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A COMPREHENSIVE EXPERIMENTAL COMPARISON OF THE
AGGREGATION TECHNIQUES FOR FACE RECOGNITION
P. KARCZMAREK, W. PEDRYCZ, A. KIERSZTYN, M. DOLECKI

Abstract. In face recognition, one of the most important problems to tackle
is a large amount of data and the redundancy of information contained in facial
images. There are numerous approaches attempting to reduce this redundancy.
One of them is information aggregation based on the results of classifiers built
on selected facial areas being the most salient regions from the point of view
of classification both by humans and computers. In this study, we report on
a series of experiments and oﬀer a comprehensive comparison between various
methods of aggregation of outputs of these classifiers based on essential facial
features such as eyebrows, eyes, nose, and mouth areas. For each of them, we
carry the recognition process utilizing the well-known Fisherfaces transformation. During the comparisons of the vectors representing the features of images
(faces) after the transformations, we consider 16 similarity/dissimilarity measures for which we select the best aggregation operator. The set of operators
to compare was selected on a basis of the comprehensive literature review
regarding aggregation functions.

1. Introduction
Face classification has been one of the most intensively, but still not completely
successful, investigated disciplines of a modern biometrics in the recent years by the
researchers from the whole world. This is implied by numerous factors such as its
wide usage in security systems, criminal investigations, and others. The accuracies
reported in the modern face recognition literature are very high and the methods
seem to be eﬃcient. However, there are still a few problems to be fully solved,
e.g., coping with aging process, pose, illumination and partial occlusion of the face,
and finally, large datasets to retrieve in a real-time applications. In a more general
perspective, the important problems of modern biometrics are listed in [6].
Information fusion techniques, in general, and the aggregation operators (functions) in particular, realizing these techniques, are used in many fields of science
such as economics, biology, education, computer science, and artificial intelligence
(mainly in multi-criteria decision making theory), etc., see [66]. In the field of face
recognition many works have been devoted to the problem of classification involving more than a single classifier. The classifiers can utilize facial regions images,
whole face 2D or 3D images, or an infrared image (see the section devoted to related work). The need for partitioning face into meaningful parts comes from the
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Facial features,
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Dataset

AT&T

Function
f (x, y) = min (x, y) min (1, xp + y q ) with p = 1, q = 2
Extreme value(copula )(EV-copula)
√
f (x, y) = min x y, y
Farlie-Gumbel-Morgenstern copula
CλF GM (x, y) = xy + λxy (1 − x) (1 − y) with λ = 43
General nonassociative symmetric copula
C (x, y) = pxy + (1 − p) min (x, y)
with p = 0.75
Weighted radical mean
1
)
RMw,γ (x1 , . . . , xn ) = (
1
n
∑
logγ

FERET

91.5
91.46

91.46

wi γ xi

i=1

with γ = 0.75
f (x, y) = min (x, y) min (1, xp + y q )
with p = 2, q = 1
Choquet integral with membership grades
µij = 1dij
1+

Acc.
91.52

91.45
91.45

di

where i denotes the classifier number, j is the index of the training image, di means the average distance within ith classifier,
and dij is a distance between a given image and jth training
image within ith classifier
Median med (x1 , . . . , xn )
Choquet(integral with
) membership grades

84.59

84.54

dij

µij =

1
2

1+

di

84.52

d
1 ij
di

Choquet(integral with
) membership grades
dij
1
µij = 2 1 + 1+ 1

84.5

dij

Voting: One vote for each minimum in one of 4 classifiers
Weighted average ∑
n
w i xi
mw (x1 , . . . , xn ) = n1 ∑i=1
n
wi

83.98
82.61

i=1

Table 1. Accuracy values obtained for Euclidean distance

following two facts. First, some small parts of the face can be visible, for instance a
person can wear sunglasses, a balaclava, a helmet, a veil, a mask, or the face might
not accurately aligned. Second, choosing a few parts of the face can significantly
reduce the size of data and in consequence the computation time. Bearing these
facts in mind, it can be seen that the need of an appropriate choice of aggregation
function may be fundamental for the construction of face recognition system. Such
function or operator should eﬃciently minimize the possibility of incorrect classification and maximize the likelihood of the correct finding the proper class of the
unknown person, namely his/her identification. Therefore, at the stage of aggregation of the results of particular classifiers such as eyes, nose, or mouth regions, the
aggregation function should ignore the single cases of misclassification being the
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Figure 1. Accuracies of repeated series of experiments for the
winning function f (x, y) (see Table 1)

results of individual classifiers and, at the same time, it should emphasize the summary results for the cases of individual’s classifications being positioned instantly
at the top of rankings of most of the classifiers.
The main objective of this study is to determine the best aggregation functions
in the process of integration of the information coming from various classifiers
depending on the distance measure used to compare the features representing the
testing and training images. We carefully examine the accuracies obtained in the
processes of recognition based on four facial regions, i.e. eyes, eyebrows, nose, and
mouth, using the well-known face recognition approach which is Fisherfaces. In a
series of experiments with the AT&T (formerly ORL) and FERET datasets we have
found the best aggregation techniques and corresponding distance measures giving
the highest results of recognition. It should be stressed that although the main
concepts identified above are well-known in the existing literature, a comprehensive
and quantitatively sound analysis leading to meaningful design guidelines has not
been provided so far. The originality of this study lies in a comprehensive and
very thorough, in-depth comparative study. We believe that this work may help
in making an appropriate choice as to the method of aggregation in any biometric
system involving a family of classifiers, e.g. in multimodal face recognition, etc.
Our motivation is not only to obtain the best possible biometric classification result
but to shed the light on the choice of aggregation operator in general, i.e., in any
system where the results of classification need to be aggregated. The study is highly
experimental and its novelty is implied by the scale of the conducted experiments.
Over 1, 000 various aggregation operators were tested. The work demonstrates that
the choice may vary depending upon the dataset or the form of classifier. Therefore,
the results may be of interest to researchers working on aggregation problems in
a broader context where the multi-criteria decision making theory has to address
the needs stemming from practical applications. The datasets of faces consist of
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Dataset

