € Vqi)—fuzzy quasi-ideal of N.

Proof. Let p be an (€, € Vqi)—fuzzy left ideal of N. Let x € N. Suppose x =
ab = ni(ng + ¢) — ning, where a, b, ny, ny and ¢ are in N. We have

(bNNNp NN+ p)(2) = min{(uN)(z), (Np)(@), (N * @) ()}
= min{ sup p(a), sup u(b), sup p(c)}-

r=ab z=ab z=n1(nz2+c)—ninz)



94 P. Dheena and S. Coumaressane

Now

min{(tN NN g NN p)(z), 55} = min{min{ sup p(a), sup p(b),

z=ab r=ab 1k
sup n(o)}, 57}
z=n1(n2+c)—ninz)
< min{min{1, 1, sup u(e)}, 55}
z=n1(n2+c)—ninsz)
= min{ sup p(e), 51,

z=n1(n2+c)—nins)
[since p is an (€, € Vi) —fuzzy left ideal, p(n1(n2 + ¢) — nina) > min{pu(c), 54}
< s (nz + €) — nym)= u(z).

We remark that if  is not expressed as x = ab = n1(ng + ¢) — nina, then (uN N
NuNN#p)(z) =0 < p(z) and min{(ukN N Np N Nx* p)(z), 355} = 0 < p(2).
Thus p(z) > min{(pkN N Np NN * p)(z), 355}, for all 2 € N. Hence p is an
(€, € Vqi)—fuzzy quasi-ideal of N. |

Corollary 5.10. [[15], Theorem 4.9, Theorem 4.10, Theorem 4.9] FEvery
(€, € Vq)—fuzzy left ideal (right ideal, two-sided ideal) of N is an (€, € Vq)—fuzzy
quasi-ideal of N.

Theorem 5.11. Let u be an (€, € Vqi)—fuzzy subset of N. If p is an (€, €
Vi) —fuzzy left ideal (right ideal, N—subgroup, subnear-ring) of N, then p is an
(€, € Vqr)—fuzzy bi-ideal of N.

Proof. By Theorem 5.9, Every (€, € Vqi)—fuzzy left ideal of N is an (€, € Vgi)—
fuzzy quasi-ideal of N and by Lemma 5.7, it is an (€, € Vg )—fuzzy bi-ideal of
N. O

Theorem 5.12. Let u be an (€, € Vqy)—fuzzy subset of N. pis a (€, € Vqi)—fuzzy
quasi-ideal of N if and only if p; s a quasi-ideal of N, for all t € (0, %}, ke
[0, 1).

Proof. Let u be an (€, € Vqi)—fuzzy quasi-ideal of N. Let x, y € N. Suppose
x,y € pg, t € (0, 5E], k€0, 1). Then u(x) >t and pu(y) > t. This implies that
min{p(z), u(y), 1;%} > t. Since p is an (€, € Vqi)—fuzzy quasi-ideal, p(x —y) > ¢
and hence x —y € py. Next, let x € N N Ny NN * p;. Then there exist
a, b, ¢ € py and ny, na, ng, ngy € N such that z = any = nob = ng(ng + ¢) — ngny.

Thus p(a) > t, u(b) >t and p(c) > t. Then

(BN NNp NN p)(x) = min{(pN)(z), (Np)(@), (N * p)(2)}
=min{ sup pu(a), sup u(b), sup nu(c)}t

r=ani T=nsb z=nz(na+c)—nzng

> t.
Now

min{(uN N Np NN * p)(z), 355} = min [min{ sup u(a), sup u(d),

r=ani T=nob

s pu(e)}, 5]

z=ng(na+c)—nsng
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> min{¢, 155
=1t.

Since p is an (€, € Vqi)—fuzzy quasi-ideal of N, p(z) > ¢. Thus z € u; and hence
¢ is a quasi-ideal of V.

Conversely, let us assume that ug, t € (0, %], k € ]0,1), is a quasi-ideal
of N. By Theorem 4.9, u is a fuzzy quasi-ideal of N. By Remark 5.3, p is an
(€, € Vqi)—fuzzy quasi-ideal of N. O

Remark 5.13. Let u be an (€, € Vqi)—fuzzy quasi-ideal of N. Then the level
subset g is not necessarily a quasi-ideal in N. In Example 5.4, p is an (€, €
Vqo.2)—fuzzy quasi-ideal of N. If we take ¢ = 0.42, then p; = {2} and p NN Ny N
N« = {0} Z {2} = ;. Hence py is not a quasi-ideal in N, because ¢ ¢ (0, 0.4].

