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In this paper, an observer-based controller design for fractional-order multi-agent 

systems is discussed. By introducing a novel algorithm and leveraging appropriate 

lemmas and theoretical frameworks, we propose a stable observer and a distributed 

consensus protocol tailored for multi-agent systems within the Lipschitz and one-sided 

Lipschitz classes of nonlinear systems. Lipschitz systems have a bounded rate of change, 

ensuring proportional output to input differences, while one-sided Lipschitz systems 

relax this constraint, allowing differential growth in one direction for efficiency. The 

stability of the observer and the controller in achieving the consensus problem is 

demonstrated using the Lyapunov's second method. The proposed approach is rigorously 

developed, ensuring that the designed observer and controller meet the necessary stability 

criteria. Extensive simulation results validate the theoretical findings, showcasing the 

method's effectiveness and robustness in practical scenarios. Specifically, the simulations 

demonstrate that the proposed method achieves global Mittag-Leffler stability, with the 

estimated states converging to the actual states with minimal deviation. The method's 

advantages include its ability to handle a broader class of nonlinear systems, including 

those with large Lipschitz constants, and its robustness to uncertainties and 

nonlinearities. These simulations confirm the theoretical predictions and illustrate the 

practical applicability of our approach in real-world multi-agent systems, such as swarm 

robotics, power grids, and sensor networks. 

I. Introduction 

Fractional-order calculus has emerged as a powerful 

mathematical tool for modeling and control in various 

engineering domains, including control systems [1-3], 

nuclear reactor analysis [4], and biological systems such as 

tumor growth models, reaction-diffusion processes, and 

bacterial chemotaxis in diffusion gradient chambers [5, 6]. 

Unlike traditional integer-order models, fractional-order 

systems leverage fractional derivative and integral operators, 

enabling more accurate descriptions of complex dynamic 

behaviors [7]. For instance, fractional-order models have 

proven superior in characterizing friction phenomena in real-

world engineering applications compared to their integer-

order counterparts [8]. Consequently, significant research 

efforts have been directed toward developing fractional-

order controllers to enhance the performance of closed-loop 

systems [9, 10]. 

A critical challenge in control engineering is that not all 

system states are directly measurable. This limitation has 

spurred considerable interest in observer-based controller 

design and stability analysis. Recent advancements include 

the development of observer-based controllers for linear 

systems with unknown inputs using linear matrix inequality 

(LMI) techniques [11], as well as for nonlinear fractional-

order systems by reformulating Lyapunov stability 

conditions into LMIs [12]. Reduced-order observers have 

also been proposed for nonlinear fractional-order systems 

satisfying Lipschitz conditions, with stability guarantees 

derived using Lyapunov methods [13]. Notably, the one-

sided Lipschitz condition, a generalization of the traditional 

Lipschitz class, offers greater flexibility by allowing 
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negative Lipschitz constants, thereby expanding the scope of 

applicable matrix inequalities [14, 15]. Building on these 

foundations, researchers have designed full-order and 

reduced-order observers for one-sided Lipschitz nonlinear 

fractional-order systems using LMI-based approaches [16]. 

Additionally, adaptive observer designs have been 

developed for systems satisfying one-sided Lipschitz and 

quadratic inner-boundedness conditions [17, 18]. 

Parallel to these developments, multi-agent systems 

(MAS) have garnered significant attention due to their broad 

applicability in areas such as unmanned aerial vehicle 

coordination [19], spacecraft interaction control [20], mobile 

robot rendezvous [21], underwater vehicle operations [22], 

traffic management [23], and data density control [24]. MAS 

consist of interconnected agents that collaboratively perform 

complex tasks through local interactions, offering a cost-

effective and scalable alternative to centralized systems. A 

fundamental objective in MAS is achieving consensus, 

wherein the states or outputs of all agents converge to a 

common value [25]. While consensus in integer-order MAS 

has been extensively studied [26, 27], the extension to 

fractional-order systems remains an active area of research. 

For example, consensus in second-order MAS with 

nonlinear dynamics has been investigated under both fixed 

and switching topologies [28], and distributed control 

strategies have been proposed for one-sided Lipschitz 

nonlinear MAS [29]. Fractional-order proportional-integral 

(FOPI) controllers have also been employed to regulate DC 

microgrids using consensus-based approaches [30], and 

consensus in fractional-order MAS has been analyzed using 

LMI techniques and Razumikhin theory [31]. However, 

these studies often assume full state measurability, limiting 

their practical applicability. 