AT&T

FERET

Function
f (x, y) = min (x, y) min (1, xp + y q ) with p =
Weighted Yager
( (t-norm
)1/λ )
∑
λ
Y
Tλ,w = max 0, 1 − n
w
(1
−
x
)
i
i
i=1

9
,
10

q=

9
10

with λ = 10
( √
)
EV-copula f (x, y) = min x y, y
9
9
f (x, y) = min (x, y) min (1, xp + y q ) with p = 10
, q = 10
Commutative, non-associative copula
The same order of functions as in Table 1 with the average
accuracies 84.59, 84.29, 84.2, 84.03, 82.49, respectively

Acc.
91.54

91.54
91.5
91.5
91.41

Table 2. Accuracy obtained for squared Euclidean distance

Figure 2. Winning function and the values of aggregation results
with respect to parameters p and q (squared Euclidean distance)
relatively small set of images. However, these data are suﬃcient to arrive at some
regularities of the behavior of the selected aggregation operators.
The bibliography of the paper is extended. Nevertheless, we are also interested
in presentation in a form of a shortened survey this wide spectrum of aggregation
techniques applied to the computational face recognition problem and specification
of the most important, in our opinion, directions of development.
The paper is structured as follows. The related studies are described in Section
2. A discussion on the main properties of aggregation operators and a general
processing scheme is presented in Section 3. Various distance measures used in the
experiments are discussed in Section 4. The experimental results are presented in
detail in Section 5. Finally, in Section 6 we oﬀer some conclusions.
2. Related studies
Since face recognition is one of the most challenging problems in computer vision
for more than last three decades, there are many approaches to this field (see, e.g. a
wide survey in [73]). The most known examples are eigenfaces [67], Fisherfaces [7],
local descriptors and their modifications [1, 37] or recently intensively developed
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Dataset

AT&T

FERET

Function
Power-based OWA
))1/r
(∑n (
r
OW Ap (x1 , . . . , xn ) =
i=1 wi x(i)
(
)
2i
with r = 0.1, where wi = n(n+1)
and x(1) , . . . , x(n) is decreasing
Ordered weighted geometric
∏ mean
OW GM (x1 , . . . , xn ) = n
xwi
( i=1 (i)
)
i−1
with wi = 1 − n and x(1) , . . . , x(n) is increasing
(
)−1/α
[(1+x)−α −1][(1+y)−α −1]
Family Tα (x, y) = 1 +
−1
2−α −1

Acc.

with α = 10
OW GM (x1 , . . . , xn ) with w1 = 12 , w2 =
1
, . . . (the rest parameters are as above)
8
Frank t-norm (
)
x
y
−1)
TλF (x, y) = logλ 1 + (λ −1)(λ
λ−1

90.6
90.58

1
mw3
2

=

1
, w4
4

=

with λ = 0.0001
Function Gα (x, y) = log (eαx + eαy ) with α = 0.99
Exponential mean
( ∑
)
αxi
EM (x1 , . . . , xn ) = α1 log n1 n
i=1 e
with α = 10
Weighted Frank t-norm (
)
∏n
(λxi −1)wi
F
(x1 , . . . , xn ) = logλ 1 + i=1 ∑n wi −1 with λ = 0.25
Tλ,w
(1−λ)

i=1

(x1 ,...,xn )
Kolesárová function M (x1 , . . . , xn ) = (x1 ,...,xGM
n )−(1−x1 ,...,1−xn )
where GM (x1 , . . . , xn ) is the geometric mean
Weighted
radical
mean
RMw,γ (x1 , . . . , xn )
=
(
(∑
))−1
n
1/xi
logγ
w
γ
with
γ
=
5
i=1 i

90.7

90.66

90.58
86.48

86.36
86.27
86.26
86.26

Table 3. Accuracy for modified Euclidean distance

sparse representation [68] and deep learning [31, 64] studied on the LFW [30] or
CelebFaces [63] datasets. Finally, there are many algorithms, which try to combine
the results of classification based on more than one source of information on the
subject, in particular in the case when the parts of the face are the inputs to the
classification. One of them is an information fusion approach [45], where the final
result is obtained by combining the results of classification based on the particular
facial features, i.e. eyes, nose, mouth, and the whole face using the Choquet fuzzy
integral and fuzzy measure (see [17, 38, 54]) as a vehicle for aggregation operation
for the results of the specific classifiers.
The general theory of the aggregation operators can be found in several monographs [8, 12, 13, 25, 66] and in the papers and books devoted to the particular topics
related to aggregation functions such as triangular norms and copulas [4, 41, 42],
fuzzy sets, fuzzy measure, and fuzzy integral [24, 47, 57], OWA (ordered weighted
averaging operators [70], and other techniques known from the multi-criteria decision making theory, e.g. [19].
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Figure 3. Power-based OWA and the dependence of its results
on the parameter r (modified Euclidean distance)
Dataset

AT&T

Function
Y
Weighted Yager t-norm Tλ,w
with λ = 10 (see Table 2)
EV-copula
( √
)
f (x, y) = min x y, y
Ordered weighted geometric mean OW GM (x1 , . . . , xn ) with
wi = 1 − i−1
n
(see Table 3)
Power-based OW A (see Table 3)
Frank t-norm TλF (x, y) with λ = 0.0001
Choquet integral with membership grades
µ = 1dij

Acc.

(see Table 1)
Median med (x1 , . . . , xn )
Choquet
( integral with
) membership grades

80.31
79.94

85.32
85.29

85.25
85.24
85.21

1+ d
i

FERET

µ=

1
2

1+

dij
di
d
1+ dij
i

79.75

(see Table 1)
Choquet
( integral )with membership grades
µ=

1
2

1+

dij
1+dij

(see Table 1)
Y
Weighted Yager t-norm Tλ,w
(x, y) with λ =

79.42
1
4

78.08

Table 4. Accuracy for weighted squared Euclidean distance

In the pattern recognition literature, there are two approaches to the information
fusion. First of them is a data-level approach which is based on the combination
of the information contained in the considered features (images, facial parts, etc.).
The second one is a score-level approach. Here the results of classification form the
inputs to the final classification result. The last one is obtained using aggregation
operations only.

