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Abstract

Fuzzy closure operators play a significant role in fuzzy order theory. This paper aims to further enrich and improve
the study of fuzzy closure operators. Based on the work of Bĕlohlávek and Yao, we shall continue to study the
relative properties of fuzzy closure operators. First, we shall consider the extensions of L-subsets via fuzzy closure
operators. Then we give an application of fuzzy closure operators, that is, by fuzzy closure operators we shall prove
that the category CFPos of complete fuzzy posets and their fuzzy-join preserving maps is a reflective full subcategory
of FPost, where FPost denotes the category of fuzzy posets and their fuzzy-existing-join preserving maps.
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1 Introduction

Closure operators (closure systems) have been studied in many mathematical branches such as topology, poset and logic.
In the classical order theory, they are particularly related to theoretical computer science and have a close relation to
Galois connections [14]. In 1971, Zadeh introduced his fuzzy order [25]. From then on, different kinds of fuzzy orders
have been introduced and studied by many authors [3, 4, 5, 6, 8, 9, 10, 11, 17, 26, 27]. Fuzzy partial order can be seen
as a generalization of the crisp partial order. In [2], Bělohlávek defined and studied a fuzzy closure operator on a set
X as a map C : LX −→ LX satisfying the following conditions:
(C1) ∀A ∈ LX , A ≤ C(A);
(C2) ∀A1, A2 ∈ LX , subX(A1, A2) ≤ subX(C(A1), C(A2));
(C3) ∀A ∈ LX , C(A) = C(C(A)),
where L is a complete residuated lattice (or a commutative unital quantale). Yao and Lu directly defined fuzzy closure
operators on fuzzy posets. In fact, we can easily check that Bělohlávek’s fuzzy closure operator on X is precisely a
fuzzy closure operator on the fuzzy poset (LX , subX). As we all know, closure operators are an important tool to study
posets, and fuzzy closure operators are exactly the correspondence of closure operators in fuzzy posets. From this point
of view, the need for development of fuzzy closure operators on fuzzy posets becomes apparent. In this paper, based on
the work of Bĕlohlávek and Yao, we shall continue to study the relative properties of fuzzy closure operators on fuzzy
posets. Then we give an application of fuzzy closure operators.

2 Preliminaries

In order to establish a foundation for this paper, we need to review some definitions and results.
An L-subset A on a universe set X is any map A : X → L, where L is an appropriate set of truth values. In

general, L has to be equipped with some structure. Throughout this paper, we always assume that L is a complete
residuated lattice (or a commutative unital quantale) [20, 22], which is an algebra L = (L,∧,∨, ∗,→, 0, 1) such that (1)
(L,∧,∨, 0, 1) is a complete lattice with the least element 0 and the greatest element 1; (2) (L, ∗, 1) is a commutative
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monoid with the identity 1; (3) ∗ and → form an adjoint pair, that is,

x ∗ y ≤ z iff x ≤ y → z,

holds for all x, y, z ∈ L. The following proposition gives some basic properties of complete residuated lattices.

Proposition 2.1. [12, 16] Suppose that L is a complete residuated lattice. Then for all a, b, c ∈ L, {ai}i∈I ⊆ L, the
following statements hold
(1) 1→ a = a;
(2) 0→ a = 1;
(3) a ≤ b⇐⇒ a→ b = 1;
(4) a ≤ b =⇒ c→ a ≤ c→ b;
(5) a ≤ b =⇒ b→ c ≤ a→ c;
(6) (

∨
i∈I

ai)→ b =
∧
i∈I

(ai → b);

(7) a→ (
∧
i∈I

ai) =
∧
i∈I

(a→ ai);

(8) a→ (b→ c) = (a ∗ b)→ c;
(9) a ∗ (

∨
i∈I

bi) =
∨
i∈I

(a ∗ bi).

Let X be a set, LX denote the set of all L-subsets on X, then LX is a complete lattice under the pointwise order

f ≤ g in LX ⇐⇒ f(x) ≤ g(x) for all x ∈ X.

Definition 2.2. [24] Let X be a nonempty set. Then e : X × X → L is called a fuzzy partial order provided that e
satisfies the following conditions:
(E1) ∀x ∈ X, e(x, x) = 1;
(E2) ∀x, y, z ∈ X, e(x, y) ∗ e(y, z) ≤ e(x, z);
(E3) ∀x, y ∈ X, e(x, y) = e(y, x) = 1 implies x = y.

The pair (X, e) is called a fuzzy partially ordered set (a fuzzy poset for short), usually written as X if there would
be no confusion about the partial order e. As shown by [24], given a fuzzy poset (X, e), we let ≤e= {(x, y) ∈ X ×X :
e(x, y) = 1}. Then (X,≤e) is a crisp poset.

