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Abstract

Fuzzy closure operators play a significant role in fuzzy order theory. This paper aims to further enrich and improve
the study of fuzzy closure operators. Based on the work of Bélohldvek and Yao, we shall continue to study the
relative properties of fuzzy closure operators. First, we shall consider the extensions of L-subsets via fuzzy closure
operators. Then we give an application of fuzzy closure operators, that is, by fuzzy closure operators we shall prove
that the category CFPos of complete fuzzy posets and their fuzzy-join preserving maps is a reflective full subcategory
of FPos;, where FPos|, denotes the category of fuzzy posets and their fuzzy-existing-join preserving maps.
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1 Introduction

Closure operators (closure systems) have been studied in many mathematical branches such as topology, poset and logic.
In the classical order theory, they are particularly related to theoretical computer science and have a close relation to
Galois connections [I4]. In 1971, Zadeh introduced his fuzzy order [25]. From then on, different kinds of fuzzy orders
have been introduced and studied by many authors [3], 4] 5] [6, [8] @] [10, 111 [I7), 26], 27]. Fuzzy partial order can be seen
as a generalization of the crisp partial order. In [2], Bélohldvek defined and studied a fuzzy closure operator on a set
X as amap C: LX — LX satisfying the following conditions:

(Cl)VA e LX, A< C(A);

(02) VAl,AQ € LX, Subx(Al,Ag) < Subx(O(Al),O(AQ));

(C3) VA € LX,C(A) = C(C(A)),

where L is a complete residuated lattice (or a commutative unital quantale). Yao and Lu directly defined fuzzy closure
operators on fuzzy posets. In fact, we can easily check that Bélohlavek’s fuzzy closure operator on X is precisely a
fuzzy closure operator on the fuzzy poset (L%, suby). As we all know, closure operators are an important tool to study
posets, and fuzzy closure operators are exactly the correspondence of closure operators in fuzzy posets. From this point
of view, the need for development of fuzzy closure operators on fuzzy posets becomes apparent. In this paper, based on
the work of Bélohlavek and Yao, we shall continue to study the relative properties of fuzzy closure operators on fuzzy
posets. Then we give an application of fuzzy closure operators.

2 Preliminaries

In order to establish a foundation for this paper, we need to review some definitions and results.

An L-subset A on a universe set X is any map A: X — L, where L is an appropriate set of truth values. In
general, L has to be equipped with some structure. Throughout this paper, we always assume that L is a complete
residuated lattice (or a commutative unital quantale) [20] [22], which is an algebra L = (L, A, V, *, —,0, 1) such that (1)
(L,A,V,0,1) is a complete lattice with the least element 0 and the greatest element 1; (2) (L, *,1) is a commutative
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monoid with the identity 1; (3) * and — form an adjoint pair, that is,
rxy<ziffz <y — 2z,
holds for all x,y, z € L. The following proposition gives some basic properties of complete residuated lattices.

Proposition 2.1. [12] [16] Suppose that L is a complete residuated lattice. Then for all a,b,c € L,{a;}icr C L, the
following statements hold

()1l —=a=a;

0—=a=1;

a<b<=a—b=1;

a<b=c—a<c—b

a<b=b—c<a—c

2)
)
|
) (V ai) = b= Af(ai = b);
)
8) a
9) a

el el

a—= (A a)= Ala—a);

(;)EI—> c) = z(eal* b) = ¢;
(V)= V(@b

el i€l

Let X be a set, LX denote the set of all L-subsets on X, then L is a complete lattice under the pointwise order
f<gin L¥ < f(z) < g(z) for all 2 € X.

Definition 2.2. [24] Let X be a nonempty set. Then e : X x X — L is called a fuzzy partial order provided that e
satisfies the following conditions:

(E1) Vz € X, e(z,z) =1;

(E2) Va,y,2 € X, elw,y) * e(y, 2) < e(a, 2);

(E3) Vaz,y € X, e(x,y) = e(y,x) = 1 implies x = y.

The pair (X, e) is called a fuzzy partially ordered set (a fuzzy poset for short), usually written as X if there would
be no confusion about the partial order e. As shown by [24], given a fuzzy poset (X, e), we let <.= {(z,y) € X x X :
e(z,y) = 1}. Then (X, <.) is a crisp poset.