A Comprehensive Experimental Comparison of the Aggregation Techniques for Face Recognition 53

Figure 4. Results for modified Hamacher function as aggregator
of classifiers in various similarity measures

In the face recognition literature many applications of the aggregation functions
or, generally speaking, information aggregation, are described. The first type of applications is to combine the outcomes of various classifiers based on the same whole
face image but using various techniques of description or comparison of one image
with another images. The other approach is to combine the results of the classifiers
based on the diﬀerent images of the same person. Here the important problem is
to aggregate the information obtained from the standard 2D photo of the person
and his/her infrared image or from 2D and 3D images. Finally, the last approach
is to combine the results of classification obtained utilizing only the information
contained in two or more facial features or, optionally, contained in the whole facial
image. Let us recall the main results reported in the literature. In [11] template
matching strategy was applied to produce significant improvement of recognition
result when the particular feature (eyes, nose, and mouth) scores and the whole face
score are added. In [58] the eigenfeatures approach, i.e., the eigenfaces method for
the most important facial features, was used. The authors proposed a few strategies
to aggregate classification results. Similar methods were presented in [23] and [39].
In [26] radial basis function (RBF) neural network-based classifiers for various facial domains were applied and then fused together through the majority rule. The
system based on the aggregation of classifiers such as eyes and forehead, nose, and
mouth images, using fuzzy measure and Choquet integral for fusion of classifiers
was proposed in [53]. The authors of [45] integrated the results of classification
based on the Fisherfaces method applied to the images of particular facial features,
i.e. eyes, nose, mouth, and the whole face, using Choquet fuzzy integral and fuzzy
measure. Similarly, they proposed the aggregation for the Fisherfaces results of four
classifications for the respective 3 kinds of wavelet decompositions of the images and
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Dataset

AT&T

FERET

Function
Modification of Hamacher t-norm
xy
Tλ (x, y) = λ+(1+λ)(x+y−xy)
3
with λ = 5
Modification of Hamacher t-norm with λ = 21
Weighted radical mean RMw,γ (x1 , . . . , xn ) with γ = 1.01
(see Table 1)
∑
Weighted harmonic mean n
i=1 wi /xi
EV-copula
( √
)
f (x, y) = min x y, y
Choquet integral (see Table 1)
Median med (x1 , . . . , xn )
Choquet
( integral with
) membership grades
µ=

1
2

1+

dij
di
d
1+ dij
i

Acc.

90.91
90.91
90.9
90.9
90.89
82.96
82.9
82.88

Choquet
( integral )with membership grades
dij
1
µ = 2 1 + 1+d
ij

82.79

Voting: One vote for each minimum in one of 4 classifiers

82.18

Table 5. Accuracy produced for Manhattan distance

the original images from the database [44, 45]. In [52] neural networks were applied
to the facial modules such as eyes, nose, and mouth regions, then the results were
integrated using the fuzzy integral in a similar way. In [21] the 8 × 8 blocks of pixels
are described using the discrete cosine transform and the final combined result is
obtained using the sum rule [40]. Similar results for 14 facial parts are obtained
in [22]. In [72] it was presented combination by majority voting of the eigenfaces
method with eyes, mouth, nose, and forehead eigenfeature. The LDA method for
the whole face and its main components was discussed in [18]. The authors produced the final results using an OR gate. In [33] an aggregation based on majority
voting and Bayesian product for the PCA, LDA, kernel-PCA, and Isomap methods
for dimensionality reduction and histogram equalization and Sobel edge detector
at the stage of image description was proposed. Color, local spatial and global frequency information fusion was comprehensively discussed in [48]. At the decision
level the authors proposed the weighted sum rule for fusion of similarity matrices.
In the work [38] an application of the Sugeno fuzzy measure [62] to the process
of aggregation of the classifiers based on eyebrows, eyes, nose, mouth, right and
left cheeks regions was examined. The aggregation was prepared both at the level
of data and at the level of classification. An automatic manner of determination
of fuzzy measure parameters were proposed in [34, 35]. A similar processes with
an application of a so-called generalized Choquet integral were examined in [36].
In [32] it was proposed to join a pixel-level and a feature-level fusion at the toplevel’s wavelet sub-bands. The authors reduced the problem of finding the best
pixel-level fusion coeﬃcients to the PCA- and LDA-based optimization problems.
Furthermore, there are many results involving SVMs. For instance, in [28] proposed
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was a system where at the phase of detection, the facial features are inputs to the
SVM classifiers, and next, at the phase of recognition, the normalized results are
again the inputs for the SVM classifier. Similarly, in [27] 9 facial features and the
global feature were taken into account. The gray pixel values of the components
were combined into a single vector. A set of respective 10 second-degree polynomial SVM classifiers was trained using these vectors. Finally, the outputs of the
SVM classifiers were compared. A similar method was presented in [29]. Newer
methods of face recognition based on data-level fusion or score-level fusion were
discussed in [3] (spatially optimized fusion of texture and shape), [15] (kernel fusion of multiple descriptors), [46] (application of SVM and its modifications for 3D
face recognition), [56] (aggregation of polynomial-based RBF neural networks), [71]
(feature fusion based on polynomial correlation filter), [74] (fusion of the results of
proposed by the authors 2D-PCA modifications), [61] (a selection and fusion of ensembles produced through Boolean classifiers combination), or [16] (fusion of local
descriptions of before-makeup and after makeup images). An interesting example
of study of descriptive capabilities of 15 facial features from a forensic point of view
can be found in [65]. Again, Choquet integral has been recently eﬃciently utilized
as an integration method in modular neural networks in [50, 51]. [43] proposed
Granular Computing techniques to work with various features of a face. Various
aggregation functions were interestingly used to model craniofacial correspondence
in craniofacial superimposition in [14]. In [20] proposed was a set of utility functions, which can be eﬀectively used as aggregation operators. A three-valued logic
and fuzzy set-based decision mechanisms were proposed in [2]. Finally, there are
some studies discussing the impact of various distance measures on the quality of
biometric systems, see, e.g. [1, 9, 10, 55, 59, 69]. Their general conclusion is that
the appropriate choice of the distance measure may have a significant influence on
the eﬃciency of the method.

