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The primary goal of this work is to develop an accurate analytical solution for 
the moving boundary problems with a dissolution term encountered in drug 
release from nanoporous structures. To achieve this, we propose applying the 
modified Picard iteration method for the first time. Using this approach, the 
moving boundary problem with Dirichlet boundary conditions is transformed 
into a single integral and then solved iteratively by selecting a suitable starting 
function. To validate the proposed method, we first analyze the behavior of the 
equations in specific cases. For these examples, the modified Picard iteration 
method provides more accurate results than the Picard iteration method, the 
variational iteration method, and the Adomian decomposition method. 
Furthermore, the solutions obtained from the proposed method satisfy both 
boundary conditions, whereas other iterative approaches do not fulfill one of 
the boundary conditions. The proposed method is also verified by comparing its 
results with experimental data on drug release from halloysite tubules reported 
in the literature. The findings indicate that simultaneous dissolution from the 
moving interface and the perimeter of the pores may be a possible mechanism 
for drug release from the halloysite tubules. 
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1. Introduction 

The Stefan problems, or moving boundary problems, occur in many natural and industrial phenomena. Since prior 

information about the position of the moving interface is not known and it must be determined as part of the 

solution, such problems are inherently nonlinear [1–3]. Mathematically, solving moving boundary problems is 

significantly complicated, and exact analytical solutions are restricted to a limited number of specific cases [4]. 

Therefore, extensive research has been conducted on developing approximate numerical and analytical methods to 

solve these problems. 
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In the literature, various numerical methods have been successfully applied to solve moving boundary problems [5–

10]. Despite the prevalence of numerical approaches, facilitated by the availability of high-speed computers, 

approximate analytical solutions remain valuable. The advantage of approximate analytical methods over numerical 

ones is that they are generally much easier to use and explicitly show the dependency relationships between 

variables [11]. Some approximate analytical methods reported in the literature for solving moving boundary 

problems include the pseudo-steady state method [4,12], perturbation method [13,14], integral balance method [15–

17], refined integral balance method [18,19], coupled integral equations approach [20], integral iterative 

formulation [21,22], homotopy perturbation method [23–25], Adomian decomposition method [26,27], and 

variational iteration method [26,28]. Recently, Witula et al. [29, 30] have applied Picard's iterative method to solve 

one-phase and two-phase Stefan problems. In this method, an iterative relation is formulated to find the temperature 

distribution in the given domain. The position of the moving interface is also approximated as a linear combination 

of some base functions, with the coefficients of this combination calculated by minimizing a properly constructed 

function. 

Over the past decades, the mathematical analysis of moving boundary problems encountered in controlled release 

systems has garnered considerable attention. Higuchi [31] was the pioneer in analyzing this problem for drug 

release from matrix systems under sink conditions. Subsequently, Paul and McSpandden [32] derived an expression 

for drug release under sink conditions by adopting the exact solution of the classical Stefan problem. Lee [33] 

presented approximate analytical solutions for drug release from polymeric matrices with perfect sink and constant, 

finite external volume conditions. Abdekhodaie and Cheng [34] obtained an exact solution for drug release from 

planar and spherical systems into a finite external volume. Cohen and Erneux [35] solved Higushi’s model for cases 

where the drug solubility in the matrix is a prescribed function of time. Jain et al. [36] present an analytical solution 

for drug release from a bioerodible spherical capsule through a transformation that converts the moving boundary 

problem into a fixed boundary problem. Garshasbi et al. [37] studied the nonlinear moving boundary problem in 

drug release from a swellable polymeric spherical platform. They used an iterative procedure based on the 

backward finite difference method to solve the problem numerically.  

Recently, the authors proposed a mechanism to describe drug release from nanoporous structures and modeled it 

mathematically as a moving boundary problem with a dissolution term [12]. They solved this problem using the 

pseudo-steady state method (PSSA), under the assumption of low drug solubility. While the PSSA can simplify 

calculations, it may not yield applicable results, where steady-state assumptions do not hold, particularly when the 

initial drug loading is below its solubility. Therefore, the primary objective of this study is to extend the previous 

work of the authors [12] by developing a more accurate analytical solution. To achieve this, we propose to apply the 

modified Picard iteration method [38] to solve moving boundary problems with Dirichlet boundary conditions. To 

the best of our knowledge, the modified Picard iteration method has not been used for solving moving boundary 

problems. To assess the validity of the modified Picard iteration method, we compare the results obtained for some 

specific cases with those from the exact solution, the Picard iteration method, the variational iteration method, and 

the Adomian decomposition method. We also discuss the applicability of our proposed method by comparing it 

with experimental data on drug release from nanoporous structures reported in the literature. 
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2. Method 