Remark 2.3. Let (X, e) be a fuzzy poset. Then
(1) If x <. y, then e(z,z) < e(z,y) and e(y,z) < e(x, z) for all z € X.
(2) If e(xz1,y) = e(xa,y) for ally € X, then x1 = xa.

In the following, we shall give some standard examples of fuzzy posets.

Example 2.4. (1) Let (X, <) be a crisp poset and e< : X x X — L be a map defined by

1 if x <y,
o) ={ o By

otherwise.

Then (X, e<) is a fuzzy poset.
(2) Let (X,e) be a fuzzy poset and Y C X. Then (Y,e |y) is a fuzzy poset, where e |y is the restriction of e to
Y xY.

(3) Let X be a set. For all A, B € L, the subsethood degree [15] of A in B is defined by subx(A,B) = A (A(z) —
reX
B(z)). Then (LX,subx) is a fuzzy poset, and it is easy to verify that A < B <= A <,up B.

Definition 2.5. [26] Let (X,e) be a fuzzy poset, o € X and A € LX. The element xq is called a join (resp., meet) of
A, in symbols o = UA (resp., zo =MA), if

(1) Ve € X, A(x) < e(xz,xq) (resp., A(z) < e(xg,x));

(2)Vy € X, é\X(A(ﬂﬁ) — e(z,y)) < e(zo,y) (resp., é\X(A(@") — e(y,z)) < e(y, o).
Proposition 2.6. [23] Let (X,e) be a fuzzy poset, xg € X, A € L*. Then

(1) zg = UA iff Vy € X, e(xo,y) = A (A(z) — e(z,y)).

zeX

(2) o =MA iff Vy € X, e(y,x) = é\X(A(m) — e(y; ).
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As mentioned in [23], if the join (or meet) of A exists, then it is unique.

Definition 2.7. [I8,26] Let (X, e) be a fuzzy poset. Then A € L is called a fuzzy lower set if Va,y € X, A(x)xe(y,r) <
Aly).
Remark 2.8. (1) Forx € X, I, € LX is defined by Vy € X, 1.(y) = e(y,z). Then l, is a fuzzy lower set and Ul, = x
(see [26] 27]).

(2) With respect to the order <., one can see that a fuzzy lower subset A of X is order-reversing, that is, x <,y =
A(y) < A(z).
Definition 2.9. [3| 4] A fuzzy poset (X, e) is called complete if for all A € LX, LUA and NA exist.

Proposition 2.10. [23] Let (X, e) be a fuzzy poset. Then the following statements are equivalent:
(1) (X,e) is complete;

(2) for any A € LX, UA exists;

(3) for any A € L, MA emists.

For each map f: X — Y, we have a map f;’: LY — LY (called L-forward powerset operator [19]), defined by

VAe LX, yeVY, fi/(A)(y) = \ A(z). The right adjoint to f;* is denoted by fi  (called L-backward powerset
flz)=y

operator [19]) and given by VB € LY, fi (B) = Bo f.
Definition 2.11. [26] Let (X,ex) and (Y,ey) be two fuzzy posets. Then a map f: X —'Y is said to be

(1) order-preserving if Va,y € X, ex(z,y) < ey (f(z), f(v));

(2) fuzzy-existing-join preserving if f(UA) = Uf;"(A) holds for each A € LX with UA existing.

By Theorem 4.5 in [23], we know that if f is fuzzy-existing-join preserving, then f is order-preserving.

Definition 2.12. [24] Let (X, e) be a fuzzy poset. An order-preserving map j: X — X is called a fuzzy closure operator
(resp., fuzzy interior operator) on X if

e(z,j(x)) = e(j(j(x)),j(x)) =1 (resp., e(j(z),z) =e(j(j(2)),j(x)) = 1),
holds for all x € X.

The set of all fuzzy closure operators on X is denoted by Cl;(X). By Theorem 4.2 in [24], we see that j is a fuzzy
closure operator on (X, e) if and only if j is order-preserving on (X, e) and j is a (classical) closure operator on (X, <.).
Further, we can also show that e(z,j(y)) = e(j(z),j(y)) for all z,y € X.