Motivated by these advancements and challenges, this 

paper proposes a novel observer-based consensus control 

algorithm for one-sided Lipschitz nonlinear fractional-order 

multi-agent systems. Leveraging Lyapunov's second 

method, the proposed approach formulates sufficient 

stability conditions in the form of LMIs, which are solved 

using the YALMIP toolbox. The contributions of this work 

are threefold: (1) a systematic observer design for state 

estimation in fractional-order MAS, (2) a consensus control 

framework for one-sided Lipschitz nonlinear systems, and 

(3) numerical validation of the proposed method's efficacy.  

The remainder of the paper is organized as follows: 

Section II presents the mathematical preliminaries and 

problem formulation. Section III details the observer design 

for state estimation and consensus control. Section IV 

provides numerical simulations to demonstrate the proposed 

method's effectiveness. In section V limitations of the 

proposed method and suggests directions for future research 

are provided. Finally, Section VI concludes the paper with 

key insights and future research directions. 

 

II. Preliminaries 

The relationship between agents in a multi-agent factorial 

system is determined by a weighted graph. A graph 𝐺(𝑣, ℇ) 

is a pair that consists of a set of vertices 𝑣 (𝐺)  =

 {𝑣1, 𝑣2, … 𝑣𝑁} and edges ℇ (𝐺) ⊆ {(𝑣𝑖 , 𝑣𝑗): 𝑣𝑖 , 𝑣𝑗  𝜖 𝑣 (𝐺)} 

(i.e., the graph is in general directed and has no self-loops). 

The graph is said to be undirected if (𝑣𝑖 , 𝑣𝑗) ∈ ℇ (𝐺) ⟺

(𝑣𝑗 , 𝑣𝑖) ∈ ℇ (𝐺). The weighting matrix 𝑊 =  [𝑤𝑖𝑗] 𝜖𝑅𝑁×𝑁 

for a graph is a matrix with 𝑤𝑖𝑗 ≥ 0 elements (𝑤𝑖𝑗 > 0, if 

with 𝑤𝑖𝑗  ∈ ℇ (𝐺) , and 𝑤𝑖𝑗 = 0 otherwise). The in-degree 

matrix 𝐷 is defined as 𝐷 = 𝑑𝑖𝑎𝑔(𝑑1 , 𝑑2 , 𝑑3 , … , 𝑑𝑁 ) with 

𝑑𝑖 = ∑ 𝑤𝑖𝑗
𝑁
𝑗=1 . The Laplacian matrix 𝐿 of directional graph 

𝐺 is defined as 𝐿 =  𝐷 − 𝑊 [32].  

A directed tree where all the vertices of the graph are 

connected by its constituent edges is called a spanning tree 

of a directed graph [33]. 

A.  Problem Formulation 

Definition 1 [34]: The uniform formula of a fractional 

integral with 𝛼 ∈  (0, 1) is defined by 

𝐷𝑡
−𝛼𝑓(𝑡) =

1

Γ(𝛼)
∫

𝑓(𝜏)

(𝑡−𝜏)1−𝛼 𝑑𝜏
𝑡

𝑡0𝑡0  , (1) 

where 𝐷𝑡
−𝛼𝑓(𝑡)𝑡0  is the fractional integral of order 𝛼  of a 

function 𝑓(𝑡), Γ(. ) is the Gamma function. For an arbitrary 

real number 𝑝. The Caputo derivative operator of fractional 

order is defined by 

𝐷𝑡
𝑝

𝑓(𝑡) = 𝐷𝑡
−𝑞

𝑡0 [
𝑑[𝑝]+1

𝑑𝑡[𝑝]+1 𝑓(𝑡)]𝑡0
𝐶 . 

(2) 

where 𝑞 = [𝑝] − 𝑝 + 1 and [𝑝] stands for the integer part of 

𝑝. 

Definition 2. [35]: Mittag-Leffler function as a complex-

valued function of a complex argument 𝑧 can be presented 

as: 

  𝐸𝛼,𝛽(𝑧) = ∑
𝑧𝑘

𝛤(𝑘𝛼 + 𝛽)
,     

∞

𝑘=0

 
 (3) 

where 𝛼, 𝛽 ∈ 𝐶,   𝑅𝑒{𝛼} > 0, and 𝐶 is the set of complex 

numbers, when 𝛽 = 1, 𝐸𝛼(𝑧) = 𝐸𝛼,1(𝑧). 

Lemma 1. [36]: If 𝑥 ∈ 𝑅𝑛  be a differentiable vector: 

1

2
𝐷𝑡

𝛼
𝑡0
𝐶 {𝑥𝑇(𝑡)𝑥(𝑡)} ≤ 𝑥𝑇(𝑡) 𝐷𝑡

𝛼
𝑡0
𝐶 𝑥(𝑡),

∀𝑡 ≥ 𝑡0 , 𝛼 ∈ (0,1).                 

