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SOME PROPERTIES OF UNCERTAIN INTEGRAL

C. YOU AND N. XIANG

ABSTRACT. Uncertainty theory is a mathematical methodology for dealing
with non-determinate phenomena in nature. As we all know, uncertain pro-
cess and uncertain integral are important contents of uncertainty theory, so
it is necessary to have deep research. This paper presents the definition and
discusses some properties of strong comonotonic uncertain process. Besides,
some useful formulas of uncertain integral such as nonnegativity, monotonicity,
intermediate results are studied.

1. Introduction

In the world, there are plenty of problems that are difficult to be described ex-
actly. Randomness, fuzziness and uncertainty appear frequently in a system. To
solve these problems, probability theory, fuzzy mathematics and rough set the-
ory produced one after another. In 1933, Kolmogorov founded probability theory
to settle random matters, which has been applied widely in many diverse subject
areas. In order to describe fuzzy phenomena, the definition of fuzzy set was intro-
duced by Zadeh [28] in 1965. Then Zadeh [29] presented possibility measure to deal
with fuzzy events, Yager [21] and Dubois [2] have dedicated themselves in this study.
However, possibility measure has no self duality, thus Liu and Liu [5] initiated a self
duality credibility measure in 2002. As a generalization of randomness and fuzzi-
ness, the uncertainties of imprecise events can be considered by uncertainty theory
which was given by Liu [6] for the first time and refined by Liu [10]. Thereafter,
many researchers have conducted the thorough research and plenty of explorations
were undertaken. In 2007, Liu [6] introduced the concepts of uncertain variable
and uncertain distribution. In 2009, Gao [3] studied the properties of continuous
uncertain measure. The convergence of uncertain sequences was discussed by You
[23]. You and Yan [27] introduced the p-distance between two uncertain variables
and the relationships among different convergences were discussed by You and Yan
[24]. Prior to today, uncertainty theory has developed into an axiomatic system,
which has been applied to uncertain programming ([8], [12, 13]), uncertain risk and
uncertain reliability ([11], [17]), and etc.

In order to describe dynamic system with different uncertainties, stochastic pro-
cess, fuzzy process, uncertain process (initiated by Liu [7]) were introduced, re-
spectively. As we know, many practical matters can be abstracted as a differential
equation. And to solve the equation, corresponding integral needs to be calculated.
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Classic integration and differentiation have been widely studied and used in many
areas of natural and social sciences. The reader interested to stochastic differential
and integral may consult [16, 19]. As for fuzzy integrals, there are Choquet fuzzy
integral and Sugeno fuzzy integral (see [20], [18], [4]), which are all integrals with
respect to variable, another type of fuzzy integral, an integral of a fuzzy process
with respect to a fuzzy process was presented by Liu [7]. Then it was extended to
the case of complex fuzzy integral (You and Wang [25]) and general fuzzy integral
(You, Ma and Huo [26]). As a generalization of stochastic integral and fuzzy inte-
gral, uncertain integral was introduced by Liu [7]. Later, Liu [15] deduced the linear
property of uncertain integral and presented the fundamental theorem of uncertain
calculus, then the formulas of chain rule, change of variables, and integration by
parts were derived. Applying uncertain integral, uncertain differential equation has
been studied by many researches (see [7], [1], [9]).

Considering integration and differentiation play very important roles in the fun-
damental theory of mathematics, the main purpose of this paper is to study the
properties of uncertain integral. The rest of this paper is organized as follows.
Section 2 will recall some basic definitions and properties of uncertain process and
uncertain integral. Then the concept of strong comonotonic uncertain process will
be introduced in Section 3, furthermore, some properties of strong comonotonic
uncertain process and uncertain integral will be discussed. In the last section, a
brief conclusion is given.

2. Preliminaries

In this section, some basic knowledge which will be used in this paper are re-
viewed.

In order to measure uncertain event, uncertain measure and uncertain variable
were defined.

Definition 2.1. (Liu [6]) Let £ be a o-algebra on a nonempty set I'. A set function
M: T — [0,1] is called an uncertain measure if it satisfies the following axioms:

Axiom 1: (Normality Axiom) M{T} = 1.

Axiom 2: (Duality Axiom) M{A} + M{A°} =1, for any event A C I".

Axiom 3: (Subadditivity Axiom) For every countable sequence of events Aj, Ag,
--- CTI', we have

oo o0
M J A} <) M{AL
i=1 i=1
Definition 2.2. (Liu [6]) Let I' be a nonempty set, £ a o-algebra over I', and M

an uncertain measure. Then the triplet (T, £, M) is called an uncertainty space.

Besides, the product uncertain measure M on the product o-algebra L is defined
by the following product axiom.