Definition 2.13. [24] Let (X,ex), (Y,ey) be two fuzzy posets and f: X — Y, g: Y — X be two order-preserving
maps. The pair (f,g) is called a fuzzy Galois connection between X and Y ifVe € X, y €Y,

ey(f(l‘), y) = 6)((1‘, g(y))a
where f is called the left adjoint of g and dually g is called the right adjoint of f.

Remark 2.14. (1) Fuzzy closure operators have a close relationship with fuzzy Galois connections. To see this, let (f, g)
be a fuzzy Galois connection between (X, ex) and (Y,ey). Then by Theorem 4.3 in [Z]]], it follows that go f € Clp(X)
and f o g is a fuzzy interior operator on (Y, ey).

(2) For a given map f: X — Y, we have that (f7’, f5) is a fuzzy Galois connection between (L, subx) and

(LY, suby). Further, we have that fi~ o f7’ is a fuzzy closure operator on L, and f;’ o fi~ is a fuzzy interior operator
on LY.

Definition 2.15. [2] C C LX is called a fuzzy closure system if VA € LX,

() (subx (A, B) = B) € C,

BeC
where Vx € X, (BQC(subX(A, B) = B))(z) = B/e\c(subX(A, B) — B(x)).

Fuzzy closure operators and fuzzy closure systems are corresponding to each other. To see this, let j be a fuzzy
closure operator on L. Then by Lemma 3.2 in [2], we see that C; = {4 € LX| j(A) = A} is a fuzzy closure system.
Conversely, if C is a fuzzy closure system, we can define a fuzzy closure operator je on LX as follows VA € LX, z €
X, je(A)(x) = A (subx(A, B) — B(x)). Bélohldvek in [2] had proved that jc, = j,C;. = C.

BeC
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Definition 2.16. Let (X, e) be a fuzzy poset. Then a fuzzy lower set B € L is called a fuzzy D-ideal (called a K-set
n [21]) if subx (A, B) < B(UA) holds for each A € LX with UA existing.

Let (X, e) be a fuzzy poset, A be a subset of X, and x4 denote the characteristic function of A, that is,

1 if x € A,
XA(x):{ if ©

0 otherwise.

Remark 2.17. (1) If A is a subset of X with x4 existing in (X, e), then \/ A exists in (X, <.) and \/ A = Uxa.

(2) If A is a subset of X with My, existing in (X, e), then A A exists in (X, <.) and A A =Nya.

(3) When L is a two-element lattice, a fuzzy poset (X e) is precisely a crisp poset (X, <), that is, <=<, and e = e<.
For each L-subset A € LX, there exists a unique subset A of X such that A = x4 and A is a fuzzy D-ideal if and only
if Aisa D-ideal [7].

(4) For any x € X, A € L, I, and Al are fuzzy fuzzy D-ideals in (X, e), where Al(x) = A (A(y) — e(z,v)).

yeX

Let Sx denote the set of all fuzzy D-ideals of X. Then Sx is a fuzzy closure system [2I]. We let js denote the
fuzzy closure operator on LX induced by Sx. For the notions and concepts, which are not explained here, please refer
to [} B, [16, 2.

3 The extensions of L-subsets via fuzzy closure operators

Let X; denote the set of all fixed elements of a fuzzy closure operator j on a fuzzy poset (X, e). Then by Example 2),
(Xj,e|x,) is a fuzzy poset. Later, for the sake of convenience in writing, e[y, is simply written as e. In the following,
we shall consider the extensions of L-subsets of X; into X.

3.1 The first type of extensions

For an L-subset A on X, we shall consider its first type of extensions.

Definition 3.1. Let j be a fuzzy closure operator on a fuzzy poset (X,e), A € LXi. Then A; € L is called the first
type of extensions of A, where Aj = Aoj.

Remark 3.2. Obviously, A;(x) = A(x) whenever x € X;.

Lemma 3.3. Let j be a fuzzy closure operator on a fuzzy poset (X,e), A € LXi. Then A (A(z) — e(z,y)) =

zEX;
é\X(Aj(x) — e(z,y)) holds for any y € X.
Proof. By Remark we see that e/§{(A(JU) — e(x,y)) > ( E/>{(A(:L‘) = e(x,y))) A( §{}((Aj(gc) — e(r,9))) =
N (4(x) = e(z,y)) . On the other hajnd, by Proposition anci Remark [2.3| we have that] Aj(x) = e(j(z),y) <
zeX
Aj(x) = e(r,y) = E/§(A(A(ﬂﬂ) —e(,y)) = é\X(A(j(w)) —e(j(z),y)) < é\X(Aj(iﬂ) — e(x,y)). Thus, €/§(‘(A(=’E) -
e(x,y) = A (Aj(x) > e(x.y)). 0

reX

Proposition 3.4. Let j be a fuzzy closure operator on a fuzzy poset (X,e), A € LXi. If UA; exists in (X,e), then UA
exists in (X;,e) and UA = j(UA;).