(4) 

Now, suppose the dynamics of each agent can be described 

as [37]: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑥𝑖 = 𝐴𝑥𝑖 + 𝐵𝑢𝑖 + 𝐹𝑖(𝑥𝑖 , 𝑢𝑖)  ,

𝑖𝜖{1,2, … 𝑁}. 

 𝑦𝑖 = 𝐶𝑥𝑖  

  (5) 
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where 𝐴𝜖𝑅𝑛 × 𝑛, 𝐵𝜖𝑅𝑛 × 𝑚,   𝐶𝜖𝑅𝑚 × 𝑛, 𝐹𝑖(𝑥𝑖 , 𝑢𝑖)𝜖𝑅 𝑛×1 is the 

nonlinear term, and 𝐷𝑡
𝛼

𝑡0

𝐶  represents the Caputo fractional 

derivative. 

Definition 3. [38]: The vector value function 

𝐹𝑖(𝑥𝑖 , 𝑢𝑖): 𝑅 𝑛  𝑅𝑚   →  𝑅𝑛   is a nonlinear Lipschitz 

continuous function with a Lipschitz constant 𝑟 such that: 

‖𝐹𝑖(𝑥𝑖1
, 𝑢𝑖)‖ − ‖𝐹𝑖(𝑥𝑖2

, 𝑢𝑖)‖ ≤ 𝑟‖𝑥𝑖1
− 𝑥𝑖2

‖ , 

𝑥𝑖1
, 𝑥𝑖2

∈ 𝑅𝑛 , 𝑢𝑖 ∈ 𝑅𝑚  .                  

(6) 

Definition 4. [38]: The vector value function 

𝐹𝑖(𝑥𝑖 , 𝑢𝑖): 𝑅 𝑛  𝑅𝑚   →  𝑅𝑛  is one-sided Lipschitz, where γ
𝑠
 

is  a one-sided Lipschitz constant such that: 

< 𝑠𝐹𝑖(𝑥𝑖1
, 𝑢𝑖) − 𝑠𝐹𝑖(𝑥𝑖2

, 𝑢𝑖), (𝑥𝑖1
− 𝑥𝑖2

) > ≤

γ
𝑠
‖𝑥𝑖1

− 𝑥𝑖2
‖

2
,      𝑥𝑖1

, 𝑥𝑖2
∈ 𝑅𝑛 , 𝑢𝑖 ∈ 𝑅𝑚. 

(7) 

where 𝑠 is a symmetric positive definite matrix, ⟨⋅,⋅⟩ denotes 

the inner product and ∥⋅∥ is the Euclidean norm. 

Definition 5. [39]: Suppose 𝑥𝑒𝑞 = 0 is the equilibrium point 

of the system   (5) with 0 < 𝛼 < 1 and 𝑡0=0. Now, 

suppose 𝑉(𝑡, 𝑥(𝑡)): [0, ∞) × 𝑅𝑛 ↦ 𝑅 is a continuously 

differentiable function and local Lipschitz with respect to 𝑥 

such that: 

𝛼1‖𝑥‖𝑎 ≤ 𝑉(𝑡, 𝑥(𝑡)) ≤ 𝛼2‖𝑥‖𝑎𝑏             (8) 

Likewise,  

𝑡0
𝐶 𝒟𝑡

𝛽
 𝑉(𝑡, 𝑥(𝑡)) ≤ −𝛼3‖𝑥‖𝑎𝑏 , 𝑡 ≥ 𝑡0,

𝑥 ∈ 𝔻, 𝛽 ∈ (0,1).                  

(9) 

where 𝛼1, 𝛼2, 𝛼3 and 𝑎, 𝑏 are positive fixed numbers. In this 

case, the equilibrium point 𝑥𝑒𝑞 = 0  is Mittag–Leffler stable. 

If the assumptions hold globally on 𝑅𝑛 then 𝑥𝑒𝑞 = 0 is 

globally Mittag–Leffler stable. 

Considering the quasi-state vector of the batch system as 𝑥 =

[𝑥1
𝑇, … 𝑥𝑁

𝑇]𝑇, the nonlinear term is 𝐅(𝒙, 𝒖) =

[𝐹1(𝑥1, 𝑢1), … , 𝐹𝑁(𝑥𝑁 , 𝑢𝑁)]𝑇 and 𝑢𝑖  is input vector for each 

𝑖𝑡ℎ agent.  