2.1. Mathematical formulation of the problem 

When the drug is loaded above its solubility into porous structures, a molecular coating (strongly bound) forms on 

the internal surface of the pores, while crystals of the drug (weakly bound) accumulate on top of the strongly bound 

molecular layer and inside the pores [39,40]. When soaked in the release medium, the weakly bound crystals 

dissolve quickly, creating a moving interface, while the strongly bound molecules remain on the surface of the pore 

and dissolve at a slower rate (Fig. 1). If the pore diameter is large, the amount of drug released from the surface of 

the pores is negligible compared to the amount released from the moving interface. However, when the pore 

diameter is small, the amount of drug released from the surface of the pores increases due to the enhancement of the 

specific surface area. In this situation, the dissolution of the drug from the surface of the pores may affect the 

release rate and, therefore, must be considered in the mathematical modeling of the release process. 

 

 
Fig. 1. Schematic representation of moving boundary problem with a dissolution term 

 

Consider a non-erodible porous system containing a drug that its molecular size is small compared to the pore size. 

Assuming that (i) the diffusion of the drug through the pores is one-dimensional, and (ii) the dissolution rate from 

the perimeter of the pores follows a Noyes-Whitney type equation, the moving boundary problem with a dissolution 

term for describing the drug release from liquid-filled pores is given by the following equation [12]: 

        
2

2

' ', ' ' ', '
' ' ', ' , 0 ' '

' ' s

c x t c x t
D k c x t c x s t
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 
    

 
 (1) 

The conditions at the fixed and moving interfaces, respectively, are as follows: 

   ' 0, ' 'c t f t  (2) 

 ' ', ' sc s t c  (3) 

The position of the moving interface is determined by: 

   
 ' ' '

' ' ' ', '

' '
x s t

ds t c x tD

dt x






 (4) 

with the initial condition: 

 ' 0 0s   (5) 
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In the above equations, t’ represents time, c’ is the drug concentration, cs is the drug solubility in the release medium, 

x’ is the spatial coordinate, s’(t) is the moving interface position, ρ is the solid drug density, D is the diffusion 

coefficient and k’ is the interfacial dissolution rate constant. Both D and k’ are assumed to have constant values. 

Choosing L as a reference length and setting: 

   2

2

''' ' ' '
, , , , , ss

s s

f t cc cDt x s L k
t x s c k f t

L L L c D c


       (6) 

the problem is rescaled into the following form: 

       
2

2

, ,
, , 0

c x t c x t
kc x t x s t

t x

 
   

 
 

(7) 

   0,c t f t  (8) 

 , 0c s t   (9) 

   
 

,

x s t

ds t c x t
Ste

dt x






 

(10) 

 0 0s   (11) 

where Ste=cs/ρ is the Stefan number. 

After solving the problem, the amount of drug released per unit interface area is determined by solving the 

following equation: 

 
0x

dM t c

dt x 





 (12) 

 

2.2. Modified Picard iteration method 

Consider the following one-phase, one-dimensional moving boundary problem with a zero initial condition and a 

time-dependent Dirichlet boundary condition: 

       
2
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(13) 

   0,u t f t  (14) 

 , 0u s t   (15) 

   
 

,

x s t

ds t u x t

dt x





 


 (16) 

 0 0s   (17) 

where α is a constant corresponding to the Stefan number. 

Rearranging Eq. (13), we get: 

     
2

2

, ,
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 
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As claimed in [38], Eq. (18) is integrated twice partially with respect to x, and then, the double integral is 

transformed into the following single integral: 

       
0

,
, ,

x u z t
u x t x z ku z t dz ax b

t

 
     

 
  (19) 

Eq. (19) is solved now iteratively by choosing 

     0 , 1
x

u x t f t
s t

 
   

 
 (20) 

as a starting function that satisfies both boundary conditions in Eqs. (14) and (15).  This function is then substituted 

into the right-hand side of Eq. (19). After integration and applying the boundary conditions, we obtain u1(x,t). By 

repeating the iterative process, we achieve the following recurrence formula to obtain um+1(x,t) from um(x,t): 

       1 0

,
, , , 0,1,2,3,...

x m
m m

u z t
u x t x z ku z t dz ax b m

t

 
      

 
  

(21) 

According to the modified Picard iteration method [38], the arbitrary constants, a and b, in Eq. (21) are re-evaluated 

at the end of each iteration by applying the boundary conditions given in Eqs. (14) and (15). The iteration process is 

repeated until the required degree of accuracy is attained. 