3. Aggregation of classifiers
Let us consider the following situation. Given is a face recognition system comparing the facial regions images. Assume that someone has been classified as person
A when taking into account his/her eyes region. But he/she has been also classified
as a person B when taking into account his/her nose region. Of course, we can consider many other examples of misclassification. But the main question remains the
same. How to correctly classify this person? One of the natural ways of solving this
problem may be a choice of an aggregation function, i.e. the function returning as
a result the proper class taking as the input the results of the particular classifiers,
e.g. the distances between the features vectors or the rankings. However, this is
only our wish, since even if we have the best aggregation function, the results of
the particular classifiers could be incorrect, and then the final classification result
will probably be incorrect as well. On the other hand, it is intuitively obvious, that
the general accuracy of classification should be improved if the number of classifiers
increases (at least to some level).
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Dataset

Function
Weighted radical mean RMw,γ (x1 , . . . , xn ) with γ = 1.01
Weighted harmonic mean
T-norm
(
) −1
((1+βx)−α −1)((1+βy)−α −1) α
Tα,β (x, y) = β1 1 +
− β1
−α
(1+β)
−1

Acc.
90.61
90.59

AT&T

with α = −10, β = − 21
Ordered
weighted harmonic mean
∑n ( wi )

90.5

i=1

FERET

x(i)

9
7
with w1 = 1, w2 = 10
, w3 = 45 , w4 = 10
Family
α
Fα (x, y) = log eα/x +e
α/y −eα
(
)
1
with α = 10
Extension of the Wiener-Shannon
(
) law
Fα (x, y) = − α1 log e−αx + e−αy
with α = 0.99
Quasi-arithmetic
mean Mg (x1 , . . . , xn )

√∏n
n
 √
i=1 xi
√∏n
, if {0, 1} ̸⊆ {x1 , . . . , xn }
∏n
n
xi + n
=
i=1 (1−xi )
 0, i=1
otherwise
Weighted radical mean RMw,γ (x1 , . . . , xn ) with γ = 7
Kolesárová function M (x1 , . . . , xn ) (see Table 3)
Weighted Frank t-norm with λ = 41 (see Table 3)

90.48

90.48

84.99

84.7
84.7
84.7
84.68

Table 6. Accuracies for modified Manhattan distance

In the simplest form, an aggregation function is defined as the function f :
n
[0, 1] → [0, 1] exhibiting the following properties
f (0, 0, . . . , 0) = 0,

f (1, 1, . . . , 1) = 1,

and
n

∀x, y ∈ [0, 1] x ≤ y =⇒ f (x) ≤ f (y) ,
i.e. it has the properties of bounds preservation and monotonicity [8]. Typical
representations are the basic mathematical means. There are many classes of aggregation operators such as averaging, conjunctive, disjunctive, or mixed. As a
consequence, they can have various properties such as idempotency, symmetry,
neutral element, etc. From the point of view of potential applications, the properties of continuity and stability may be very important. These two conditions assure
that the small change in the values of the input variables implies a small change in
the result produced by the aggregation function. Of course, these conditions can
be defined in a more specific manner (say, a function can be continuous, Lipschitz
continuous, etc.).
The situation considered above is a typical problem of the multicriteria decision
making theory and information fusion. In such kinds of applications the authors
of [25] advise the usage of aggregation functions like weighted arithmetic mean or
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Dataset

AT&T

Function
Weighted harmonic mean
Weighted radical mean RMw,γ (x1 , . . . , xn ) with γ = 1.01
OWGM with w1 = 1, w2 = 34 , w3 = 21 , w4 = 14
Power-based OWA (see Table 3 with w1 = 12 , w2 = 1, w3 =
3
, w4 = 2
2
xy
Mod. Hamacher t-norm Tλ (x, y) = λ+(1+λ)(x+y−xy)
with λ =

Acc.
82.94
82.93
82.6
82.6
82.56

1
2

Table 7. Accuracies for weighted Manhattan distance

Dataset

AT&T

Function
Mod. Hamacher t-norm with λ = 21 or λ = 35
Mod. Hamacher t-norm with
1
∏ λ=
wi
Fuction f (x1 , . . . , xn ) = n
x
i=1 i , weighted geometric mean,
weighted product
(∏
p)
wi xi
n
Weighted Gini mean G (x1 , . . . , xn ) =
with p =
i=1 xi

Acc.
87.67
87.6
87.58
87.57

1
10

Mod. Hamacher t-norm with λ = 2

87.56

Table 8. Accuracies for Chebyshev distance

other means or averages, integral-type aggregation functions (e.g. Choquet integral), etc. On the other hand, at the stage of data fusion in this situation the
authors advise to use, for instance, Choquet integral.
In this paper, we comprehensively revisit the aggregation problem presented
above. The main processing phases are as follows. First, an interior face without
the ears, hair, and neck is cropped, scaled, and an image histogram is equalized.
Next, positions of the most important face areas, namely eyes, eyebrows, nose,
and mouth are manually determined. The specific parameters of these areas were
chosen using the results of some introductory experiments. Then, for the four kinds
of images containing selected face parts the well-known Fisherfaces dimensionality
reduction method is executed. The feature vectors being the result of the method
and corresponding to the images contained in the training and testing sets are
then compared using 16 distance measures (which are listed in the next section).
The distances are normalized to the interval [0,1]. Finally, these results (i.e. the
distances between the training and testing images) are aggregated using one of over
1000 aggregation operators chosen from the database of aggregation functions. As
the database of these functions we used the well-known monographs devoted to the
aggregation operators and their applications, namely [4, 8, 25, 57]. Obviously, we
do not present all the formulas and confine our presentation to demonstrate the
best results only.
One of the most discussed aggregation operators in this study is Choquet integral.
Let us recall this concept. Consider that X = {x1 , . . . , xn } denotes the whole face,
where x1 , . . . , xn mean the particular facial segments such as eyes, nose, etc. Then