Axiom 4: (Product Axiom, Liu [9]) Let (I'y, L, M}) be uncertainty spaces, for
k=1,2,--- . The product uncertain measure M is an uncertain measure satisfying

M{IT Ak} = A\ Mi{Ar},
k=1

k=1
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where A are arbitrarily chosen events from Ly, for k = 1,2,--- | respectively.

Definition 2.3. (Liu [6]) An uncertain variable £ is a measurable function from
an uncertainty space (I, £, M) to the set of real numbers, i.e., for any Borel set B
of real numbers, the set

{€e B} ={yeTll(y) € B}
is an event.

Definition 2.4. (Liu [6]) The uncertain distribution ® of an uncertain variable &
is defined by
O(z) = M{¢ <z},

for any real number z.
Next, we recall some knowledge of uncertain process and Liu integral as follows.

Definition 2.5. (Liu [7]) Let T' be an index set and let (I, £, M) be an uncertainty
space. An uncertain process is a function X;(v) from T x (T', £, M) to the set of
real numbers such that {X; € B} is an event for any Borel set B of real numbers
at each time ¢ .

Definition 2.6. (Liu [14]) The uncertainty distribution ®;(x) of an uncertain pro-
cess X; is defined as

O (z) = M{X, <z}
for each time ¢t and any number .

Theorem 2.7. (Liu [15]) Let X; be an uncertain process with uncertainty distribu-
tion @ (x), and let f(x) be a measurable function. Then f(Xy) is also an uncertain
process.

Furthermore, (i) if f(x) is a strictly increasing function, then f(X;) has an
uncertainty distribution

W(z) = @:(f ' (2));

(i) if f(x) is a strictly decreasing function and ®(x) is continuous with respect to
x, then f(X;) has an uncertainty distribution

Vi(z) =1 - u(f7 (2)).

Definition 2.8. (Liu [7]) Let X; be an uncertain process. Then for each v € T,
the function X;(7y) is called a sample path of X;.

Definition 2.9. (Liu [9]) An uncertain process C is said to be a Liu process if
(i) C¢ = 0 and almost all sample paths are Lipschitz continuous,
(ii) C; has stationary and independent increments,
(iii) every increment Cyys — Cy is a normal uncertain variable with expected
value 0 and variance t2.

Definition 2.10. (Liu [9]) Let X; be an uncertain process and let C; be a Liu
process. For any partition of closed interval [a,b] with a = t] < t3 < -+ < tp41 = b,
the mesh is written as

A= ie1 — i | .
12525 [t =i |
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Then Liu integral of X; with respect to C; is defined as

b k
/a X,dC; = A@OZ;X” (Chyyy — O,

provided that the limit exists almost surely and is finite. In this case, the uncertain
process X; is said to be integrable.

Theorem 2.11. (Liu [15]) If X; is an integrable uncertain process on |a,b], then
it is integrable on each subinterval of [a,b]. Moreover, if ¢ € [a,b], then

b c b
/ XtdCt = / XtdCt + / Xtdot.
a a c

3. The Properties of Uncertain Integral

Some concepts and theorems about Liu integral will be discussed in this section.
First, we introduce the definition of strong comonotonic uncertain process.

Definition 3.1. Let X; be a continuous and bounded uncertain process, C; a Liu
process. If X; and C; have the same monotonicity in [a, ], and X}, > X,,C}, > C,,
then we say X; is a strong comonotonic uncertain process with respect to C; in
[a,b], or X; and Cy are said to be strong comonotonic in [a, ], i.e.,

i)(th - Xt2)(Ct1 - Ct2) > Oa for any [tlatZ] C [aab]v

)Xy, > X,.,Cp > C,.

Next, some properties of strong comonotonic uncertain process are illustrated as
follows.

Theorem 3.2. If uncertain processes X;,Y; and Liu process Cy are strong comono-
tonic in [a, b], then uncertain process X:+Y; and Liu process Cy are strong comono-
tonic in [a,b].

Proof. Since uncertain processes Xy, Y; and Liu process C} are strong comonotonic
in [a,b], we get
(X, — X1,)(Cr, — Cy) 20,
(Y, = Y3,)(Cr, — Cy) 20,
for any [t1,t2] C [a,b], and Xp > X,,Y, > Y,, Cp > C,. Then
[(Xey +Y2) — (Ko, +Y3,)[(Cry = C,) = [(Xyy = Xiy) + (Ve = V3u,)[(Cry — Cy)
= (Xt, — X,)(Cr, — Cty)
+ (Ya, — Y5, )(Cr, — Cy).
Thus
[(th + Y;fl) - (Xt2 + YYtQ)}(Ctl - Ctz) >0,
for any [t1,t2] C [a,b] and Xp+Y), > X, +Y,, C, > C,. Therefore, uncertain process
X; +Y; and Liu process C; are strong comonotonic in [a, b]. O