Theorem 5.14. Let pu be an (€, € Vqi)— fuzzy subset of N. p is an (€, € Vair)—fuzzy
bi-ideal of N if and only if p; is a bi-ideal in N, for all t € (0, 15E], k € [0, 1).

Proof. Let 1 be an (€, € Vgj,)—fuzzy bi-ideal of N. Let t € (0, 35%], &k €
[0,1). Suppose x,y € N such that z, y € ps. Then p(x) > t; u(y) > t and
min{u(z), u(y), 55} > t. Since p is an (€, € Vqi)—fuzzy bi-ideal, p(z —y) >t
and hence v —y € py. Let z € N. Suppose © € Ny N peN * . Then there
exist x, y, a1, as, b € py and ny, ne, ng € N such that z = zn1y = aina(agns +

b) — ainsasns. Thus u(x) > t, p(y) > t, plar) > t, u(ag) >t and p(b) > t. Now
(1N N pN s p)(2) = min{(uNp)(2), pN * 12)(2) }
= min{ sup {min{pu(x), p(u)}}.

( sup {min{p(a1), M(b)}}}

z=ains(aznz+b)—ainsasns

We have
min{ (N 0 N+ 1) (2), 155} = min [min{ sup {min{u(z), u(y)}},

Zz=xn1yY

sup {min{p(a1), N(b)}}}7 %}

z=ainz(aznz+b)—ainsazng
> min{¢, %}
=1t.

Since p is an (€, € Vqi)—fuzzy bi-ideal of N, u(z) > t. Thus z € p; and hence
is a bi-ideal of N.

Conversely, let us assume that uq, ¢ € (0, %], k €10, 1), is a bi-ideal of N. By
Theorem 4.10, p is a fuzzy bi-ideal of N. By Remark 5.3, p is an (€, € Vqi)—fuzzy
bi-ideal of N. O

Remark 5.15. Let p be an (€, € Vi) —fuzzy bi-ideal of N. Then the level subset
¢ is not necessarily a bi-ideal in N. In Example 5.4, u is an (€, € Vqo.2)—fuzzy
bi-ideal of N. If we take ¢ = 0.42, then p; = {2} and p Ny N peN * up = {0} €
{2} = pt. Hence p; is not a bi-ideal in N, because ¢ ¢ (0, 0.4].
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Theorem 5.16. Let A and p be any two (€, € Vqi)—fuzzy quasi-ideals of N. Then
AN is also an (€, € Vqi)—fuzzy quasi-ideal of N.

Proof. Let A and p be any two (€, € Vqi)—fuzzy quasi-ideals of N. Then, by
a proof similar to that of Theorem 3.16, we can show that (AN p) is an (€, €
Vqi)—fuzzy subgroup of N. Let 2 € N. Choose a, b, aj, by, ¢ € N such that
x =ab=ay(b; +¢) —aib;. Since X and pu are the (€, € Vqi)—fuzzy quasi-ideals of
N, we have

. . 1—k
(1) min { min [jlzlgb{u(a)L fllfb{“(b)}’x:al(bsfi%_albl{”(c>}]’ T} < p(x)
and

. . 1-—k
(2) min { min [ws;lfb{)\(a)}, jlzlgb{)\(b)},x:al(bsllilz)_albl{)\(c)}}, T} < A(x).
Now
min[(()\ﬂ,u)NﬁN()\ﬂu)ﬁN*()\ﬁu) )(x),%}
= min [ min{ sup {(ANE)(@)}, sup {AN®)},  sup (G} ], 5]

r=ab rz=ab z=ai (b1+c)—ai1by

— min [ min{ sup {min{A(a), (@)}, sup {min{A(%), (b))},

z=ab

sup {min{A(¢c), M(C)}}}v % }

Tr=ai (bl +C) —a1by

< min [ min { min [wSl:l}l)b{)\(a)}, :ESI:lfb{/\(b)L sup {)\(C)}]a %}7

r=ai (b] +C) —a1by

. . 1=k
win i [sup ), mp ) o | W 25t

< min{A(x), u(z)}, from (1) and (2).

— (A0 ).
Thus AN is a (€, € Vgi)—fuzzy quasi-ideal of N. O

Theorem 5.17. Let A and p be any two (€, € Vqi)—fuzzy bi-ideals of N. Then
AN is also an (€, € Vqi)—fuzzy bi-ideal of N.

Proof. The proof is similar to that of Theorem 5.16. (]
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