58

P.Karczmarek, W. Pedrycz, A. Kiersztyn, M. Dolecki

the fuzzy measure can be defined as a set function g : P (X) → [0, 1] fulfilling the
relations:
(1) 1g (∅) = 0, g (X) = 1;
(2) 2g (A) ≤ g (B) for A ⊂ B, where A, B ∈ P (X).
λ-fuzzy measure introduced by Sugeno (1974) satisfies the following rule
g (A ∪ B) = g (A) + g (B) + λg (A) g (B) ,

λ > −1,

where A and B are disjoint sets. The value of λ can be easily obtained as a unique
solution for λ > −1, λ ̸= 0, of the equation [62]
1+λ=

n
∏

(1 + λgi ) ,

gi = g ({xi }) .

i=1

The values gi have to be set. If we denote Ai = {x1 , . . . , xn } , Ai+1 = {x1 , . . . , xn , xn+1 } ,
one can use the formula for overlapping regions
g (Ai+1 ) = g (Ai ) + gi+1 + λg (Ai ) gi+1 ,
assuming g (A1 ) = g1 . Finally, the Choquet integral is defined as
∫
n
∑
(h (xi ) − h (xi+1 )) g (Ai ) , h (xn+1 ) = 0,
Ch h ◦ g =
i=1

where h : X → [0, 1] is a measurable function and the values of it are rearranged
to satisfy the inequality h (xi ) ≥ h (xi+1 ) , i = 1, . . . , n. In our experiments, we use
the nomenclature from [45], namely
1 ∑
h (yik ) =
µij ,
Nk
µij ∈Ck

where Nk is a number of images in kth class Ck , µij is calculated based on the di ,
di stands for the average distance within ith classifier, and dij is a distance between
a given image and jth training image within ith classifier (see Table 1).
4. Distance measures
There are many distance measures, or, more generally, similarity/dissimilarity
measures which may be applied to quantify the closeness of two vectors x =
(x1 , . . . , xn ) , y = (y1 , . . . , yn ) ∈ Rn . In the series of experimental tests we use
the following functions
(∑
)1
n
2 2
(1) Euclidean d (x, y) =
(x
−
y
)
,
i
1
i=1
∑n
2
(2) Squared Euclidean d (x, y) = i=1 (xi − y1 ) ,
∑n
2
(3) Manhattan d (x, y) = i=1 |xi − y1 | ,
(4) Chebyshev d (x, y) = maxi ∑
|xi − yi | ,
n
(xi yi )
(5) Cosine d (x, y) = 1 − ∑n i=11 ∑
1 ,
2
yi2 ) 2
( i=1 xi ) 2 ( ni=1∑
(6) Weighted cosine d (x, y) = 1 −

xi yi
n
√
i=1
wi
1 ∑
∑n
n
2 2
x
i=1 i
i=1

(

) (

1

yi2 ) 2

,
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Dataset

AT&T

FERET

Function
Mod. Hamacher t-norm with λ = 12
Mod. Hamacher t-norm with λ = 35
Mod. Hamacher
with λ = 1
{ α t-norm
x y 1−α f or x ≤ y
A (x, y) =
x1−β y β otherwise
3
with α = 4 , β = 41
EV-copula
( √
)
f (x, y) = min x y, y
Voting
Choquet(integral with
) membership grades

Acc.
93.81
93.81
93.8

µij =

90.79

1
2

1+

93.8
93.79
90.96

dij
1+dij

Choquet(integral with
) membership grades
d
µij =

1
2

1+

ij
di
d
1+ dij
i

90.72

Median
Choquet integral (see the first one in Table 1)

90.66
90.35

Table 9. Accuracies for cosine distance

(7) Correlation d (x, y) = 1 −
∑n

∑n

∑n
1
yi − n
j=1 xj
j=1 yj
)
(
1
∑n
∑n
2 2 ∑n
n
1
1
x
y
−
x
−
i
i
j=1 j
i=1
j=1
i=1
n
n

(∑

i=1

((xi − n1

(

∑n

)

)(

))

(

2

yj )

)1

,

2

|x −y |

i
i
(8) Bray-Curtis d (x, y) = ∑i=1
,
n
i=1 |xi +yi |
∑n |xi −yi |
(9) Canberra d (x, y) = i=1 |xi |+|yi | ,
2
∑n
i)
(10) χ2 -statistics d (x, y) = i=1 (xxii−y
+yi ,

∑n
(xi −yi )2
∑n i=1 2 ∑
n
2,
x
i=1∑i
i=1 yi
n
2
|x
−y
i
1|
i=1 ∑
= ∑n |x
n
2
2,
i=1 i |
i=1 |y1 |

(11) Modified Euclidean d (x, y) =
(12)
(13)
(14)
(15)

Modified Manhattan d (x, y)
Median of absolute diﬀerences d (x, y) = medi |xi − yi | ,
2
Median of square diﬀerences d (x, y) = medi (xi − yi ) ,
∑n
i|
Weighted Manhattan d (x, y) = i=1 = |x√i −y
wi ,
2
∑n
i)
(16) Weighted squared Euclidean d (x, y) = i=1 = (xi√−y
wi ,
where wi , i = 1, . . . , n are the corresponding eigenvalues calculated when LDA
method is processed.
The choice of these functions is motivated by their common usage in the literature
and their presence in survey papers (see the related work section). We are interested
in studying the dependence between the choice of distance measure at the stage of
classification based on facial features and the aggregation function, which integrates
these results giving the final score.
5. Experiments
5.1. Experimental setup. The main aim of the series of experiments reported in
this work is to determine the accuracies of recognition after an aggregation of the
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Dataset

AT&T

FERET

Function
1
1
OWA function with w1 = 14 , w2 = 18 , w3 = 12
, w4 = 16
Special
OWGM
OW GM (x1 , . . . , xn )
=
1
(min (x1 , . . . , xn ))1−α ((x1 , . . . , xn ))α with α = 10
OWA function with w1 = 1, w2 = 34 , w3 = 12 , w4 = 41
1
OWA function with w1 = 1, w2 = 42
, w3 = 41 , w4 = 81
Weighted
exponential
mean
E (x1 , . . . , xn )
=
∑
wi log αxi
log n
with
α
=
10
i=1
log α
First four functions as in Table 9 and weighted average with
results 87.77, 87.71, 87.7, 87.67, 87.67, respectively.