Remark 2.3. Let (X, e) be a fuzzy poset. Then
(1) If x ≤e y, then e(z, x) ≤ e(z, y) and e(y, z) ≤ e(x, z) for all z ∈ X.
(2) If e(x1, y) = e(x2, y) for all y ∈ X, then x1 = x2.

In the following, we shall give some standard examples of fuzzy posets.

Example 2.4. (1) Let (X,≤) be a crisp poset and e≤ : X ×X → L be a map defined by

e≤(x, y) =

{
1 if x ≤ y,
0 otherwise.

Then (X, e≤) is a fuzzy poset.
(2) Let (X, e) be a fuzzy poset and Y ⊆ X. Then (Y, e |Y ) is a fuzzy poset, where e |Y is the restriction of e to

Y × Y .
(3) Let X be a set. For all A,B ∈ LX , the subsethood degree [15] of A in B is defined by subX(A,B) =

∧
x∈X

(A(x)→

B(x)). Then (LX , subX) is a fuzzy poset, and it is easy to verify that A ≤ B ⇐⇒ A ≤subX B.

Definition 2.5. [26] Let (X, e) be a fuzzy poset, x0 ∈ X and A ∈ LX . The element x0 is called a join (resp., meet) of
A, in symbols x0 = tA (resp., x0 = uA), if

(1) ∀x ∈ X, A(x) ≤ e(x, x0) (resp., A(x) ≤ e(x0, x));
(2) ∀y ∈ X,

∧
x∈X

(A(x)→ e(x, y)) ≤ e(x0, y) (resp.,
∧

x∈X
(A(x)→ e(y, x)) ≤ e(y, x0)).

Proposition 2.6. [23] Let (X, e) be a fuzzy poset, x0 ∈ X, A ∈ LX . Then
(1) x0 = tA iff ∀y ∈ X, e(x0, y) =

∧
x∈X

(A(x)→ e(x, y)).

(2) x0 = uA iff ∀y ∈ X, e(y, x0) =
∧

x∈X
(A(x)→ e(y, x)).
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As mentioned in [23], if the join (or meet) of A exists, then it is unique.

Definition 2.7. [18, 26] Let (X, e) be a fuzzy poset. Then A ∈ LX is called a fuzzy lower set if ∀x, y ∈ X, A(x)∗e(y, x) ≤
A(y).

Remark 2.8. (1) For x ∈ X, lx ∈ LX is defined by ∀y ∈ X, lx(y) = e(y, x). Then lx is a fuzzy lower set and tlx = x
(see [26, 27]).

(2)With respect to the order ≤e, one can see that a fuzzy lower subset A of X is order-reversing, that is, x ≤e y =⇒
A(y) ≤ A(x).

Definition 2.9. [3, 4] A fuzzy poset (X, e) is called complete if for all A ∈ LX , tA and uA exist.

Proposition 2.10. [23] Let (X, e) be a fuzzy poset. Then the following statements are equivalent:
(1) (X, e) is complete;
(2) for any A ∈ LX , tA exists;
(3) for any A ∈ LX , uA exists.

For each map f : X → Y , we have a map f→L : LX → LY (called L-forward powerset operator [19]), defined by
∀A ∈ LX , y ∈ Y, f→L (A)(y) =

∨
f(x)=y

A(x). The right adjoint to f→L is denoted by f←L (called L-backward powerset

operator [19]) and given by ∀B ∈ LY , f←L (B) = B ◦ f.

Definition 2.11. [26] Let (X, eX) and (Y, eY ) be two fuzzy posets. Then a map f : X → Y is said to be
(1) order-preserving if ∀x, y ∈ X, eX(x, y) ≤ eY (f(x), f(y));
(2) fuzzy-existing-join preserving if f(tA) = tf→L (A) holds for each A ∈ LX with tA existing.

By Theorem 4.5 in [23], we know that if f is fuzzy-existing-join preserving, then f is order-preserving.

Definition 2.12. [24] Let (X, e) be a fuzzy poset. An order-preserving map j : X → X is called a fuzzy closure operator
(resp., fuzzy interior operator) on X if

e(x, j(x)) = e(j(j(x)), j(x)) = 1 (resp., e(j(x), x) = e(j(j(x)), j(x)) = 1),

holds for all x ∈ X.

The set of all fuzzy closure operators on X is denoted by ClL(X). By Theorem 4.2 in [24], we see that j is a fuzzy
closure operator on (X, e) if and only if j is order-preserving on (X, e) and j is a (classical) closure operator on (X,≤e).
Further, we can also show that e(x, j(y)) = e(j(x), j(y)) for all x, y ∈ X.

Definition 2.13. [24] Let (X, eX), (Y, eY ) be two fuzzy posets and f : X → Y , g : Y → X be two order-preserving
maps. The pair (f, g) is called a fuzzy Galois connection between X and Y if ∀x ∈ X, y ∈ Y ,

eY (f(x), y) = eX(x, g(y)),

where f is called the left adjoint of g and dually g is called the right adjoint of f .