Theorem 3.3. If uncertain process X; and Liu process Cy are strong comonotonic
in [a,b], then for any real number k > 0, uncertain process kX and Liu process Ct
are strong comonotonic in [a,b].
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Proof. Since uncertain process X; and Liu process C} are strong comonotonic in
[a, b], we have
(Xh - Xt2)(Ct1 - Ct2) > 0;
for any [t1,t2] C [a,b], and X}, > X,, Cp, > C,. Considering
(kth - kXt2)(Ct1 - Ct2) = k(th - XtQ)(Ctl - Ct2)7

then for any [t1,t2] C [a,b], and k > 0, we have (kX — kX4,)(Cy, — Cr,) > 0, and
kXp > kX,,Cy > C,. Thus uncertain process kX; and Liu process C; are strong
comonotonic in [a, b], for any k > 0. O

Remark 3.4. If uncertain process X, Y; and Liu process C} are strong comono-
tonic in [a, b], then for any real numbers k1 > 0, ke > 0, uncertain process k1 X; +
k2Y; and Liu process Cy are strong comonotonic in [a, b].

Theorem 3.5. Let uncertain process X; and Liu process Cy be strong comonotonic
in [a,b] and let f(x) be an increasing function. Then f(X;) is also an uncertain
process. Furthermore, f(X;) and Liu process Cy are strong comonotonic in [a,b].

Proof. By Theorem 2.7, f(X}) is an uncertain process. By the property of com-
pound function, f(X:) and Liu process C; are strong comonotonic in [a, ]. O

Considering the importance of Liu integral, next, we will discuss some useful
properties of Liu integral.

Theorem 3.6. (Nonnegativity) Let Liu integrable uncertain process X; and Liu
process Cy be strong comonotonic in [a,b]. If X; > 0, then fab X;dC; > 0.

Proof. Since Liu integral f; X:dC; exists, whether closed interval [a, ] is even par-
titioned or not, the results are the same. Let a = t; < t3 < -+ < tg1 = b,
and

|Ct2 - Ct1| = |Ct3 - Ct2| == |Ctn+1 -G
Denote A = max [tiy1 — ti|, ACy = Cy,,, — Cy,. By the definition of Liu integral,

A—0 4

b n
/ XdCy = lim Y Xy, - (Cy,y, — Ch,)
a =1

m k
aodm 2 Xoo (Cr = Co) +  Jim Zl Xy, - (Chyyy — Chy)
1= j=

A—0,AC:
m k

A—0,AC;>0 4 1 A—0,AC;<0 4 t J
1= =

where m + k = n. Since X; and C; are strong comonotonic, we obviously have
Xp > X, for each Xy, there exists Xy, corresponding to X;,. Thus

k

m l
A—0,AC;>0 4 1 A—0,AC; <04 t 7 A—0,AC;>0 * A ’
i= j= iy=

where AC; > 0,1 =m — k. Since X; > 0, X;; > 0. The theorem is verified. [l
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Theorem 3.7. (Monotonicity) Let X;,Y; be Liu integrable uncertain processes,
and let uncertain process Yy — Xy and Liu process Cy be strong comonotonic in

[a,b]. If Yy > Xy, then
b b
/ Y, dC, Z/ X:dCy.

Proof. Since Y; > X;, we have Y; — X; > 0. It follows from Theorem 3.6 that

b b b

b b
/KgdCtZ/ X dCy.

The theorem is proved. (]

That is

Theorem 3.8. Let Liu integrable uncertain process X; and Liu process Cy be strong
comonotonic in [a,b]. If there exist real numbers m, M such that m < X; < M,
then

b
m(Cy — Cy) < / X,dCy < M(Cy — Cy).

Proof. Since m < Xy < M, it follows from Theorem 3.5 that

b b b

b b
/ mdCy = m(Cy — ca),/ MAC, = M(Cy — C,).

Furthermore,

Then the theorem is verified. O

Theorem 3.9. If uncertain processes Yy, Xy and Liu process Cy are strong comono-
tonic in [a,b], then

b b b
/(thxt)dctz/ YtdCt\// X,dC,.

Proof. Since Y; V Xy > X;,Y; V Xy > Y;, by Theorem 3.7

b b
/(thXt)dctz/ Y,dC,

a

b b
/(Yt \/Xt)dCtz/ X,dC;.
Then
b b b
/(thXt)dCtE/ YtdCtv/ X dC;.
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Corollary 3.10. If uncertain processes Yy, Xy and Liu process Cy are strong comono-
tonic in [a,b], then

b b b
/(Yt/\Xt)dC’tS/ YtdCt/\/ X,dC,.