To find the moving interface position, the obtained result for u(x,t) is differentiated with respect to x at x=s, then 

substituted into Eq. (16). The solution of the governed ordinary differential equation in the first iteration leads to the 

following general formula for the position of the moving interface: 
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where 
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 0 3
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f



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  

    
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 

   (23) 

In the second iteration and beyond, except for a few specific cases, the governed ODE has no exact analytical 

solution. In this situation, the position of the moving interface can be determined using appropriate methods 

available in the literature [26,29,30]. 

 

3. Results and discussion 

To validate the modified Picard iterative method (MPIM), we first analyze the behavior of the equations in specific 

cases. Then, the usefulness of this method is ascertained by comparing its results with experimental drug release 

profiles reported in the literature. All computations are performed using GNU Octave software, version 8.3.0. 

 

3.1. Comparisons of specific cases 
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In this subsection, the obtained results for three specific cases are compared to those obtained using the exact 

solution, the Picard iteration method (PIM), the variational iteration method (VIM), and the Adomian 

decomposition method (ADM). The recurrence formula of VIM, PIM, and ADM, along with their solutions for 

u(x,t) and s(t) after one iteration, are presented in the Appendix. It should be noted that both VIM and PIM yield the 

same result for u(x,t), and all VIM, PIM, and ADM provide the same result for s(t). 

 

3.1.1. Case 1 

In the case that k=0, f(t)=1 and α=Ste, the problem defined by Eqs. (13)-(17) admits the exact solution of the 

classical Stefan problem: 

   
, 1

x
erf

s
u x t

erf





 
 
    

(24) 

  2s t t  (25) 

where the value of η is determined by solving the following equation: 

   2exp erf Ste     (26) 

The solution of the classical Stefan problem using MPIM is obtained as follows: 

after one iteration: 
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after two iterations: 
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 2 22s t t  (31) 

 2

2

6 5 15 225 150 15

2
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Ste

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(32) 

As can be seen, the results of MPIM for u(x,t) are polynomials of the odd power of x, similar to the expansion of 

the “erf” function. Fig. 2 shows u(x,t) obtained from the iterative approaches (one iteration only) with the exact 

solution at two different times for Ste=0.1 and 1.0. It is observed that the results of the present method are 

indistinguishable from the exact results for these values of Stefan number. However, other techniques (PIM, VIM, 

ADM) agree with the exact solution only for Ste=0.1 and exhibit deviations from the exact formula for Ste=1.0. It is 

seen from Fig. 2b that these deviations increase with time. Additionally, Fig. 2 shows that the results of MPIM 

satisfy both boundary conditions, while, for Ste=1.0, PIM and VIM overestimate at x=s and ADM underestimates at 
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x=0. The difference between the results of MPIM and other methods can be attributed to the fact that in PIM, VIM, 

and ADM, the boundary conditions are applied only once in the starting function, whereas in MPIM, there are two 

arbitrary constants that are reassessed at the end of each iteration through the application of the boundary 

conditions. 

Eqs. (28) and (31) demonstrate that the obtained solution for the moving interface position varies as the square root 

of time, similar to the exact solution (Eq. (25)); however, its dependency on the Stefan number (Ste) is not the same 

as for the exact one. This is shown in more detail in Table 1. In this table, the moving interface position obtained by 

one and two iterations of MPIM is compared with those obtained by the exact solution and other iterative methods. 

Again, an excellent agreement between the results of MPIM and the exact solution is observed. It is evident that for 

large Stefan numbers, the results of the MPIM are significantly improved by increasing the iteration number. Table 

1 shows that PIM, VIM, and ADM provide accurate results only for relatively small Stefan numbers and deviate 

from the exact solution when this parameter increases. 