Remark 2.14. (1) Fuzzy closure operators have a close relationship with fuzzy Galois connections. To see this, let (f, g)
be a fuzzy Galois connection between (X, eX) and (Y, eY ). Then by Theorem 4.3 in [24], it follows that g ◦ f ∈ ClL(X)
and f ◦ g is a fuzzy interior operator on (Y, eY ).

(2) For a given map f : X → Y , we have that (f→L , f←L ) is a fuzzy Galois connection between (LX , subX) and
(LY , subY ). Further, we have that f←L ◦ f→L is a fuzzy closure operator on LX , and f→L ◦ f←L is a fuzzy interior operator
on LY .

Definition 2.15. [2] C ⊆ LX is called a fuzzy closure system if ∀A ∈ LX ,⋂
B∈C

(subX(A,B)→ B) ∈ C,

where ∀x ∈ X, (
⋂

B∈C
(subX(A,B)→ B))(x) =

∧
B∈C

(subX(A,B)→ B(x)).

Fuzzy closure operators and fuzzy closure systems are corresponding to each other. To see this, let j be a fuzzy
closure operator on LX . Then by Lemma 3.2 in [2], we see that Cj = {A ∈ LX | j(A) = A} is a fuzzy closure system.
Conversely, if C is a fuzzy closure system, we can define a fuzzy closure operator jC on LX as follows ∀A ∈ LX , x ∈
X, jC(A)(x) =

∧
B∈C

(subX(A,B)→ B(x)). Bělohlávek in [2] had proved that jCj = j, CjC = C.
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Definition 2.16. Let (X, e) be a fuzzy poset. Then a fuzzy lower set B ∈ LX is called a fuzzy D-ideal (called a K-set
in [21]) if subX(A,B) ≤ B(tA) holds for each A ∈ LX with tA existing.

Let (X, e) be a fuzzy poset, A be a subset of X, and χA denote the characteristic function of A, that is,

χA(x) =

{
1 if x ∈ A,
0 otherwise.

Remark 2.17. (1) If A is a subset of X with tχA existing in (X, e), then
∨
A exists in (X,≤e) and

∨
A = tχA.

(2) If A is a subset of X with uχA existing in (X, e), then
∧
A exists in (X,≤e) and

∧
A = uχA.

(3) When L is a two-element lattice, a fuzzy poset (X, e) is precisely a crisp poset (X,≤), that is, ≤=≤e and e = e≤.

For each L-subset A ∈ LX , there exists a unique subset Â of X such that A = χÂ and A is a fuzzy D-ideal if and only

if Â is a D-ideal [7].
(4) For any x ∈ X,A ∈ LX , lx and Al are fuzzy fuzzy D-ideals in (X, e), where Al(x) =

∧
y∈X

(A(y)→ e(x, y)).

Let SX denote the set of all fuzzy D-ideals of X. Then SX is a fuzzy closure system [21]. We let jS denote the
fuzzy closure operator on LX induced by SX . For the notions and concepts, which are not explained here, please refer
to [1, 2, 16, 24].

3 The extensions of L-subsets via fuzzy closure operators

Let Xj denote the set of all fixed elements of a fuzzy closure operator j on a fuzzy poset (X, e). Then by Example 2.4(2),
(Xj , e|Xj

) is a fuzzy poset. Later, for the sake of convenience in writing, e|Xj
is simply written as e. In the following,

we shall consider the extensions of L-subsets of Xj into X.

3.1 The first type of extensions

For an L-subset A on Xj , we shall consider its first type of extensions.

Definition 3.1. Let j be a fuzzy closure operator on a fuzzy poset (X, e), A ∈ LXj . Then Aj ∈ LX is called the first
type of extensions of A, where Aj = A ◦ j.

Remark 3.2. Obviously, Aj(x) = A(x) whenever x ∈ Xj.

Lemma 3.3. Let j be a fuzzy closure operator on a fuzzy poset (X, e), A ∈ LXj . Then
∧

x∈Xj

(A(x) → e(x, y)) =∧
x∈X

(Aj(x)→ e(x, y)) holds for any y ∈ X.

Proof. By Remark 3.2, we see that
∧

x∈Xj

(A(x) → e(x, y)) ≥ (
∧

x∈Xj

(A(x) → e(x, y))) ∧ (
∧

x/∈Xj

(Aj(x) → e(x, y))) =∧
x∈X

(Aj(x) → e(x, y)) . On the other hand, by Proposition 2.1 and Remark 2.3 we have that Aj(x) → e(j(x), y) ≤

Aj(x) → e(x, y) =⇒
∧

x∈Xj

(A(x) → e(x, y)) =
∧

x∈X
(A(j(x)) → e(j(x), y)) ≤

∧
x∈X

(Aj(x) → e(x, y)). Thus,
∧

x∈Xj

(A(x) →

e(x, y)) =
∧

x∈X
(Aj(x)→ e(x, y)).