Proof. Since UA; exists in (X, e), we let 29 = UA;. By Definition we have that
(1) Vz € X, Aj(x) < e(x,xo), which implies that Vz € X;, A(z) = A;(z) < e(x,x0) < e(j(z),j(z0)) = e(z, j(xo)).
2)Vye X, A\ (4,(z) = e(z,y)) < e(xo,y), which implies that
reX

vy € Xj, A»(A(x) —e(z,y)) = é\X(Aj(fv) — e(z,y)) < e(xo,y) < e(j(@0),5 () = e(i (o), y)-

By the above description, we have that LA exists in (X, e) and LA = j(xo), that is, UA = j(UA;). O
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Lemma 3.5. Let (X, <) be a poset, j: X — X be a map. Then j is a closure operator on (X, <) if and only if j is a
fuzzy closure operator on (X, e<).

Proof. The proof follows from Theorem 4.2 in [24]. O

In what follows we shall consider the relationship between the meets of A and its extension A; for L-subsets A on
X;.

Example 3.6. Let X = {a,b,¢,d, e, 1} be a poset with the partial order < determined by Figure 1.

Figure 1

(1) Define a map j1 : X — X such as ji(a) = ji(c) = ¢, j1(b) = j1(d) = d, ji(e) = e,j1(1) = 1. It is easy to
check that ji is a closure operator and X; = {e,c,d,1}. Let A : X; — L be a map with A = x{cq41y. Then by
Remark (5’) we have Aj, = X{ab,ca1}- By Remark (2), (3), we have that MA exists in (X;,,e<) and NA = e,
but MA;, does not exist in (X, e<).

(2) Define a map ja : X — X such as ja(a) = a, ja(c) = ¢, ja(e) = e, ja(b) = ja(d) = j2(1) = 1. It is easy to check
that jo is a closure operator and X, = {a,c,e,1}. Let A: X;, — L be a map with A = x{q.¢y. Then by Remark (3)
we have Aj, = X{a,ey- By Remark (2),(3), we have that MA and MA;, do not exist.

(3) For the closure operator jo defined as (2), we let A: X;, — L be a map with A = x(1y. Then by Remark(é’)
we have Aj, = X(b,a,1y- By Remark|2.17(2),(3), we have that NMA exists in (Xj,,e<) and MA = 1, NA;, exists in (X, e<)
and MA,, =b . Further, we have j2(MA,,) = MNA.

Example 3.7. Let X = {a,b,c,d,e, k,1} be a poset with the partial order < determined by Figure 2.

1
c d
a e b
k
Figure 2

Define a map j : X — X such as j(a) = j(c) =j(1) =1, j(k) = j(e) = e, j(d) =d,j(b) =b. It is easy to check that
J is a closure operator and X; = {b,d,e,1}. Let A: X; — L be a map with A = x(q,1;. Then by Remark|2.17(3) we
have Aj = X{a,c,d,1}- By Remark (2), (3), we have that MA exists in (X;,e<) and MA = d, NA; exists in (X, e<)
and MA; =k, but j(k) = e # d, that is, j(MA;) # NA.

Example 3.8. Let X ={0,a,b,¢,d, e, k,1} be a poset with the partial order < determined by Figure 3.
1

o

0
Figure 3

Define a map j : X — X such as j(a) = ¢, j(b) = d and j(z) = x whenever x € {0,¢,d,e,k,1}. It is easy to
check that j is a closure operator and X; = {0,¢,d,e,k,1}. Let A : X; — L be a map with A = X{c,ay- Then by
Remark (3) we have A; = X{ab,c,dy- By Remark (2), (3), we have that MA; exists in (X,e<) and MA; =0, but
MNA does not exist in (X;,e<).
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3.2 The second type of extensions

In the following, we shall investigate the second type of extensions for L-subsets on X;.