Proof. Since Y; A X; < X, Y; A Xy <Yy, by Theorem 3.7

b b
/ (Y, A X,)dC, < / Y,dC,

b b
/(Y} /\Xt)dCtg/ X, dC,.
Then

b b b
/(Yt/\Xt)dCtg/ YtdCt/\/ X,dC,.
a a a |:|

Theorem 3.11. If uncertain process Xy and Liu process Cy are strong comonotonic

in [a,b], and X; > 0, then fac X, dC; > fab X, dC;, where a < b < c.
Proof. Tt follows from Theorem 2.11 that

c b c
/ XtdCt = / XtdCt + / XtdCt.
a a b

Since uncertain process X; and Liu process C; are strong comonotonic, X; > 0, we
have

/ X dCy > 0.
b

c b c
/ X dCy — / X dCy = / X;dC; > 0.
a a b

The theorem is proved. u

Then

Definition 3.12. If X, is an uncertain process, then | X;| is a measurable function
from T x (T, £, M) to the set of nonnegative real numbers, where T' denotes the
index set of time.

Theorem 3.13. If uncertain process Xy and Liu process Cy are strong comonotonic
in [a,b], Liu integral f: XdC; and f; | X:|dC; ewist, then

b b
[ xaci < [ 1xiac
a a

Proof. Since Liu integral f: X;dC exists, whether closed interval [a, b] is even par-
titioned or not, the results are the same. Let a = t; < t3 < -+ < tg41 = b,
and

|Ct, = Oy | = [Cry = Cpy| = -+ = |Cy,,, — Cy, |-
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Denote A = max tiy1 — ti|, ACy = Cy,,, — Cy,. By the definition of Liu integral,
b n
/a Xtdct = Alglo ;Xti : (Otz:+1 - Ctz)

m k
A—0,AC:>0 4 1 A—0,AC:<0 4 f 7
1= J]=

where m + k = n. Since X; and C} are strong comonotonic, we obviously have
X > X,, then for each Xy, there exists Xy, corresponding to Xy,. Thus

l

m k

lim X AC, + lim X, AC, = lim X, AC,

AHQAazoig Lt A%QAQSOE% L=t AHQAQEOEZ Ei
1= Jj=

=

where AC; > 0,1 =m — k. Then

b l
1=

b l
/ 1X,dCy = lim Y |X; |AC,
@ =1

A—0,AC,>0

where ACy > 0,1 = m — k. Since
!

l
A—0,AC;>0 A J A—0,AC;>0 * A J
1= 5=

we have

b b
|/ XtdCt|§/ 1X,[dC,.
a a l:l

Theorem 3.14. Let Liu integral f; X dC; exist. If X; > 0, and f: X, dC; > 0,
then there exists an interval (o, B] C [a,b], such that X; > 0, for any t € [a, f].

Proof. If X; = 0 for each ¢ € [a, b], then by the definition of Liu integral, f: X dCy =

0. There is a contradiction between f; X;dC, = 0 and fj X:dC, > 0. Thus there
exists an interval [a, 8] C [a,b], such that X; > 0, for any ¢ € [«, (]. O

Theorem 3.15. Let Liu integrable uncertain process X; and Liu process C; be
strong comonotonic in [a,b]. Assume Xy > 0, and X; > 0, for each t € [a, 3] C

[a.b]. If [}* X,dCy =0, for fized t1 € [ov, ], ta € [a,b], then ty = to.

Proof. Let t; # to. Without loss of generality, assume that ¢; < to. Since X; > 0,
it follows from Theorem 3.6 that

b
/ XdCy > 0.
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i) If t € [ov, B], then for each t € [t1,t2] C o, 8] C [a, b], we have X; > 0. By the
definition of Liu integral, we get [ :12 XdCy > 0. There is a contradiction between

ftz X,dC, > 0 and fttf X.dC; = 0. Therefore, t; = t.

t
') If 2 ¢ [a, 8], then ¢, < 8 < ts. By Theorem 2.11

to B ta
X dCy = X dCy —‘r/ X dCy.
B

t1 t1

For each t € [8,12] C [a, b], we have fﬁtz XdCy > 0, and foreach t € [t1, 8] C [a, 8] C
[a,b], we have X; > 0. By the definition of Liu integral, ff XdC; > 0. Thus

:12 X,;dC, > 0, there is a contradiction between fttlz X,;dC; > 0 and fttlz X,dC, = 0.
Therefore, t1 = to.
In case of t5 < t1, we can obtain the results in a similar proof. U

4. Conclusions

In this paper, the definition of strong comonotonic uncertain process was pre-
sented. Based on strong comonotonic uncertain process, some theorems about
mathematical operations such as addition, and scalar multiplication were deduced.
Furthermore, some useful properties of Liu integral were presented. These results
broaden the research field of uncertain calculus and promote the further develop-
ments of uncertainty theory.
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