Proposition 3.4. Let j be a fuzzy closure operator on a fuzzy poset (X, e), A ∈ LXj . If tAj exists in (X, e), then tA
exists in (Xj , e) and tA = j(tAj).

Proof. Since tAj exists in (X, e), we let x0 = tAj . By Definition 2.5, we have that
(1) ∀x ∈ X, Aj(x) ≤ e(x, x0), which implies that ∀x ∈ Xj , A(x) = Aj(x) ≤ e(x, x0) ≤ e(j(x), j(x0)) = e(x, j(x0)).
(2) ∀y ∈ X,

∧
x∈X

(Aj(x)→ e(x, y)) ≤ e(x0, y), which implies that

∀y ∈ Xj ,
∧

x∈Xj

(A(x)→ e(x, y)) =
∧

x∈X
(Aj(x)→ e(x, y)) ≤ e(x0, y) ≤ e(j(x0), j(y)) = e(j(x0), y).

By the above description, we have that tA exists in (Xj , e) and tA = j(x0), that is, tA = j(tAj).
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Lemma 3.5. Let (X,≤) be a poset, j : X → X be a map. Then j is a closure operator on (X,≤) if and only if j is a
fuzzy closure operator on (X, e≤).

Proof. The proof follows from Theorem 4.2 in [24].

In what follows we shall consider the relationship between the meets of A and its extension Aj for L-subsets A on
Xj .

Example 3.6. Let X = {a, b, c, d, e, 1} be a poset with the partial order ≤ determined by Figure 1.

•
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d
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Figure 1

(1) Define a map j1 : X → X such as j1(a) = j1(c) = c, j1(b) = j1(d) = d, j1(e) = e, j1(1) = 1. It is easy to
check that j1 is a closure operator and Xj1 = {e, c, d, 1}. Let A : Xj1 → L be a map with A = χ{c,d,1}. Then by
Remark 2.17(3) we have Aj1 = χ{a,b,c,d,1}. By Remark 2.17(2),(3), we have that uA exists in (Xj1 , e≤) and uA = e,
but uAj1 does not exist in (X, e≤).

(2) Define a map j2 : X → X such as j2(a) = a, j2(c) = c, j2(e) = e, j2(b) = j2(d) = j2(1) = 1. It is easy to check
that j2 is a closure operator and Xj2 = {a, c, e, 1}. Let A : Xj2 → L be a map with A = χ{a,e}. Then by Remark 2.17(3)
we have Aj2 = χ{a,e}. By Remark 2.17(2),(3), we have that uA and uAj1 do not exist.

(3) For the closure operator j2 defined as (2), we let A : Xj2 → L be a map with A = χ{1}. Then by Remark 2.17(3)
we have Aj2 = χ{b,d,1}. By Remark 2.17(2),(3), we have that uA exists in (Xj2 , e≤) and uA = 1, uAj2 exists in (X, e≤)
and uAj2 = b . Further, we have j2(uAj2) = uA.

Example 3.7. Let X = {a, b, c, d, e, k, 1} be a poset with the partial order ≤ determined by Figure 2.

•
�
�• •

@
@

@
@

•

••• @
@

k

c

a

d

be

1

Figure 2

Define a map j : X → X such as j(a) = j(c) = j(1) = 1, j(k) = j(e) = e, j(d) = d, j(b) = b. It is easy to check that
j is a closure operator and Xj = {b, d, e, 1}. Let A : Xj → L be a map with A = χ{d,1}. Then by Remark 2.17(3) we
have Aj = χ{a,c,d,1}. By Remark 2.17(2),(3), we have that uA exists in (Xj , e≤) and uA = d, uAj exists in (X, e≤)
and uAj = k, but j(k) = e 6= d, that is, j(uAj) 6= uA.

Example 3.8. Let X = {0, a, b, c, d, e, k, 1} be a poset with the partial order ≤ determined by Figure 3.
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Define a map j : X → X such as j(a) = c, j(b) = d and j(x) = x whenever x ∈ {0, c, d, e, k, 1}. It is easy to
check that j is a closure operator and Xj = {0, c, d, e, k, 1}. Let A : Xj → L be a map with A = χ{c,d}. Then by
Remark 2.17(3) we have Aj = χ{a,b,c,d}. By Remark 2.17(2),(3), we have that uAj exists in (X, e≤) and uAj = 0, but
uA does not exist in (Xj , e≤).
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3.2 The second type of extensions

In the following, we shall investigate the second type of extensions for L-subsets on Xj .

Definition 3.9. Let j be a fuzzy closure operator on a fuzzy poset (X, e), A ∈ LXj . Then Aj0 ∈ LX is called the second
type of extensions of A, where

∀x ∈ X,Aj0(x) =

{
A(x) if x ∈ Xj ,
0 otherwise.