Definition 3.9. Let j be a fuzzy closure operator on a fuzzy poset (X,e), A € LXi. Then Aj, € LX is called the second

type of extensions of A, where
A(x) if x € X;

Vr € X, Ajo (:E) = { 0 otherwise.

Remark 3.10. (1) From Examplesm - and Pmposztzon it follows that there is no direct relation between the
first type of extensions A; and the second type of extensions Aj,.
(2) Ajo < Aj and AjO‘Xj = Alej =A.

Proposition 3.11. Let j be a fuzzy closure operator on a fuzzy poset (X,e), A € L*Xi. Then UA;, ezists in (X,e) if
and only if UA; exists in (X, e). Further, UA; = UA;, whenever UA; or UA;, exists in (X, e).

Proof. The proof directly follows from Lemma [3.3] and the following fact that
N (A@) = e(z,9) = N (4)o(z) = e(z,9)),
reX; rzeX

holds for any y € X. O

Corollary 3.12. Let j be a fuzzy closure operator on a fuzzy poset (X,e), A € LXi. If UAj, exists in (X,e), then LA
exists in (X;,e) and UA = j(UA,,).

In what follows we shall consider the relationship between MA and MA;,.

Lemma 3.13. Let j be a fuzzy closure operator on a fuzzy poset (X,e), A € LXi. If MNA;, exists in (X, e), then MA
exists in (X;,e) and NA = j(MA,,).

Proof. We will first prove the fact that A (A(z) = e(y,z)) = A (A4j,(z) = e(y,x)) holds for any y € X.
r€X; zeX

N (Alx) = e(y,2)) = (N (Alx) = ey, z))) Al

z€X; z€X; ))
= (A (Alz) = e(y,2))) A ( é}(v(Ajo(x) — e(y,z)))
) J

Indeed:

reX;
= /\ (Ajo (:C) - e(ym
zeX
Since MA;, exists in (X, e), we let zp = MA;,. Then by Definition we have that
(1) Vo € X, A (x) < e(xo, x), which implies that Vo € X;, A(z) = A4, () < e(zo,z) < e(j(zo),j(x)) = e(j(zo), x).
2)Vye X, A\ (4,(z) = e(y,z)) < e(y,xo), which implies that

zeX
WXy N\ (Alx) = ely2) = /\X(Ajo (z) = e(y, ) < ey, o) < e(y, j(x0))-
TEX; €
Therefore, by Definition [2.5] we have that MA exists in (X, e) and MA = j(xo), that is NA = j(MA4;,). O

Proposition 3.14. Let j be a fuzzy closure operator on a fuzzy poset (X,e), A € LXi. IfMA;, exists in (X,e), then
MNA ezists in (Xj,e) and MA=NA;,.

Proof. Since MA;, exists in (X, e), we let 29 = MA;,. By Lemma we know that MA = j(xg). Thus it suffices to
prove that 2o = j(zo), that is, /\ (Aj, () = e(y,x)) = e(y, j(x0)) holds for any y € X.
€x

)
On one hand, we have that N (4, (z) = ely,z)) = e(y,z0) < e(y,j(xo)). On the other hand, we have that
< (

reX
(4(z0),z); (2) if z € X, then Aj (z) = A(z) < e(j(zo), ), which implies
)

Vee X, (1) ifx ¢ X;, then A (z) =0<e
that A, (z) = e(y,x) > e(j(xo),x) = e(y,z) > ey, j(xo)), that is, é\X(AjO (z) = e(y,z)) > e(y, j(x0)). Thus, we have

/\ (Ajo (‘T) - e(y,x)) = e(y,j(mo)). O

rzeX
Corollary 3.15. If (X, e) is a complete fuzzy poset, then so is (X, e).

Remark 3.16. In general, the converse of Proposition does not hold. For instance, we let (X, e) be the fuzzy poset
in Ezample[3.6, j = j1. We further assume that A is the L-subset on X; in Ezample[3.6/(1). Then NA exists in (X;, e)
and MA = e, but MA;, does not exist in (X, e).
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4 CFPos as a reflective full subcategory of FPos,.