Acc.
84.79
84.65
84.61
84.56
84.31

Table 10. Accuracies for weighted cosine distance

Dataset

AT&T

FERET

Function
( √
)
EC-copula{f (x, y) = min x y, y
α 1−α
x y
, f or x ≤ y
A (x, y) =
with α = 0.75, β = 0.25
x1−β y β , otherwise
xy
with λ =
Mod. Hamacher t-norm Tλ (x, y) = λ+(1+λ)(x+y−xy)
1
Weighted geometric mean
Mod. Hamacher t-norm Tλ (x, y) with λ = 12
1
(∏
p)
wi xi ∑n wi xp
n
i=1
i
Weighted Gini mean G (x1 , . . . , xn ) =
i=1 xi
with p = 0.01
The order of functions is the same as in Table 9 with the results
as follows 90.73, 90.59, 90.51, 90.49, 90.14

Acc.
93.8
93.79
93.76
93.76
93.75
93.75

Table 11. Accuracies produced for correlation distance

results of classification for 4 facial segments such as eyebrows, eyes, nose, and mouth
areas. The properties of aggregation functions applied to integration of the partial
results obtained by the classifiers corresponding to the most salient facial parts
are comprehensively examined and compared. The performance of the aggregation
functions is evaluated with the use of the well-known AT&T [5] and FERET [60]
databases. The AT&T database contains 400 images of 40 subjects taken with
diﬀerent pose, expression, or illumination. When using the FERET database, we
limited the set of the images to the so-called ba, bk, and bj subsets of the dataset. It
contains 600 images of 200 people taken under diﬀerent illumination and expression
conditions.
In our previous work [38] we found the recognition rates for PCA followed by
LDA method based on these facial regions images. The accuracies are the input
weights for all the weighted aggregation functions, e.g. weighted average, Choquet
integral, etc. The weights for, respectively, eyebrows, eyes, nose, and mouth are:
0.26, 0.28, 0.25, 0.21 (eigenfaces for AT&T), 0.28, 0.28, 0.23, 0.21, (Fisherfaces
for AT&T), 0.49, 0.26, 0.18, 0.07 (eigenfaces for FERET), and 0.42, 0.3, 0.18, 0.1
(Fisherfaces for FERET).
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Dataset

AT&T

Function
xy
Function T (x, y) = x+y−xy
( √
)
EV-copula f (x, y) = min x y, y
Weighted harmonic mean
Weighted radical mean RMw,γ = (x1 , . . . , xn ) with γ = 1.01
A (x, y) (see Table 9) with α = 43 , β = 41
Choquet(integral with
) membership grades
µij =

FERET

1
2

1+

dij
1+dij

Acc.
93.83
93.69
93.63
93.63
93.61
90.2

Choquet(integral with
) membership grades
d
µij =

1
2

1+

ij
di
d
1+ dij
i

Median
Voting
Choquet integral (see the first one in Table 1)

90.15
90.13
90.13
90.05

Table 12. Accuracies reported for Bray-Curtis distance

Figure 5. A(x, y) results for PCA+LDA in Bray-Curtis similarity measure
As the results of the main experimental series, we present the average accuracies
obtained for the combinations of the results of classifiers based on the four facial
regions using the PCA followed by LDA method. Each of the testing cases was executed separately for the above mentioned 16 distance measures. Moreover, we make
the partitioning of the collection AT&T images choosing randomly five photographs
of each person to the training set and five photos remaining to the testing image set,
respectively. The experiments with the FERET database we do similarly taking
two images of the same person to the training set and the last one to the testing
set. Such iteration was repeated 200 times and the final rates of recognition are
computed as the averages of all the results. In the sequel, we repeat the tests with
the new random choice of the images for the cases of functions having additional
parameters to find the proper and optimal values for them. The computations
were repeated for the selected functions and their modifications and only for the
selected databases and distance measures. Recall that the weights wi , i = 1, . . . , n,
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Dataset

AT&T

FERET

Function
Mod. Hamacher t-norm
xy
Tλ (x, y) = λ+(1+λ)(x+y−xy)
with λ = 20
Mod. Hamacher t-norm Tλ (x, y) with λ = e or λ = 4
Y
Weighted Yager t-norm Tλ,w
(see Table 2) with λ = 2
Mod. Hamacher t-norm Tλ (x, y) with λ = 2
Mod. Hamacher t-norm Tλ (x, y) with λ = 1
Voting
Weighted average
(
Choquet integral with membership grades µij =
Choquet
(
1
2

1+

integral
)

with

membership

1
2

grades

1+

Acc.

dij
1+dij

µij

)