Remark 3.10. (1) From Examples 3.7, 3.8 and Proposition 3.14, it follows that there is no direct relation between the
first type of extensions Aj and the second type of extensions Aj0 .

(2) Aj0 ≤ Aj and Aj0 |Xj
= Aj |Xj

= A.

Proposition 3.11. Let j be a fuzzy closure operator on a fuzzy poset (X, e), A ∈ LXj . Then tAj0 exists in (X, e) if
and only if tAj exists in (X, e). Further, tAj = tAj0 whenever tAj or tAj0 exists in (X, e).

Proof. The proof directly follows from Lemma 3.3 and the following fact that∧
x∈Xj

(A(x)→ e(x, y)) =
∧
x∈X

(Aj0(x)→ e(x, y)),

holds for any y ∈ X.

Corollary 3.12. Let j be a fuzzy closure operator on a fuzzy poset (X, e), A ∈ LXj . If tAj0 exists in (X, e), then tA
exists in (Xj , e) and tA = j(tAj0).

In what follows we shall consider the relationship between uA and uAj0 .

Lemma 3.13. Let j be a fuzzy closure operator on a fuzzy poset (X, e), A ∈ LXj . If uAj0 exists in (X, e), then uA
exists in (Xj , e) and uA = j(uAj0).

Proof. We will first prove the fact that
∧

x∈Xj

(A(x)→ e(y, x)) =
∧

x∈X
(Aj0(x)→ e(y, x)) holds for any y ∈ X.

Indeed: ∧
x∈Xj

(A(x)→ e(y, x)) = (
∧

x∈Xj

(A(x)→ e(y, x))) ∧ 1

= (
∧

x∈Xj

(A(x)→ e(y, x))) ∧ (
∧

x/∈Xj

(Aj0(x)→ e(y, x)))

=
∧

x∈X
(Aj0(x)→ e(y, x)).

Since uAj0 exists in (X, e), we let x0 = uAj0 . Then by Definition 2.5, we have that
(1) ∀x ∈ X,Aj0(x) ≤ e(x0, x), which implies that ∀x ∈ Xj , A(x) = Aj0(x) ≤ e(x0, x) ≤ e(j(x0), j(x)) = e(j(x0), x).
(2) ∀y ∈ X,

∧
x∈X

(Aj0(x)→ e(y, x)) ≤ e(y, x0), which implies that

∀y ∈ Xj ,
∧

x∈Xj

(A(x)→ e(y, x)) =
∧

x∈X
(Aj0(x)→ e(y, x)) ≤ e(y, x0) ≤ e(y, j(x0)).

Therefore, by Definition 2.5, we have that uA exists in (Xj , e) and uA = j(x0), that is uA = j(uAj0).

Proposition 3.14. Let j be a fuzzy closure operator on a fuzzy poset (X, e), A ∈ LXj . If uAj0 exists in (X, e), then
uA exists in (Xj , e) and uA = uAj0 .

Proof. Since uAj0 exists in (X, e), we let x0 = uAj0 . By Lemma 3.13, we know that uA = j(x0). Thus it suffices to
prove that x0 = j(x0), that is,

∧
x∈X

(Aj0(x)→ e(y, x)) = e(y, j(x0)) holds for any y ∈ X.

On one hand, we have that
∧

x∈X
(Aj0(x) → e(y, x)) = e(y, x0) ≤ e(y, j(x0)). On the other hand, we have that

∀x ∈ X, (1) if x /∈ Xj , then Aj0(x) = 0 ≤ e(j(x0), x); (2) if x ∈ Xj , then Aj0(x) = A(x) ≤ e(j(x0), x), which implies
that Aj0(x)→ e(y, x) ≥ e(j(x0), x)→ e(y, x) ≥ e(y, j(x0)), that is,

∧
x∈X

(Aj0(x)→ e(y, x)) ≥ e(y, j(x0)). Thus, we have∧
x∈X

(Aj0(x)→ e(y, x)) = e(y, j(x0)).

Corollary 3.15. If (X, e) is a complete fuzzy poset, then so is (Xj , e).

Remark 3.16. In general, the converse of Proposition 3.14 does not hold. For instance, we let (X, e) be the fuzzy poset
in Example 3.6, j = j1. We further assume that A is the L-subset on Xj in Example 3.6(1). Then uA exists in (Xj , e)
and uA = e, but uAj0 does not exist in (X, e).
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4 CFPos as a reflective full subcategory of FPost.

In [13], Gao et al. discussed the relationship between fuzzy closure operators and fuzzy closure L-systems based on
complete residuated lattice. In this section, we shall consider an application of fuzzy closure operators. Let (X, e) be a

fuzzy poset. Then (LX , subX) is a complete fuzzy poset, where for B ∈ LLX

, x ∈ X, (tB)(x) =
∨

A∈LX

(B(A)∗A(x)) and

(uB)(x) =
∧

A∈LX

(B(A) → A(x)). By Corollary 3.15, we have that (SX , subX) is also a complete fuzzy poset. Further,

we have that tA = jS(tAjS ) for each A ∈ LSX .