In [13], Gao et al. discussed the relationship between fuzzy closure operators and fuzzy closure L-systems based on

complete residuated lattice. In this section, we shall consider an application of fuzzy closure operators. Let (X, e) be a

fuzzy poset. Then (LX, subx) is a complete fuzzy poset, where for B € LE™ |z € X, (UB)(z) = \/ (B(A)xA(z)) and
AeLX

(MB)(z) = A (B(A) — A(z)). By Corollary [3.15] we have that (Sx,subx) is also a complete fuzzy poset. Further,

AeLX

we have that UA = js(UA;,) for each A € LSx.

Lemma 4.1. Let (X,e) be a fuzzy poset, A, B € LX. If UA and UB exist in (X, e), then subx (A, B) < e(UA,UB).

Proof. Since B(z) < e(x,UB) for all x € X, it follows from Proposition and Proposition that subx (A4, B) =
N (A(z) = B(z)) < A (A(z) — e(x,UB)) = e(UA,UB). O

reX zeX

Lemma 4.2. Let (X, ex), (Y, ey) be two fuzzy posets, f: X =Y be a fuzzy-existing-join preserving map, and B € Sy .
Then f;(B) € Sx, that is, fi (B) is a fuzzy D-ideal in (X, ex).

Proof. For all z,y € X, we have that f;~(B)(x)*ex(y,z) = B(f(z))xex (y,x) < B(f(x))*ex(f(y), f(z)) < B(f(y)) =
fi(B)(y), that is, ff~(B) is a fuzzy lower set.

Next, we let A € LX with LA existing. Then since f(UA) = LUf;’(A) and B is a fuzzy D-ideal, by Remark and
Remark 2.74] we have that

subx (A, ff7(B)) < suby (f7" (A), fr" (f (B))) < suby (f7(A), B) < B(Uf’(A)) = B(f(UA)) = f (B)(LA).
Thus, ff (B) is a fuzzy D-ideal. O

Lemma 4.3. Let (X,ex),(Y,ey) be two fuzzy posets and f: X — Y be an order-preserving map. If (Y,ey) is a
complete fuzzy poset, then ey (Uf7 (A),a) = suby (f;7(A),l,) for alla €Y, A e LX.

Proof. The proof is straightforward. O

Proposition 4.4. Let (X,ex),(Y,ey) be two fuzzy posets and f: X — 'Y be a fuzzy-ezisting-join preserving map. If
(Y,ey) is a complete fuzzy poset, then LUf;* (js(UA;4)) = Ufi? (UA;,) for all A € L5x.

Proof. Let A € L°%. Then we have
(1) ey (Ufr (WA, Uf7 (Gs(UA;6))) = 1.
Indeed: Since UA;; < js(UA,g), by Lemmawe have

1= SubX('-"AjsajS(UAjs)) < SUbY(fLT)(‘—lAjs)v fL_> (js(l—lAjs))) < eY('—lf[T}(l—LAjs)’ Uf; (]S(l—l‘AJs)))

(2) ey (Uf (4s(UA;s)), UfL (WA )) = 1.
For each a € Y, it is easy to verify that [, is a fuzzy D-ideal in (Y, ey). From Lemma we have that f; (I,) is a
fuzzy D-ideal in (X, ex). By Remark and Remark we have that

ey (Uf7 (UAj,), a) suby (f;7(UA;4), 1) Lemma
subx (f (f77 (UA;s)), 7 (la))
subx UAjS,ff(la))
(Ajs (A) = subx (A, f (la)))

(
(
Aes (A(A) = subx (A, f1 (la))) Lemma
(
(

A IA

A
AEL

subx (UA, i (1a))

subx ]S(l—IAJs) fL (la))

suby (fp” (Js(WA;s)), fr" (f (la)))
suby (f” (4s(UAjs)), la)

ey (Uf (Js(LWAg)), a). Lemma

Taking a = Uf;"(LA,;), by the above description we have that 1 = ey (Uf;” (js(UA; ), UfL (UA;S)).
Therefore, by (E3) we have that Uf;” (js(UA,g)) = Uf (LA ). O

A IA

Lemma 4.5. [23] Let (X, e) be a fuzzy poset. Then e(x,y) = A (e(z,x) = e(z,y)) for all x,y € X.
z€X
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Lemma 4.6. Let (X,e) be a fuzzy poset and C € Sx. Then subx(A4,C) = C(UA) = subx(lua,C) holds for each
A € LX with UA existing.

reX
C(x)) = A (lua(z) = C(x)) = subx(lua,C). On the other hand, since A(z) < e(z,UA) we have that subx (4, C)
X

C(UA) :oce /\X(e(m,I_IA) — C(z)) < /\X(A(x) — C(z)) = subx(A,C), which implies that subx(A4,C) = C(UA)
Subx(luA,C).