 

 
Fig. 2. Results of u(x,t) versus x at different times for the case in which k=0, f(t)=1 and α=Ste. (a) Ste=0.1, (b) Ste=1.0 

 

Table 1. Comparison of s(t)/√t determined from different approaches for various Stefan 
numbers for the case in which k=0, f(t)=1 and, α=Ste 

Ste Exact 
MPIM PIM/VIM/ADM 

m=1 Error (%) m=2 Error (%) m=1 Error (%) m=2 Error (%) 

0.05 0.3136 0.3136 0.01 0.3136 0.01 0.3124 -0.40 0.3124 -0.39 

0.10 0.4400 0.4399 -0.01 0.4400 0.01 0.4364 -0.81 0.4367 -0.75 

0.50 0.9296 0.9258 -0.41 0.9297 0.01 0.8944 -3.78 0.9037 -2.79 

1.00 1.2401 1.2247 -1.24 1.2408 0.06 1.1547 -6.89 1.1904 -4.01 

 

3.1.2. Case 2 

For the problem in which k=0, f(t)=exp(t)-1 and α=1, the exact solutions are given by the following equations [6]: 

   , 1u x t exp t x    (33) 

 s t t  (34) 

For such a problem, MPIM provides the following results after one iteration: 
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    
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2
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exp t

 



 (36) 

 

The results for u(x,t) obtained from the approximate methods and the exact solution are plotted in Fig. 3. Observe 

that, whereas MPIM is in good agreement with the exact solution at t=0.1 and 0.5, other methods fit the exact 

formula relatively well only at t=0.1 and show significant deviations at t=0.5. It can also be seen that the results of 

MPIM satisfy both boundary conditions at x=0 and x=s, whereas other iterative methods do not fulfill one of the 

boundary conditions. 

 

 
Fig. 3. Results of u(x,t) versus x for the case in which k=0, f(t)=exp(t)-1 and α=1. (a) t=0.1, (b) t=0.5 

 

For the moving interface position, a comparison of the exact value with the approximate ones obtained by MPIM 

and other iterative approaches is shown in Fig. 4. As observed, PIM, VIM, and ADM agree well with the exact 

result only at t<0.3, while there is good agreement between our proposed method and the exact solution at t<0.8. 

Expanding the right-hand side of Eq. (36) gives: 

  3 4
1

1 1

24 180
s t t t t     (37) 

which indicates that we should take the exact solution in initial times. 

 

3.1.3. Case 3 

For the case of k=1, f(t)=-1, α=-Ste and Ste→0 (small Stefan number), the problem is solved analytically using the 

pseudo-steady state assumption (PSSA) as follows [12]: 
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Fig. 4. Results of s(t) versus t for the case in which k=0, f(t)=exp(t)-1 and α=1 
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 

,
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u x t
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Using MPIM (one iteration) for solving this problem, we obtain the following results: 
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 (40) 

 1

.
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3

Ste t
s t exp

      
  

 (41) 

A comparison between u(x,t) obtained from MPIM, PSSA, and other iterative methods for Ste.t=0.1 and Ste.t=1.0 is 

shown in Figure 5. It is apparent that the results of MPIM are identical to those of PSSA for both values of Ste.t, 

while the results of PIM, VIM, and ADM exhibit varying degrees of deviation from PSSA depending on the 

magnitude of Ste.t. Again, we can see that both boundary conditions are satisfied by MPIM, but the boundary 

condition at x=0 is not satisfied by ADM, and the boundary condition at x=s is not satisfied by PIM and VIM. 

 

 
Fig. 5. Results of u(x,t) versus x for the case in which k=1, f(t)=-1, α=-Ste and Ste→0. (a) Ste.t=0.1, (b) Ste.t=1.0 
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In Fig. 6, the moving interface position predicted by MPIM is compared with those obtained by PSSA and other 

iterative methods. As seen, the results of MPIM show a close match with the results of PSSA, while the results of 

PIM, VIM, and ADM indicate a growing deviation with increasing the parameter Ste.t. 

 

 

Fig. 6. Results of s(t) versus t for the case in which k=1, f(t)=-1, α=-Ste and Ste→0 

 

3.2. Comparisons with experimental release data 

To complete the analysis, the drug release profiles calculated according to the modified Picard iteration method are 

compared to the experimental data of drug release from halloysite tubules reported in [41]. The halloysite clay, with 

an average length of 1μm and an inner diameter of 15nm, was loaded with poorly soluble drugs including 

Dexamethasone, Furosemide, and Nifedipine. The physical properties of these model drugs are presented in Table 

2. All release experiments were performed in water at pH 7.4, at room temperature, and under sink conditions. 

 

Table 2. Physical properties of model drugs [42] 

Drug Dexamethasone Furosemide Nifedipine 

Molecular Weight (g/mol) 392.47 330.74 346.33 

Molar Volume (cm3/mol) 296 206 272 

Density (mg/mL) 1300 1600 1350 

Solubility in water (mg/mL) 0.10 0.10 0.05 

Diffusion coefficient in water* (m2/s) 4.8×10-10 6.0×10-10 5.1×10-10 

   * Calculated by Wilke-Chang equation 

 