Lemma 4.1. Let (X, e) be a fuzzy poset, A,B ∈ LX . If tA and tB exist in (X, e), then subX(A,B) ≤ e(tA,tB).

Proof. Since B(x) ≤ e(x,tB) for all x ∈ X, it follows from Proposition 2.1 and Proposition 2.6 that subX(A,B) =∧
x∈X

(A(x)→ B(x)) ≤
∧

x∈X
(A(x)→ e(x,tB)) = e(tA,tB).

Lemma 4.2. Let (X, eX), (Y, eY ) be two fuzzy posets, f : X → Y be a fuzzy-existing-join preserving map, and B ∈ SY .
Then f←L (B) ∈ SX , that is, f←L (B) is a fuzzy D-ideal in (X, eX).

Proof. For all x, y ∈ X, we have that f←L (B)(x)∗eX(y, x) = B(f(x))∗eX(y, x) ≤ B(f(x))∗eX(f(y), f(x)) ≤ B(f(y)) =
f←L (B)(y), that is, f←L (B) is a fuzzy lower set.

Next, we let A ∈ LX with tA existing. Then since f(tA) = tf→L (A) and B is a fuzzy D-ideal, by Remark 2.3 and
Remark 2.14 we have that

subX(A, f←L (B)) ≤ subY (f→L (A), f→L (f←L (B))) ≤ subY (f→L (A), B) ≤ B(tf→L (A)) = B(f(tA)) = f←L (B)(tA).

Thus, f←L (B) is a fuzzy D-ideal.

Lemma 4.3. Let (X, eX), (Y, eY ) be two fuzzy posets and f : X → Y be an order-preserving map. If (Y, eY ) is a
complete fuzzy poset, then eY (tf→L (A), a) = subY (f→L (A), la) for all a ∈ Y , A ∈ LX .

Proof. The proof is straightforward.

Proposition 4.4. Let (X, eX), (Y, eY ) be two fuzzy posets and f : X → Y be a fuzzy-existing-join preserving map. If
(Y, eY ) is a complete fuzzy poset, then tf→L (jS(tAjS )) = tf→L (tAjS ) for all A ∈ LSX .

Proof. Let A ∈ LSX . Then we have
(1) eY (tf→L (tAjS ),tf→L (jS(tAjS ))) = 1.
Indeed: Since tAjS ≤ jS(tAjS ), by Lemma 4.1 we have

1 = subX(tAjS , jS(tAjS )) ≤ subY (f→L (tAjS ), f→L (jS(tAjS ))) ≤ eY (tf→L (tAjS ),tf→L (jS(tAjS ))).

(2) eY (tf→L (jS(tAjS )),tf→L (tAjS )) = 1.
For each a ∈ Y , it is easy to verify that la is a fuzzy D-ideal in (Y, eY ). From Lemma 4.2, we have that f←L (la) is a

fuzzy D-ideal in (X, eX). By Remark 2.3 and Remark 2.14, we have that

eY (tf→L (tAjS ), a) = subY (f→L (tAjS ), la) Lemma 4.3
≤ subX(f←L (f→L (tAjS )), f←L (la))
≤ subX(tAjS , f

←
L (la))

= ∧
A∈LX

(AjS (A)→ subX(A, f←L (la)))

= ∧
A∈SX

(A(A)→ subX(A, f←L (la))) Lemma 3.3

= subX(tA, f←L (la))
= subX(jS(tAjS ), f←L (la))
≤ subY (f→L (jS(tAjS )), f→L (f←L (la)))
≤ subY (f→L (jS(tAjS )), la)
= eY (tf→L (jS(tAjS )), a). Lemma 4.3

Taking a = tf→L (tAjS ), by the above description we have that 1 = eY (tf→L (jS(tAjS )),tf→L (tAjS )).
Therefore, by (E3) we have that tf→L (jS(tAjS )) = tf→L (tAjS ).

Lemma 4.5. [23] Let (X, e) be a fuzzy poset. Then e(x, y) =
∧

z∈X
(e(z, x)→ e(z, y)) for all x, y ∈ X.
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Lemma 4.6. Let (X, e) be a fuzzy poset and C ∈ SX . Then subX(A,C) = C(tA) = subX(ltA, C) holds for each
A ∈ LX with tA existing.