Proof. We assume that C' is a fuzzy D-ideal in (X, e). On one hand, we can easily show that C(UA) = A (e(z,UA) —
<

O

Proposition 4.7. Let (X, e) be a fuzzy poset, u: X — Sx be a map defined by u(x) = 1l,,. Then u is fuzzy-existing-join
PTESETVING.

Proof. Let A € LX with UA existing, C' € Sx. Then we have that

subx (Uup’ (A),C) = Bé ((ug (A))(B) — subx (B, C))

= A ((V A(@)) = subx(B,C))
BeSx 1,=B

= A A (A@z) — subx(B,C))
BESx l,=B

= é\X(A(m) — subx (I, C))

= A (A(z) = C(Uly)) Lemma [£.6]
zeX

= ‘é\X(A(x) — C(z))

= subx(4,C) = subx(lua,C)

which implies that u(UA) = Uup’ (A4). O
Lemma 4.8. Let (X, e) be a fuzzy poset, A € Sx. Then U(la A xu(x)) = A where u(X) = {l, : x € X}.

Proof. Since (Sx,subx) is a complete fuzzy poset, we have that for A € Sx, the fuzzy join of the map l4 A xy(x) :
Sx — L defined pointwisely exists, that is, LI(la A xu(x)) exists in (Sx, subx).
For any B € Sx, we have

SU‘bX(I—I(lA A Xu(X))v B) /\ ((lA A Xu(X))(T) - SUbX(T»B))

TeSx
= A (0aD) Ao (1) = subx (T, B))
= N (a(T) = subx (T, B))
Teu(X)
— N (subx(T,A) — subx (T, B))
Teu(X)
= /\ (Subx(lm,A) %SUbX(lva))
zeX
= A (A(z) — B(x)) Lemma, [£.6]
X

x€
= subx(A, B),
which implies that L(l4 A xu(x)) = A. O

Let FPos (FPos;) denote the category of fuzzy posets and order-preserving (fuzzy-existing-join preserving) maps,
and CFPos denote the category of complete fuzzy posets and fuzzy-join preserving maps. Obviously, CFPos is a full
subcategory of FPos_;. CFPos is a subcategory of FPos, but not full.

Theorem 4.9. CFPos is a reflective full subcategory of FPos,.

Proof. Let (X,ex) be a fuzzy poset. Then (Sx,subx) is a complete fuzzy poset. By Proposition we have that
u: X — Sx is a FPos -morphism. In the following, we need to show that v : X — Sx has the universal property.

Let (Y,ey) be a complete fuzzy poset and f : X — Y be a fuzzy-existing-join preserving map. We define a map
f:S8x =Y as follows

f(A) =Ufr (4)
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for all A € Sx. Since (Y, ey) is a complete fuzzy poset, the map f is well defined.
Firstly, we shall prove that f is fuzzy-join preserving, that is, f(I_I.A) = I_IfL (A) for all A € L%, By Proposition

we have that f(LA) = Uf7 (LA) = Uf7 (s (UAzs)) = Uf (LAyg).

LUfz (WAjs) = Ufp (A).
Let y € Y. Then we have

ey (l—lf; (l_lA]S )a

ey (UL (A), )