91.43
91.41
91.4
91.4
91.37
83.92
83.76
83.44

=

83.36

dij
di
d
1+ dij
i

Median

83.32

Table 13. Accuracies for Canberra distance

are the corresponding eigenvalues calculated when the LDA method is processed
unless their values are explicitly given.
5.2. Experimental results. The results obtained for the first distance measure,
namely the Euclidean distance, are presented in Table 1. Similarly, the results
obtained using squared Euclidean distance are gathered in Table 2. Top lists of
results for modified Euclidean, weighted squared Euclidean, Manhattan, modification of the Manhattan, weighted version of Manhattan, Chebyshev, cosine, weighted
cosine, correlation, Bray-Curtis, Canberra, χ2 -statistic, medians of absolute diﬀerences, and square diﬀerences similarity measures are presented in Table 3, Table 4,
Table 5, Table 6, Table 7, Table 8, Table 9, Table 10, Table 11, Table 12, Table 13,
Table 14, Table 15, and Table 16, respectively. The average standard deviations
with respect to all discussed similarity/dissimilarity measures obtained during the
tests are gathered in Table 17. The last statistics (Table 18) presented here are the
all results obtained with, in our opinion, 3 very eﬃcient aggregation operators such
as median, voting, and Choquet integral (the latter calculated as in Table 1 best
result for FERET dataset).
5.3. Analysis of the results. In the case of AT&T dataset and Euclidean distance
(Table 1) a dominating function is f (x, y) = min (x, y) min (1, xp + y p ) with p =
1, q = 2, or inversely, p = 2, q = 1. Here, we prepared additional series of tests
to find the best choice of the parameters p and q. One can see that the best
results are obtained when p and q are relatively close to each other (lay near the
main diagonal) in between of values 1 and 3 (see Figure 1). On the other hand,
in the case of FERET dataset Choquet integral gives very good results (two of
its three best versions are built using the mechanism of compensation). Moreover,
one can see that the classic functions like median or weighted average may be
helpful here. It is worth to recall the definition of fuzzy measure, particularly λfuzzy measure. Relatively similar results can be obtained using squared Euclidean
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Dataset

AT&T

Function
Mod. Hamacher t-norm Tλ (x, y)
with λ = 0.0001
Power-based OWA (see Table 3)
f (x, y) = min (x, y) min (1, xp + y q )
with p = 12 , q = 12
f (x, y) = min (x, y) (xp + y q − xp y q )
with p = 21 , q = 12
((
)− 1 )
Clayton copula Cα (x, y) = max x−α + y −α − 1 α , 0
with α =

1
4

82.06
81.7
81.63
81.63
81.59

(
)− 1
Family Fα (x, y) = x−α + y −α − 1 α
with α = 41
1
−α
−α − α
Family Fα (x, y) = 1 − e−[(− log(1−x)) +(− log(1−y)) ]
with α = 41
(
)λ
Dombi t-norm with generator gλT (t) = 1−t
t
with λ = 41
1
) with α =
Family Fα (x, y) = ( (
(
) )1
1 −1 α + 1 −1 α α
1+ 1+( x
)
y

Acc.

81.59
81.59

1
4

81.59
81.59

Table 14. Accuracies for χ2 -statistics distance

Dataset

AT&T

Function
Mod. Hamacher t-norm Tλ (x, y)
with λ = 21
Weighted harmonic mean
Weighted radical mean RMw,γ (x1 , . . . , xn )
with γ = 1.01
Mod. Hamacher t-norm Tλ (x, y)
with λ = 1
Aczél-Alsina t-norm (Gumbel-Hougaard copula) with the gen1
erator gλAA (t) = (− log
with λ = 2
t)λ

Acc.
83.12
83.09
83.08
83.07
83.03

Table 15. Accuracies for median of absolute diﬀerences

distance (see Table 2). As it can be seen in the table the results for FERET
dataset are similar to the case of classic Euclidean distance. However, in the case
of AT&T database we have the situation that the multiplication of minima of
the form f (x, y) = min (x, y) min (1, xp + y p ) produces the best results. For this
function we have prepared the additional set of experiments to find the proper
parameters for computations with aggregation of classifiers. Its structure of best
results is similar to the plot obtained in case of Euclidean distance (see Figure
2). In the case of modified Euclidean distance (Table 3), we have a domination of
various ordered weighted means and families of Frank functions. Repeated results
for Power-based OWA related to the parameter r are covered in Figure 3. The most
appropriate choices are the values of r less than 0.4. For the FERET dataset the
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Dataset

AT&T

Function
Aczél-Alsina t-norm (Gumbel-Hougaard copula) with the generator gλAA (t) = (− log t)−λ with λ = 2
(
)
Hamacher t-norm Tλ (x, y) with a generator log λ+(1−λ))t
t
with λ = 0.1
1
Dombi t-norm T (x, y) = (
(
)α ) 1 with p = 0.5
α
p
1+ ( 1−x
+ 1−y
x )
y
(
(
(
)α ) 1 )−1
(
)α
α
Family Fα (x, y) =
1 + 1 + x1 − 1 + y1 − 1

Acc.
83.03
83.00
82.98
82.98

with α = 2

)
(
Family Fα (x, y) = exp 1 − ((1 − log x)α + (1 − log y)α − 1)1/α 82.96
with α = 2

Table 16. Accuracies for median of square diﬀerences

Figure 6. Aczél-Alsina t-norm results of application for
PCA+LDA-based face recognition (median of square diﬀerences)
best results are obtained by using the function Gα (x, y) with α = 0.99. However,
such a good result can be produced only for α near the value of 1. Table 4 (weighted
squared Euclidean distance) shows the importance of many t-norms, combinations
of multiplication and power functions, and finally, OWA and OWGM functions. In
case of FERET one can see, again, that an application of the Choquet integral to
the process of aggregation may be a very good choice. In case of the Manhattan
distance (Table 5) we can observe that the modified version of Hamacher t-norm
and weighted means are again very good aggregators. As in some previous cases,
we have repeated the tests for detailed values of parameters for winning function.
The modified Hamacher results comparison is depicted in Figure 4. The plots show
that for vast majority of parameters this function is relatively stable aggregator for
almost all similarity/dissimilarity measures. Modified Manhattan distance (Table
6) gives other results, namely we see that many various families of means can
be chosen. LDA is well supported by weighted radical mean, weighted harmonic
mean, and an extension of Wiener – Shannon low. When comparing results for
weighted Manhattan distance function (Table 7) we see that they are similar to
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Dataset
Distance function
Euclidean
Squared Euclidean
Modified Euclidean
Weighted squared Euclidean
Manhattan
Modified Manhattan
Weighted Manhattan
Chebyshev
Cosine
Weighted cosine
Correlation
Bray-Curtis
Canberra
χ2 -statistics
Median of absolute diﬀerences
Median of square diﬀerences

AT&T
PCA+LDA
2.67
2.81
2.55
3.85
2.42
2.32
3.19
3.88
2.03
5.51
2.02
2.08
2.08
4.51
2.69
2.72

FERET
PCA +LDA
2.58
2.62
2.43
2.78
2.59
2.51
2.75
3.05
2.37
2.85
2.38
2.6
2.6
-

Table 17. Average standard deviations obtained in tests
Name
Eucl.
S. Eucl.
Manh.
Cheb.
Cos.
Corr.
Bray-C.
Canb.
Chi-s.
M. Eucl.
M. Manh.
Med. a.
Med. s.
W. Manh.
W. Eucl.
W. cos.