Proof. We assume that C is a fuzzy D-ideal in (X, e). On one hand, we can easily show that C(tA) =
∧

x∈X
(e(x,tA)→

C(x)) =
∧

x∈X
(ltA(x) → C(x)) = subX(ltA, C). On the other hand, since A(x) ≤ e(x,tA) we have that subX(A,C) ≤

C(tA) =
∧

x∈X
(e(x,tA) → C(x)) ≤

∧
x∈X

(A(x) → C(x)) = subX(A,C), which implies that subX(A,C) = C(tA) =

subX(ltA, C).

Proposition 4.7. Let (X, e) be a fuzzy poset, u : X → SX be a map defined by u(x) = lx. Then u is fuzzy-existing-join
preserving.

Proof. Let A ∈ LX with tA existing, C ∈ SX . Then we have that

subX(tu→L (A), C) =
∧

B∈SX
((u→L (A))(B)→ subX(B,C))

=
∧

B∈SX
((
∨

lx=B

A(x))→ subX(B,C))

=
∧

B∈SX

∧
lx=B

(A(x)→ subX(B,C))

=
∧

x∈X
(A(x)→ subX(lx, C))

=
∧

x∈X
(A(x)→ C(tlx)) Lemma 4.6

=
∧

x∈X
(A(x)→ C(x))

= subX(A,C) = subX(ltA, C)
= subX(u(tA), C),

which implies that u(tA) = tu→L (A).

Lemma 4.8. Let (X, e) be a fuzzy poset, A ∈ SX . Then t(lA ∧ χu(X)) = A where u(X) = {lx : x ∈ X}.

Proof. Since (SX , subX) is a complete fuzzy poset, we have that for A ∈ SX , the fuzzy join of the map lA ∧ χu(X) :
SX → L defined pointwisely exists, that is, t(lA ∧ χu(X)) exists in (SX , subX).

For any B ∈ SX , we have

subX(t(lA ∧ χu(X)), B) =
∧

T∈SX
((lA ∧ χu(X))(T )→ subX(T,B))

=
∧

T∈SX
((lA(T ) ∧ χu(X)(T ))→ subX(T,B))

=
∧

T∈u(X)

(lA(T )→ subX(T,B))

=
∧

T∈u(X)

(subX(T,A)→ subX(T,B))

=
∧

x∈X
(subX(lx, A)→ subX(lx, B))

=
∧

x∈X
(A(x)→ B(x)) Lemma 4.6

= subX(A,B),

which implies that t(lA ∧ χu(X)) = A.

Let FPos (FPost) denote the category of fuzzy posets and order-preserving (fuzzy-existing-join preserving) maps,
and CFPos denote the category of complete fuzzy posets and fuzzy-join preserving maps. Obviously, CFPos is a full
subcategory of FPost. CFPos is a subcategory of FPos, but not full.

Theorem 4.9. CFPos is a reflective full subcategory of FPost.

Proof. Let (X, eX) be a fuzzy poset. Then (SX , subX) is a complete fuzzy poset. By Proposition 4.7, we have that
u : X → SX is a FPost-morphism. In the following, we need to show that u : X → SX has the universal property.

Let (Y, eY ) be a complete fuzzy poset and f : X → Y be a fuzzy-existing-join preserving map. We define a map

f̂ : SX → Y as follows
f̂(A) = tf→L (A)
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for all A ∈ SX . Since (Y, eY ) is a complete fuzzy poset, the map f̂ is well defined.

Firstly, we shall prove that f̂ is fuzzy-join preserving, that is, f̂(tA) = tf̂→L (A) for all A ∈ LSX . By Proposition 4.4,

we have that f̂(tA) = tf→L (tA) = tf→L (jS(tAjS )) = tf→L (tAjS ). In what follows we only need to prove that

tf→L (tAjS ) = tf̂→L (A).
Let y ∈ Y . Then we have

eY (tf→L (tAjS ), y) =
∧
t∈Y

(f→L (tAjS )(t)→ eY (t, y))

=
∧
t∈Y

((
∨

f(z)=t

(tAjS )(z))→ eY (t, y))

=
∧
t∈Y

∧
f(z)=t

((tAjS )(z)→ eY (t, y))

=
∧

z∈X
((tAjS )(z)→ eY (f(z), y))

=
∧

z∈X
((
∨

A∈LX

AjS (A) ∗A(z))→ eY (f(z), y))

=
∧

z∈X

∧
A∈LX

((AjS (A) ∗A(z))→ eY (f(z), y))

=
∧

z∈X

∧
A∈LX

(AjS (A)→ (A(z)→ eY (f(z), y)))

=
∧

A∈LX

(AjS (A)→ (
∧

z∈X
(A(z)→ eY (f(z), y))))

=
∧

A∈LX

(AjS (A)→ (
∧

z∈X
(A(z)→ f←L (ly)(z))))

=
∧

A∈LX

(AjS (A)→ subX(A, f←L (ly)))

=
∧

A∈SX
(A(A)→ subX(A, f←L (ly))),

eY (tf̂→L (A), y) =
∧
t∈Y

(f̂→L (A)(t)→ eY (t, y)) =
∧
t∈Y

((
∨

f̂(A)=t

A(A))→ eY (t, y))