Thus, we have that ey (Uf;” (UA;s),

y) = ey (UL (A),

In what follows we only need to prove that

y) = té\y(f_’(UAjs)(t) — ey (ty))
= té\y((f(\/it('—'Ajs)(Z)) — ey (t,y))
= A N (UA)() = ev(t,y)
teY f(z)=t
= é\X((l—lAjs)( z) ey (f(2),9))
= é\X((AE\/LX Ajs (A) * A(z)) — ey (f(2),y))
= é\X Aéx((Ajs (A) x A(2)) = ey (f(2),y))
= é\X Aéx(Ajs (A) = (A(z) = ev(f(2),9)))
= A€/>X(Ajs (4) = (Zé\X(A(Z) — ey (f(2),9))))
= N (Ais(A) = (A (A(z) = f17(1y)(2))))
AeLX z€X
= AQX(AJS(A) — subx (A, i~ (ly)))
= A (A(4) = subx (A, [ (Iy))),
AeSx
A (FE(A®) = ev(ty) = AV AA) = ev(t,y))
tey teY  fA)=t R
AN N (AA) = evty) = A (A(A) = ey (f(4)p))
tEY f(A)=t AeSx
Ae/'\S (A(A) = ey (UfL(A),9))
A (A(A) = (A (7 (A)(z) = ev(z,9))))
AeSx z€Y
A A (AA) = (F7(A)(2) = ev(z,9)))
AeSx z€Y
A AAA) = ((V Ax) = ev(zy))
AESx z€Y f(z)==
A AN (AA) = (Alz) = ev(z,y))
A€Sx z2€Y f(z)==2
Ae/}s é\X(A(A) — (A(z) = ey (f(2),9)))
Ae/}; (A(4) — é\X(A(x)%ey(f(m),y)))
AE/}S (A(A) = subx (A, fi~(Iy)))-

y), which implies Uf;” (UA;g) = Lf; (A).

Next, we shall prove that fou= f. Let x € X and y € Y. Then we have

eY(f © u(x), y)

which implies f o u(z) =

= ev(f(l),y) = ey (Uf (L), y)

= é\y(( L (2))(2) = ev(z,9))

= AWV (m)( ) = ey (z,y))
z€Y  f(t)=

— A A (exlta) = ev(zy)
z€Y f(t)=z

= té\X(GX(tax) — ey (f(t),y))

= ev(f(2),9),

f(x), that is, fou = f.
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Finally, we shall prove the uniqueness of f . Assume that there exists another fuzzy-join preserving map g : Sx — Y
such that gou = f. Then Vz € X, f(lo) = g(ls).

Fact 1: Let A € Sx. Then fL_’(lA A Xuxy) = 97 (La A Xu(x))-

Indeed: For any y € Y, we have that

9 UaAxue)))W) =V (aAxux)(B)= V 1a(B) A xux)(B)

9(B)=y 9(B)=y

= \V  osubx(lz,A)= \ subx(l,A)
9(lz)=y Ffla)=y

=V La(B) A xu (B)
f(B)=y

=V (laAxux)(B)
f(B)=

= (AE)(ZA/\Xu(X D),

which implies that f?(lA A Xu(X)) = g?(lA A Xu(X))'
It follows from Lemma that U(la A xu(x)) = A. By Fact 1, we have that
9(A) = g(U(la A Xu(x))) = Ugz (La A Xuix)) = UFE (a A Xuex)) = FIUTA A Xux)) = f(A),
which implies that g = f . O

Let (X, e) be a fuzzy poset, Lx denote the set of all fuzzy lower sets on X. By Definition [2.15] we can easily verify
that Ly is a fuzzy closure system. Then there exists a fuzzy closure operator jz on LX such that Ly = {A € LX :
jc(A) = A}. From Corollary it follows that (Lx, subx) is a complete fuzzy poset.

Theorem 4.10. CFPos is a reflective subcategory of FPos.

Proof. Let (X, ex) be a fuzzy poset. By the above description, we have that (Sx, subx) is a complete fuzzy poset. We
now define a map v: X — Lx. It is easy to check that v is order-preserving (v is not fuzzy-existing-join preserving),
that is, v is a FPos-morphism. Similar to the proof of Theorem we can show that v: X — Lx has the universal
property. Thus, CFPos is a reflective subcategory of FPos. O

5 Conclusion

In this paper, we mainly discuss two types of extensions of L-subsets via fuzzy closure operators, and prove that the
set of all fixed elements of a fuzzy closure operator j in a complete fuzzy poset is again a complete fuzzy poset. As
an application of fuzzy closure operators, we also investigate the relations between the category CFPos of complete
fuzzy posets and fuzzy-join-preserving maps and the category FPos (FPos,) of fuzzy posets and order-preserving
(fuzzy-existing-join preserving) maps. In further work, we shall use fuzzy closure operators to investigate the tensor
product of complete fuzzy posets.
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