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Abstract

Multi-objective optimization is central to addressing complex real-world problems involving competing objectives. The
Non-Dominated Sorting Genetic Algorithm II (NSGA-II) remains a widely used approach in this domain; however, it
can face challenges in convergence, solution diversity, and robustness–particularly for multi-modal or discrete problems.
This paper introduces a variant of NSGA-II that incorporates a fuzzy-based non-dominated sorting scheme using a Γ
function over trapezoidal fuzzy numbers, designed to provide more flexible and nuanced dominance assessments. The
proposed method employs two tunable parameters to adjust fuzziness levels, allowing adaptive control over the trade-
off between exploration and exploitation. Comprehensive experiments on the ZDT benchmark suite (ZDT1–ZDT6),
conducted under realistic time constraints, are used to evaluate the approach. Results indicate that the fuzzy-enhanced
NSGA-II frequently offers Pareto front approximations that are at least comparable to, and in many cases modestly
improved over, those produced by the standard NSGA-II—particularly on test problems with discrete or multi-modal
Pareto fronts. Both visual and statistical analyses across multiple runs support observations of efficient convergence
and front coverage, while a sensitivity study highlights practical considerations for parameter selection. Overall, the
fuzzy-based sorting strategy expands the methodological toolkit for multi-objective evolutionary optimization, offering
a flexible and general framework suitable for diverse and challenging problem settings.

Keywords: Multiobjective optimization, evolutionary algorithms, NSGA-II algorithm, fuzzy number, Pareto front
approximation, non-dominated sorting.

1 Introduction

Multi-objective optimization (MOO) focuses on solving problems involving conflicting objectives, where improving one
often compromises others. The goal is to approximate the Pareto front, a set of trade-off solutions representing optimal
balances among objectives. Formally, a MOO problem with m objective functions can be expressed as follows:

min f(x) = (f1(x), f2(x), . . . , fm(x))

subject to x ∈ X ,
(1)

where X is the feasible region. A solution x∗ ∈ X is considered Pareto-optimal if there exists no other solution
x ∈ X such that fi(x) ≤ fi(x

∗) for all i = 1, . . . ,m, with fj(x) < fj(x
∗) for at least one j. The Pareto front provides

valuable insights into conflicting trade-offs among objectives.
Approximating the Pareto front remains challenging, particularly in complex spaces involving non-convex or high-

dimensional objectives. Non-dominated sorting serves as a cornerstone mechanism for ranking solutions in evolutionary
optimization frameworks, such as NSGA-II [4], SPEA2 [22], and NSGA-III [3]. Classical methods like NSGA-II have
introduced fast non-dominated sorting and diversity preservation via Crowding Distance, yet they face limitations in
computational expense and solution discrimination, especially in high-dimensional and uncertain landscapes [4, 13]. To
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address these limitations, researchers have explored alternative enhancements, including density-based, indicator-based,
and fuzzy-based approaches.

Recent research has also highlighted the computational challenges of non-dominated sorting in the context of many-
objective optimization problems (MaOPs)—those involving more than three objectives. Zhang et al. (2016) introduced
the Approximate-Efficient Non-dominated Sorting (A-ENS) algorithm, which significantly reduces runtime complexity
while preserving sorting accuracy in MaOPs. A-ENS limits the dominance comparisons for sorting to just three
objectives, making it computationally efficient even in high-dimensional spaces. Their work marks a pivotal advancement
in dominance-based evolutionary algorithms, addressing scalability issues with greater efficiency [19].

In recent years, the application of fuzzy logic in MOO has seen a surge of interest and development. Fuzzy logic
enables adaptive mechanisms to model uncertainty and refine dominance measures, introducing degrees of membership
within dominance relations for better solution discrimination. Researchers have explored various aspects, including
fuzzy parent selection processes [10], fuzzy modifications of NSGA-II to improve convergence and diversity in complex
landscapes [15], hybrid fuzzy systems combined with evolutionary strategies for optimizing high-dimensional spaces [14].
Despite these advancements, limited work has specifically explored fuzzy mechanisms in non-dominated sorting itself.
One of the earliest attempts is the fuzzy-based approach proposed by Köppen in 2005 [12], where fuzzy dominance
relations were introduced. However, this approach lacked flexibility in parameter adjustment and adaptability to diverse
problem contexts, leaving room for improvement.