=
∧
t∈Y

∧
f̂(A)=t

(A(A)→ eY (t, y)) =
∧

A∈SX
(A(A)→ eY (f̂(A), y))

=
∧

A∈SX
(A(A)→ eY (tf→L (A), y))

=
∧

A∈SX
(A(A)→ (

∧
z∈Y

(f→L (A)(z)→ eY (z, y))))

=
∧

A∈SX

∧
z∈Y

(A(A)→ (f→L (A)(z)→ eY (z, y)))

=
∧

A∈SX

∧
z∈Y

(A(A)→ ((
∨

f(x)=z

A(x))→ eY (z, y)))

=
∧

A∈SX

∧
z∈Y

∧
f(x)=z

(A(A)→ (A(x)→ eY (z, y)))

=
∧

A∈SX

∧
x∈X

(A(A)→ (A(x)→ eY (f(x), y)))

=
∧

A∈SX
(A(A)→

∧
x∈X

(A(x)→ eY (f(x), y)))

=
∧

A∈SX
(A(A)→ subX(A, f←L (ly))).

Thus, we have that eY (tf→L (tAjS ), y) = eY (tf̂→L (A), y), which implies tf→L (tAjS ) = tf̂→L (A).

Next, we shall prove that f̂ ◦ u = f . Let x ∈ X and y ∈ Y . Then we have

eY (f̂ ◦ u(x), y) = eY (f̂(lx), y) = eY (tf→L (lx), y)
=

∧
z∈Y

((f→L (lx))(z)→ eY (z, y))

=
∧

z∈Y
((
∨

f(t)=z

(lx)(t))→ eY (z, y))

=
∧

z∈Y

∧
f(t)=z

(eX(t, x)→ eY (z, y))

=
∧

t∈X
(eX(t, x)→ eY (f(t), y))

= eY (f(x), y),

which implies f̂ ◦ u(x) = f(x), that is, f̂ ◦ u = f .
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Finally, we shall prove the uniqueness of f̂ . Assume that there exists another fuzzy-join preserving map g : SX → Y
such that g ◦ u = f . Then ∀x ∈ X, f̂(lx) = g(lx).

Fact 1: Let A ∈ SX . Then f̂→L (lA ∧ χu(X)) = g→L (lA ∧ χu(X)).
Indeed: For any y ∈ Y , we have that

(g→L (lA ∧ χu(X)))(y) =
∨

g(B)=y

(lA ∧ χu(X))(B) =
∨

g(B)=y

lA(B) ∧ χu(X)(B)

=
∨

g(lx)=y

subX(lx, A) =
∨

f̂(lx)=y

subX(lx, A)

=
∨

f̂(B)=y

lA(B) ∧ χu(X)(B)

=
∨

f̂(B)=y

(lA ∧ χu(X))(B)

= (f̂→L (lA ∧ χu(X)))(y),

which implies that f̂→L (lA ∧ χu(X)) = g→L (lA ∧ χu(X)).
It follows from Lemma 4.8 that t(lA ∧ χu(X)) = A. By Fact 1, we have that

g(A) = g(t(lA ∧ χu(X))) = tg→L (lA ∧ χu(X)) = tf̂→L (lA ∧ χu(X)) = f̂(t(lA ∧ χu(X))) = f̂(A),

which implies that g = f̂ .

Let (X, e) be a fuzzy poset, LX denote the set of all fuzzy lower sets on X. By Definition 2.15, we can easily verify
that LX is a fuzzy closure system. Then there exists a fuzzy closure operator jL on LX such that LX = {A ∈ LX :
jL(A) = A}. From Corollary 3.15, it follows that (LX , subX) is a complete fuzzy poset.

Theorem 4.10. CFPos is a reflective subcategory of FPos.

Proof. Let (X, eX) be a fuzzy poset. By the above description, we have that (SX , subX) is a complete fuzzy poset. We
now define a map v : X → LX . It is easy to check that v is order-preserving (v is not fuzzy-existing-join preserving),
that is, v is a FPos-morphism. Similar to the proof of Theorem 4.9, we can show that v : X → LX has the universal
property. Thus, CFPos is a reflective subcategory of FPos.

5 Conclusion

In this paper, we mainly discuss two types of extensions of L-subsets via fuzzy closure operators, and prove that the
set of all fixed elements of a fuzzy closure operator j in a complete fuzzy poset is again a complete fuzzy poset. As
an application of fuzzy closure operators, we also investigate the relations between the category CFPos of complete
fuzzy posets and fuzzy-join-preserving maps and the category FPos (FPost) of fuzzy posets and order-preserving
(fuzzy-existing-join preserving) maps. In further work, we shall use fuzzy closure operators to investigate the tensor
product of complete fuzzy posets.
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