Assumption1. [13] The pair (𝐴, 𝐶) is observable, 𝑠𝑖 = 𝑠𝑖
𝑇 is 

a positive definite matrix, and we can get a positive scalar 𝜃 

such that: 

−𝜃𝑠𝑖 − 𝐴𝑇𝑠𝑖 − 𝑠𝑖𝐴 + 𝐶𝑇𝐶 =  0     (10) 

Assumption 2.  For a linear system, if the pair (𝐴 , 𝐵) is 

stabilizable, then there exists a matrix 𝑘 that can be obtained 

such that 𝜆(𝐴 +  𝐵𝑘) <
𝛼𝜋

2
  , and 𝑥𝑖

𝑇𝑠𝑖𝑥𝑖   can be chosen as a 

Lyapunov function such that: 

𝑠𝑖(𝐴 + 𝐵𝑘) + (𝐴 + 𝐵𝑘)𝑇𝑠𝑖 = −𝑄𝑖 ,   𝑄𝑖 > 0.   (11) 

Now, by considering the control law for distributed systems: 

𝑢𝑖 = −𝑐𝑘 ∑ 𝑤𝑖𝑗(𝑥̂𝑗 − 𝑥̂𝑖)

𝑗∈𝑁𝑖

.    
(12) 

where 𝑥𝑖and 𝑥𝑗 are state estimates in (16). In addition,  𝑐 >

0 ∈ 𝑅, 𝑁𝑖  is the agent 𝑖𝑡ℎ neighbors, 𝑘 ∈ 𝑅𝑚×𝑛 is feedback 

matrix and 𝑤𝑖𝑗    is considered equal to 1 for any 𝑗 ∈ 𝑁𝑖  in this 

model. The general system dynamics   (5) can be rewritten 

as follows: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑥 = (𝐼𝑁 ⊗ 𝐴)𝑥 − (𝑐𝐿 ⊗ 𝐵𝑘)𝑥̂

+ 𝐅(𝒙, 𝒖)  

𝑦 = (𝐼𝑁 ⊗ 𝐶)𝑥 . 

(13) 

where ⊗ represents the Kronecker product, 𝐿 =  𝐿 (𝐺) is 

the Laplacian matrix graph 𝐺. In addition, if 𝐼𝑁 ⊗ 𝐴 = 𝐴̅ , 

−(𝑐𝐿 ⊗ 𝐵𝑘) = B̅, and (𝐼𝑁 ⊗ 𝐶) = 𝐶̅, then (13) can be 

rewritten as follows: 

𝐷𝑡
𝛼

𝑡0

𝐶 𝑥 = 𝐴̅𝒙 + B̅𝑥 + 𝐅(𝒙, 𝒖) 

𝑦 = 𝐶̅𝑥         

(14) 

Lemma 2. [17] Considering the nonlinear Lipschitz 

continuous function in (6) and Assumption 2 are met, then  𝑟 

has the following upper bound: 

𝑟 <
𝜆𝑚𝑖𝑛(𝑄)

2𝜆𝑚𝑎𝑥(𝑠)
.                  

(15) 

where 𝑄 = 𝑑𝑖𝑎𝑔([𝑄1, 𝑄2, … , 𝑄𝑁]) and  𝑠 =

𝑑𝑖𝑎𝑔([𝑠1, 𝑠2, … , 𝑠𝑁]). Then, the feedback law 𝑢𝑖 =

−𝑐𝑘 ∑ 𝑤𝑖𝑗(𝑥𝑗 − 𝑥𝑖)𝑗∈𝑁𝑖
 globally Mittag Leffler stabilizes the 

system (14). 

III. Main Results 

A. Design observer  

A.1. Observer for Lipschitz class of nonlinear system 

In this section, a fractional-order state observer for system   

(5) is introduced as follows: 

 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑥̂𝑖  = 𝐴𝑥̂𝑖  +  𝐵𝑢𝑖 + 𝐅(𝒙, 𝒖)

+ 𝓛𝒊 (𝐶𝑥̂𝑖 − 𝑦𝑖); 𝑡 ≥ 𝑡0.  

(16) 

where 𝑥𝑖 𝜖𝑅𝑁.𝑑 are state estimates, 𝓛𝒊 is the observer of the 

gain. According to (12), (16) can be rewritten as: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑥̂ = (𝐼𝑁 ⊗ 𝐴)𝑥̂ − (𝑐𝐿 ⊗ 𝐵𝑘)𝑥̂

+  𝑭(𝒙, 𝒖)

+ (𝐼𝑁 ⊗ 𝓛𝒊 )(𝐶̅𝑥̂ − 𝑦),

𝑡 ≥ 𝑡0. 

   (17) 



International Journal of Industrial Electronics, Control and Optimization (IECO). 2025, 8(4)   378 

 

Considering the definitions given for the parameters of (14), 

then    (17) yields that: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑥̂  = 𝐴̅𝑥̂  + 𝐵̅𝑥̂ +  𝐅(𝒙, 𝒖)

+ 𝓛(𝐶̅𝑥̂ − 𝑦), 𝑡 ≥ 𝑡0.  

(18) 

where (𝐼𝑁 ⊗ 𝓛𝒊 ) = 𝓛 . 