For this case, the modified Picard iteration method provides the following approximate analytical results for the 

amount of release: 

         16
3 2 0.5

6
sC D k

M t Ste tanh s t Ste s t
Ste k


  

         
 (42) 

where 

  6
1

3

Stekt
s t exp

k Ste

        
 (43) 
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To obtain the percentage of release, the result of Eq. (42) is divided by M∞= 0.5mg, which is the amount of drug 

loaded inside the halloysite tubules. The parameters employed are taken from Table 2, except for D and k, which 

are found from the model adjustment. Results are illustrated in Fig. 7, and the adjusted parameters are presented in 

Table 3. For comparison, the results for the cases where k→0 are also plotted in Fig. 7 as a dashed line.  

 

 
Fig.7. Comparison of release profile calculated according to Eq. (42) (−) and the experimental data reported in 

[41] (●) for model drug release from halloysite tubules. Dashed line (--) represents results when k →0 
 

As seen, Eq. (42) adjusts the experimental drug release very well, but for the case k→0, a close match is observed 

only for Nifedipine. These results indicate that simultaneous dissolution from the moving interface and the 

perimeter of the pores may be a possible mechanism for the drug release from the halloysite tubules. The small 

value of k for Nifedipine demonstrates that the dissolution rate from the internal wall of halloysite is low and, 

therefore, its effect on the release rate is negligible. In contrast, the higher value of k for Dexamethasone and 

Furosemide shows that the amount of drug dissolved from the internal wall of the halloysite is considerable and 

causes zero-order release kinetics. The smaller value of k for Nifedipine, compared to its value for Dexamethasone 

and Furosemide, can be attributed to its lower solubility in water relative to the other two drugs (see Table 2). 

Comparing the diffusion coefficients in Table 3 with those in Table 2, it is evident that, despite the differences 

between the values obtained from curve-fitting and those calculated by the Wilke-Chang equation, all are within the 

same range of magnitude. The somewhat smaller values of the diffusion coefficients in Table 3, compared to those 

in Table 2, may be due to the effect of steric hindrance on the diffusion of drug molecules through the liquid-filled 

pores. 
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Table 3. The correlation coefficients and fitting parameter of models 

Drug D (m2.s-1) k (s-1) 

Dexamethasone 1.9×10-10 2.82 

Furosemide 0.9×10-10 4.39 

Nifedipine 3.4×10-10 0.42 

 
 

3.3. Prediction of model 

In Fig. 8, Eqs. (42) and (43) are plotted against t for Ste=0.1 and 1 and different values of k. This figure shows that, 

at initial times, both the velocity of the moving interface and the release rate depend only on the Stefan number 

(Ste). However, as time progresses, they exhibit a dependency on k. In Fig. 8a, we observe that the velocity of the 

moving interface is reduced by increasing the value of k. This is most evident when the Stefan number is high. 

When the value of k is large, the dissolution rate from the perimeter of pores is high. In this condition, the 

concentration gradient near the moving boundary is rapidly reduced, causing the velocity of the moving interface to 

decrease and the moving boundary position to reach a constant value in less time. In Fig. 8b, it is seen that 

increasing the value of k leads to an increase in the release rate. As mentioned before, a high value of k means a 

high dissolution rate from the perimeter of pores. Therefore, the amount of drug entering the pores increases, 

resulting in a greater release rate. At long times, the dissolution from the perimeter of pores prevails over the 

dissolution from the moving interface. Hence, as seen in Fig. 8b, the release rate becomes constant (zero order). 

 

 

Fig. 8. Results of (a) position of moving interface s(t), (b) amount of release M(t) versus t for Ste and k 

 

4. Conclusion 

In this paper, the modified Picard iteration method (MPIM) was proposed for solving one-dimensional moving 

boundary problems with Dirichlet boundary conditions. For the cases evaluated in this study, MPIM provides more 

accurate results than PIM, VIM, and ADM. It remains to be examined whether MPIM is superior to other iterative 

methods for problems with non-Dirichlet boundary conditions. As observed, one iteration of MPIM yields results 

close to the exact solutions. However, if more precise results are required, additional iterations should be 

performed. Sometimes, it is possible to obtain the complete series of the solution via mathematical induction, which 

may converge to the exact solution if it exists. The present method may also be of interest for solving two- and 

three-dimensional moving boundary problems. 
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Picard iteration method: 
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Adomian decomposition method: 
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