Median
88.9
88.4
87.8
83.9
92.3
92.2
91.9
89
73.9
86.2
86.7
78
77.3
77.1
79.7
78.1

Voting
87
87
86.1
81.6
88.6
88.4
88.4
83.8
77.5
86
85.5
72.2
72.2
75.7
79.8
75.1

Choquet
87.4
86.5
86.5
83.3
92.7
92.6
92.6
91.3
67
81.6
84.8
80.2
78.9
75.3
76.7
81.7

Median
84.5
84.3
82.9
79
90.7
90.5
90.1
83.3
51.3
83.1
82.9
68.4
68.1
77.5
79.9
87.7

Voting
84
82.5
82.2
77.8
91
90.7
90.1
83.9
40.9
79.3
81.3
67.5
64.8
76.3
77
87.8

Choquet
84.6
84.6
83
79.1
90.3
90.1
90
83.3
63.2
84.3
83.1
68.3
68.4
77.6
80.3
87.6

Table 18. Recognition rates for commonly encountered aggregation operators, i.e. median, voting, and Choquet integral. The first
three columns correspond to PCA+LDA on the AT&T dataset,
while last three columns refer to PCA+LDA for FERET

the version of the function with no weights. Modified Hamacher t-norm, Gini
mean, and various weighted averages give the best accuracies in case of Chebyshev
distance (Table 8). Considering cosine measure (Table 9) one can note that voting,
median, and various Choquet integrals are the best alternatives in case of the cosine
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distance for FERET dataset. Weighted geometric mean and modified Hamacher
function are the best in case of AT&T database. In case of weighted cosine measure
(Table 10) one can observe that the results are very similar to the non-weighted
case. Again, good choices are the modified Hamacher t-norm, voting, median, and
Choquet integral. Very similar results are obtained for correlation distance (Table
11). Weighted geometric mean, ev-copula are the best for AT&T. The Fisherfaces
method for many parts of face can be supported by aggregation functions such as
median, voting, and Choquet integral. Choquet integral is dominating aggregation
operator in the case of FERET and, well-known from previous examples, A (x, y)
and T (x, y) are dominating in the case of AT&T dataset for Bray-Curtis distance
(Table 12). A plot showing detailed eﬃciency of A (x, y) is Figure 5. Next, voting,
Choquet integral, and many forms of modified Hamacher functions are good choices
in case of Canberra distance (Table 13). In the case of χ2 -statistics
again,
( √distance
)
the modification of a Hamacher function and f (x, y) = min x y, y are good
choices. However, the results at the level of 80 − 81% accuracy are, in general,
not satisfying. Table 14 shows that the median of absolute diﬀerences is a helpful
aggregating function only in the case of Fisherfaces for AT&T dataset. Here, a
modified form of Hamacher t-norm and, among others, weighted harmonic and
radical mean are winning in our experiments. Aczél-Alsina t-norm appears in the
case of median of square diﬀerences (Table 15) and median of absolute diﬀerences
in top-5 results. However, it does not give the results at a satisfactory level (at
least 90% recognition rate). The plot showing the dependence of the recognition
rate on the parameter λ is shown in Figure 6. The best choice is the value λ = 1.6.
Let us now consider the average standard deviations with respect to all discussed
similarity or dissimilarity measures obtained during the tests (see Table 17). When
calculating the averages we have taken into account only these measures for which
the overall accuracy was greater than 70%. The standard deviations show that the
order of winning functions might be slightly diﬀerent if the tests would be repeated
again. On the other hand, the presence of many functions such as Choquet integral
in top-5 results often than one is, in our opinion, not accidental. Finally, the last
statistics (Table 18) presented here are the all results obtained with, in our opinion,
3 very eﬃcient aggregation operators such as median, voting, and Choquet integral
(the latter calculated as in Table 1 best result for FERET dataset). PCA+LDA
for this dataset can be realized by both median and Choquet integral. However, in
the most diﬃcult case of PCA+LDA for FERET the Choquet integral wins in 10
similarity measures.
As one can observe, the results are, in general, diﬀerent for the AT&T and
FERET datasets. The reason may be as follows. First, in the case of AT&T there
are 10 images per person while in the case of FERET there are only 3 images (one
testing and two training). It implies that the general results of classification are
relatively worse. Moreover, the variations in expression are greater in the case of
FERET. Finally, the FERET images are preprocessed using scaling, cropping and
histogram equalization while the AT&T images are only scaled and cropped.

A Comprehensive Experimental Comparison of the Aggregation Techniques for Face Recognition 67

6. Conclusions
In this study, we have selected the best aggregating functions applied to the fundamental face recognition method such as Principal Component Analysis followed
by Linear Discriminant Analysis (Fisherfaces) when the area of discussion is constrained to four domains, namely eyes, eyebrows, nose, and mouths. The method
is well known and widely used because of the reduction of dimensionality it produces. The representations of the original images come as one-dimensional vectors,
which can be compared using the nearest neighbor classifiers. The comparisons are
realized using various norms or similarity/dissimilarity measures. Here, we have
completed comprehensive comparative studies for 16 measures with intent to deliver experimentally supported conclusions. In many cases, the Choquet integral,
voting, median, modifications of Hamacher norms and a few other functions have
given very accurate results when aggregating the outputs of four classifiers based
on the key above-mentioned facial features.
The future work can be focused on the selection of parameters of the most appropriate aggregation functions using the well-known optimization tools such as
genetic algorithms, particle swarm optimization, or diﬀerential evolution. Another
approach worth considering could be to exploit data fitting to determine the parameters of the aggregation operators (see, e.g., [8]) or to thoroughly examine a relatively new concept of so-called pre-aggregation functions [49]. Finally, it is worth
to consider the role of the preprocessing influence on the aggregation processes.
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