Theorem1.  A sufficient condition for the stability of the 

observer (18) is that the Lipschitz constant is smaller than: 

𝑟 <
𝜆𝑚𝑖𝑛(𝜃𝑠)

2𝜆𝑚𝑎𝑥(𝑠)
   

(19) 

Proof: 

Note that if observer (18) can provide an accurate estimate 

of the state vector in (14), then: 

lim
𝑡→∞

(𝑥̂ − 𝑥) = 0                        (20) 

The difference between the system's state vector and the 

observer's state vector is defined as follows: 

𝑒 = 𝑥̂ − 𝑥                 (21) 

By considering the Lyapunov function candidate as : 

𝑉(𝑒) = 𝑒𝑇𝑠𝑒 (22) 

and substituting (21) in (22), we have:  

𝑉(𝑒) = (𝑥̂ − 𝑥)𝑇 𝑠(𝑥̂ − 𝑥) (23) 

Taking Caputo derivative from (21) yields 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑒 = (𝐼𝑁 ⊗ 𝐴)𝑥̂ − (𝑐𝐿 ⊗ 𝐵𝑘)𝑥̂ +  𝐅(𝒙, 𝒖)

+ (𝐼𝑁 ⊗ 𝓛𝒊 )(𝐶̅𝑥̂ − 𝑦)

− (𝐼𝑁 ⊗ 𝐴)𝑥 + (𝑐𝐿 ⊗ 𝐵𝑘)𝑥̂

− 𝐅(𝒙, 𝒖)

= ((𝐼𝑁 ⊗ 𝐴) + 𝓛𝐶̅)𝑒 + ∆𝐅

= (𝐴̅ + 𝓛𝐶̅)𝑒 + ∆𝐅 

(24) 

where (𝐼𝑁 ⊗ 𝐴) =  𝐴̅ and ∆𝐅 = 𝐅(𝐱̂, 𝐮) − 𝐅(𝐱, 𝐮). 

Assumption 1 can be defined for 𝑁 −agent: 

𝐴̅ 𝑇𝑠 + 𝑠𝐴̅  = −𝜃𝑠 + 𝐶̅𝑇𝐶̅ (25)       

Using condition (6), (24), (25), and Lemma1, we have:  

If 𝓛 = −
1

2
𝑠−1 𝐶̅𝑇is considered, then the sufficient condition 

for 𝐷𝑡
𝛼

𝑡0

𝐶 𝑉(𝑒) < 0 is 𝑟 <
𝜆𝑚𝑖𝑛(𝜃𝑠)

2𝜆𝑚𝑎𝑥(𝑠)
 and the proof is completed. 

A.2. Observer for One-Sided Lipschitz 

Theorem2.  When Lemma 2 is met, the sufficient condition 

for stability of observer (18) is that the Lipschitz constant is 

smaller than: 

 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉(𝑒) ≤ 2𝑒𝑇(𝑡) 𝑠 𝐷𝑡

𝛼
𝑡0
𝐶 𝑒(𝑡)  

≤ 𝑒𝑇[−𝜃𝑠 + 𝐶̅𝑇𝐶̅ + 𝐶̅𝑇𝓛𝑇𝑠

+ 𝑠𝓛𝐶̅]𝑒 + 2𝑒𝑇𝑠∆𝐹   

≤ −(𝜃𝑠 − 𝐶̅𝑇𝐶̅ − 𝐶̅𝑇𝓛𝑇𝑠

− 𝑠𝓛𝐶̅)‖𝑒‖2 + 2‖𝑠‖‖𝑒‖‖∆𝐹‖

≤ −𝜆𝑚𝑖𝑛(𝜃𝑠 − 𝐶̅𝑇𝐶̅

− 2𝑠𝓛𝐶̅)‖𝑒‖2 + 2𝑟𝜆𝑚𝑎𝑥(𝑠)‖𝑒‖2. 

(26) 

 

𝜆𝑚𝑖𝑛(𝜃𝑠) − 2γ
𝑠

> 0 (27) 

Proof:  

From (4), (22), and (24) it can be concluded that:  

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉(𝑒) ≤ 𝑒𝑇[−𝜃𝑠 + 𝐶̅𝑇𝐶̅ + 𝐶̅𝑇𝓛𝑇𝑠 + 𝑠𝓛𝐶̅]𝑒

+ 2𝑒𝑇𝑠∆𝐹 

≤ −𝑒𝑇𝜃𝑠𝑒 + 𝑒𝑇𝐶̅𝑇𝐶̅𝑒

+ 𝑒𝑇𝐶̅𝑇𝓛𝑇𝑠𝑒 + 𝑒𝑇𝑠𝓛𝐶̅𝑒

+ 2𝑒𝑇𝑠∆𝐹 

(28) 

Also, using (7), (28) yields:  

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉(𝑒) ≤ −𝜆𝑚𝑖𝑛(𝜃𝑠 − 𝐶̅𝑇𝐶̅ − 2𝑠𝓛𝐶̅)|𝑒|2

+ 2γ
𝑠
|𝑒|2 

(29) 

If 𝓛 = −
1

2
𝑠−1 𝐶̅𝑇 then 𝜆𝑚𝑖𝑛(𝜃𝑠) − 2γ

𝑠
> 0 and the proof is 

completed. 

The propose observer-based distributed Control for a multi-

agent system is illustrated in Figure 1 

 

Figure 1. Block diagram portraying the system agents along 

with the observer and the feedback control unit 

 

B. Achieving consensus 

Theorem 3. If Assumptions 1 and 2, and Lipschitz condition 

(6) are such that: 
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𝑟 <
1

2
𝑖𝑛𝑓(

1

𝜆𝑚𝑎𝑥(𝑠)
,
𝜆𝑚𝑖𝑛(𝜃𝑠)

𝜆𝑚𝑎𝑥(𝑠)
)                  

(30) 

Then, observer (18) and feedback controller 𝑢𝑖 =

−𝑐𝑘 ∑ 𝑤𝑖𝑗(𝑥𝑗 − 𝑥𝑖)𝑗∈𝑁𝑖
 will be globally Mittag-Leffler 

stable for the dynamical system (14). 

Proof: 

By utilizing (18), (21), and (24), we have: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑒(𝑡) = (𝐴̅  −

1

2
𝑠−1  𝐶̅𝑇𝐶̅) 𝑒  + 𝐅(𝐱̂, 𝐮)

− 𝐅(𝐱̂ − 𝐞, 𝐮). 

(31) 

By introducing the following Lyapunov function: 

𝑉(𝑥̂, 𝑒) = 𝛿𝑉1(𝑥̂) + 𝑉2(𝑒)     ,    𝛿 > 0                  (32) 

where 𝑉1(𝑥) and 𝑉2(𝑒) are: 

𝑉1(𝑥̂) = 𝑥̂𝑇𝑠𝑥̂  

𝑉2(𝑒) = 𝑒𝑇𝑠𝑒 

(33) 

Taking derivative from both sides, we have 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉(𝑥̂, 𝑒) = 𝛿 𝐷𝑡

𝛼
𝑡0
𝐶 𝑉1(𝑥̂) + 𝐷𝑡

𝛼
𝑡0
𝐶 𝑉2(𝑒) (34) 

Using (18), (33), (34) and Theorem 1, it can be concluded 

that: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉1(𝑥̂) ≤ 𝑥̂𝑇[𝑠(𝐴̅ + 𝐵̅) + (𝐴̅ + 𝐵̅)𝑇𝑠]𝑥̂

+ 2𝑥̂𝑇𝑠𝐅(𝒙, 𝒖) − 𝑥̂𝐶̅𝑇𝐶̅𝑒. 

(35) 

Inspired by Assumption 2 for 𝑁-agent and the Cauchy-

Schwarz inequality: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉1(𝑥̂) ≤ −‖𝑥̂‖2 + 2𝑥̂𝑇𝑠𝐅(𝑥̂, 𝐮)

+ ‖𝑥̂‖‖𝐶̅𝑇𝐶̅‖‖𝑒‖  

(36) 

Using condition Lipschitz and knowing that 𝐅(𝟎, 𝐮) = 0, 

then 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉(𝑥̂, 𝑒) ≤ 𝛿[−1 + 2𝑟𝜆𝑚𝑎𝑥(𝑠)]‖𝑥̂‖2

+ 𝛿‖𝐶̅𝑇𝐶̅‖‖𝑒‖‖𝑥̂‖

+ 𝐷𝑡0,𝑡
𝛼 𝑉2(𝑒). 

(37) 

 If (30) holds, according to theorem 1, when = 𝜆𝑚𝑖𝑛(𝜃𝑠) −

2𝑟𝜆𝑚𝑎𝑥(𝑠) > 0 , then: 

𝐷𝑡
𝛼

𝑡0
𝐶 𝑉2(𝑒) ≤ −𝑙‖𝑒‖2  (38) 

Now considering 1 − 2𝑟𝜆𝑚𝑎𝑥(𝑠) > 0 , and ‖𝐶̅𝑇𝐶̅‖ > 0. 

Thus, by selecting 𝛿  as (39) the Mittag- Leffler stability 

ensures the stability of the observer: 

𝛿 <
(1 − 2𝑟𝜆𝑚𝑎𝑥(𝑠))𝑙

‖𝐶̅𝑇𝐶̅‖2
  

(39) 

Algorithm 1 is proposed for distributed observer-based control 

for consensus in fractional-order systems (DOC-FO) for N-

agent where 𝜃 has a real value. 

Algorithm1: DOC − FO Algorithm for N − Agent   

𝐼𝑛𝑝𝑢𝑡: 𝐴, 𝐵, 𝐶, 𝜃 

1.   𝑖𝑓   𝜃 > 0  

2. Give   (10) ←  𝜃 

3. 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 𝑠 ←     (10) 

4. 𝑖𝑓    𝑠 > 0       𝑎𝑛𝑑  𝑠𝑇 = 𝑠 

5. 𝑒𝑙𝑠𝑒 

6. 𝑏𝑎𝑐𝑘 𝑡𝑜 𝑠𝑡𝑒𝑝 1 

7. 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 𝑘 ←   (11)  

8. 𝑖𝑓  𝑅𝑒(𝐴̅ + 𝐵̅) < 0   

9. 𝑢𝑖 = 𝑐𝑘 ∑ 𝑤𝑖𝑗(𝑥𝑗 − 𝑥𝑖)𝑗∈𝑁𝑖
 

10. 𝑒𝑙𝑠𝑒  

11. 𝑏𝑎𝑐𝑘 𝑡𝑜 𝑠𝑡𝑒𝑝 2 

12. 𝑒𝑛𝑑 

13. 𝑒𝑛𝑑 

 

IV. Nmerical Example 

The simulation is based on five agents with the observer 

and control unit as shown in Figure 2 and the relations (14) 

and (18) for each agent . 

 
Figure 2. Topology of graph 

 

The matrices of the system   (5)  considering 𝑥𝑖 ∈ 𝑅2 are 

shown in (40). The order of the fractional derivative is 

considered as: 𝛼 = 0.9. 

𝐴𝑖 = [
0 2

−1 −2
] , 𝐵 = [0  1]𝑇  ,   𝐶

= [ 1  0],

𝐹𝑖(𝑥𝑖 , 𝑢𝑖)

=  
1

6
[

√𝑥𝑖1
2 + 𝑥𝑖2

2

𝑠𝑖𝑛(𝑥𝑖1
) 𝑐𝑜𝑠 (𝑢𝑖)

] 

(40) 

where  =  𝐼 ,  𝑠𝑖 = [
0.25 0

0 0.5
] and 𝑟 ≃ 0.16 <

𝜆𝑚𝑖𝑛(𝑄)

𝜆𝑚𝑎𝑥(𝜃𝑠)
=

1, with 𝜃 = 4, the pair (𝐴, 𝐶) is observable and by solving   

(10), we have: 
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𝑟 <
1

2
(

𝜆𝑚𝑖𝑛(𝜃𝑠)

𝜆𝑚𝑎𝑥(𝑠)
) = 1 𝑎𝑛𝑑  γ

𝑠
<

1

2
(𝜆𝑚𝑖𝑛(𝜃𝑠))

= 0.5 

(41) The system (40) is global Mittag-Leffler stable and estimated 

states have converged towards the true values. Feedback 

matrix𝑘 = [0  0.4804], and 𝑐 = 2 for the following initial 

conditions:  

Figure 3 presents the simulation results 

𝑥1(0) = [−1.5; 2], 𝑥1(0) = [−0.8; 2.5], 

𝑥2(0) = [−1.5; 1.2] , 𝑥2(0) = [−1.1; 1.5], 

𝑥3(0) = [2.5; −2.1] , 𝑥3(0) = [2.9; −2], 

𝑥4(0) = [3; −1.6] , 𝑥4(0) = [3.4; −1.3], 

𝑥5(0) = [2.4; −3.1] , 𝑥5(0) = [2.8; −3], 

Figure 3 presents the simulation results comparing the actual 

system states with the estimated states obtained from the 

proposed observer. The results demonstrate that the 

estimated states closely track the actual states, with minimal 

deviation observed over the simulation period. This 

alignment indicates the effectiveness of the estimation 

algorithm in accurately reconstructing the system states. 

Furthermore, the convergence of the estimated states to the 

actual states reliability of the proposed methodology under 

the given operating conditions. These findings underscore 

the potential of the approach for practical applications in 

state estimation and control systems. 

 

 

Figure 4. Consensus for the first  actual state 
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Figure 5. Consensus for the second  actual state 

 
Figure 6. Consensus for the first estimated state 

 
Figure 7. Consensus for the second estimated state 

As illustrated in Figure 4 through Figure 7, the simulation 

results clearly demonstrate that the states of all agents exhibit 

a consistent trend of convergence over time, ultimately 

aligning with the average of the initial conditions of the states. 

This behavior is indicative of the system's inherent consensus 

dynamics, which drive the agents toward a unified state. The 

convergence rate, as observed in the figures, is influenced by 

the network topology and the interaction weights among 

agents, as described by the proposed control protocol. The 

results validate the theoretical analysis presented earlier, 

confirming that the designed control strategy effectively 

achieves consensus in a distributed multi-agent system.  

 

Figure 8. Input signal u2 

Figure 8 shows the second input signal for five  agents. As it 

is clear from the relationships, the first input signal is always 

zero because the value of zero in the first row of matrix B is 

zero. The control effort in the proposed method is optimized 

through the use of a state feedback law and a distributed 

consensus protocol. The control input𝑢𝑖  is designed as: 

𝑢𝑖 = −𝑐𝑘 ∑ 𝑤𝑖𝑗(𝑥̂𝑗 − 𝑥̂𝑖)

𝑗∈𝑁𝑖

.    

where 𝑐 is a positive scalar, 𝑘 is the feedback matrix, and 𝑤𝑖𝑗 

represents the interaction weights between agents. This 

design ensures that the control effort is distributed efficiently 

among agents, minimizing unnecessary energy 

consumption. 

Traditional methods often rely on centralized control or 

simpler feedback mechanisms, which may require higher 

control effort, especially in systems with large Lipschitz 

constants or complex nonlinearities. The proposed method, 

by leveraging fractional-order dynamics and one-sided 

Lipschitz conditions, reduces the control effort while 

maintaining stability and performance. The proposed 

method achieves global Mittag-Leffler stability, which 

ensures that the system states converge to consensus 

asymptotically. The synchronization time is influenced by 

the network topology and the interaction weights among 

agents. The use of fractional-order dynamics allows for 

faster convergence in systems with memory and hereditary 

effects, which are common in real-world applications. The 



International Journal of Industrial Electronics, Control and Optimization (IECO). 2025, 8(4)   382 

 

norm of the error signals ∥ 𝑒 ∥, where 𝑒 = 𝑥 − 𝑥, is 

minimized through the design of a stable observer and a 

distributed consensus protocol. The error dynamics are 

analyzed using Lyapunov's second method, ensuring that the 

error converges to zero over time. The proposed method 

guarantees that the norm of the error signals remains 

bounded and converges to zero, even in the presence of 

nonlinearities and uncertainties. 

V.  Limitations of the Study 
While this study presents a robust observer-based controller 

design for fractional-order multi-agent systems within the 

Lipschitz and one-sided Lipschitz frameworks, several 

limitations should be acknowledged. First, the proposed 

approach assumes ideal communication conditions among 

agents, neglecting potential communication delays that are 

prevalent in real-world multi-agent systems. The presence of 

delays can significantly impact the stability and performance 

of the consensus protocol, and future work should address this 

limitation by incorporating delay compensation mechanisms. 

Additionally, the study focuses on fixed network topologies, 

which may not fully capture the dynamic nature of real-world 

systems where network topologies can change over time due 

to agent mobility or link failures. Extending the proposed 

framework to handle stochastic switching topologies would 

enhance its applicability to more complex and realistic 

scenarios. Furthermore, the analysis is confined to Mittag-

Leffler stability, and the concept of fixed-time stability, which 

guarantees convergence within a predefined time regardless of 

initial conditions, is not explored. Investigating fixed-time 

stability could provide stronger guarantees for time-critical 

applications. Lastly, while the one-sided Lipschitz condition 

broadens the applicability of the proposed method to a wider 

class of nonlinear systems, the design and implementation 

complexity may increase for systems with highly nonlinear 

dynamics or exogenous disturbances. Future research should 

explore these aspects to further improve the robustness and 

practicality of the proposed approach. 

VI. Conclusion 

Many existing research methods are limited to stabilizing 

dynamical systems with small Lipschitz constants and often 

fail to provide effective solutions when the Lipschitz constant 

becomes large. To address this limitation, this paper leverages 

the concept of one-sided Lipschitz continuity, which was 

initially introduced in mathematical literature and is capable 

of encompassing a broader family of nonlinear systems. By 

utilizing this framework, we propose an observer-based 

distributed consensus control design tailored for nonlinear 

fractional-order multi-agent systems within both Lipschitz and 

one-sided Lipschitz classes. The proposed controller, designed 

using a state feedback law, ensures global Mittag-Leffler 

stability of the system, thereby offering a robust solution for a 

wider range of nonlinear dynamics. This advancement not 

only overcomes the constraints of traditional methods but also 

provides a foundation for further exploration in more complex 

scenarios, such as systems with communication delays, 

stochastic switching topologies, or exogenous disturbances. 

Future research could extend this work to incorporate fixed-

time stability guarantees or address time-varying network 

conditions, further enhancing the applicability and robustness 

of the proposed approach in real-world multi-agent systems. 
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