This paper further builds on this body of work by introducing an innovative fuzzy non-dominated sorting mechanism
within the NSGA-II framework. Our primary contribution is the development of a Γ function, utilizing trapezoidal
fuzzy numbers to measure the relative strength of dominance among solutions. Unlike traditional crisp dominance
relations, the Γ function refines dominance measures by deconstructing differences in objective values into positive and
negative components. Notably, the trapezoidal fuzzy numbers in our approach depend on two adjustable parameters
(0 ≤ Cθ1 ≤ Cθ2 ≤ 1), providing flexibility in tuning the dominance criteria based on problem-specific requirements.
This adaptability offers a distinct advantage over earlier fuzzy-based methods, such as those proposed by Köppen et al.
[12], where parameter configurability is less pronounced.

The remainder of this paper is structured as follows: Section 2 reviews the related literature, focusing on recent
developments in evolutionary algorithms and fuzzy-based approaches; Section 3 outlines the essential preliminaries nec-
essary for understanding the proposed framework; Section 4 describes the fuzzy non-dominated sorting methodology in
detail; Section 5 introduces the modified NSGA-II algorithm, incorporating the fuzzy non-dominated sorting approach;
and Section 6 presents the experimental results along with a discussion of findings.

2 Literature review

Multi-objective optimization (MOO) addresses real-world challenges where conflicting objectives require carefully bal-
anced trade-offs [2]. Population-based Evolutionary Algorithms (PEAs) have proven particularly effective in tackling
such problems, as they can explore the solution space while approximating the Pareto-optimal front simultaneously
[1]. Over time, PEAs have evolved into more sophisticated algorithms such as NSGA-II [4] and NSGA-III [3], where
non-dominated sorting plays a central role in ranking solutions [7]. However, classical approaches to non-dominated
sorting face challenges, including high computational costs and difficulties in managing uncertainties in complex problem
settings. To address these limitations, researchers have explored advanced techniques, among which the integration of
fuzzy logic stands out as a promising direction. This review highlights recent progress in non-dominated sorting, empha-
sizing how fuzzy logic enhances the robustness and efficiency of MOEAs. Despite its potential, fuzzy logic-based sorting
remains underexplored relative to other fuzzy applications in multi-objective optimization. Recent studies, such as [6],
have further explored adaptive fuzzy-based mechanisms for evolutionary multi-objective optimization, demonstrating
improved solution discrimination and convergence in complex scenarios.

Non-dominated sorting methods have also evolved to tackle scalability issues in MaOPs. Zhang et al. (2016) proposed
the Approximate-Efficient Non-dominated Sorting (A-ENS) algorithm, a novel sorting method that limits the number
of dominance comparisons required, ensuring computational efficiency even with increasing numbers of objectives. By
embedding A-ENS into frameworks like NSGA-III and PICEA-g, their approach demonstrated significant runtime
reductions and improved search performance across various benchmarks. This contribution not only highlights the
efficiency gains possible in MOEAs but also underscores the importance of scalability in population sorting techniques
[19].

Early PEAs such as VEGA [16] and MOGA [5] laid the foundation for solving MOO problems but faced significant
limitations. VEGA’s subset-based selection often led to biased solutions, while MOGA’s Pareto ranking struggled with
achieving diversity and convergence within solution sets [4, 7]. The introduction of NSGA-II [4] marked a significant
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breakthrough. By employing fast non-dominated sorting alongside Crowding Distance for preserving diversity, NSGA-
II effectively improved both convergence and distribution of solutions compared to earlier methods. Through ranking
solutions into Pareto fronts and maintaining diversity, NSGA-II addressed many of the shortcomings of its predecessors.

Yet, NSGA-II is not without its own limitations. Its rank-based sorting and reliance on the Crowding Distance metric
can lead to challenges [4]. For instance, assigning equal rankings within the same Pareto front may overlook differences
in solution quality, while the Crowding Distance metric can struggle with problems involving complex or many-objective
Pareto fronts [13]. To address these issues, researchers have proposed alternative approaches, including density-based
and indicator-based techniques. Density-based methods estimate solution density to improve diversity [18], while
indicator-based methods, such as IBEA [21], use quantitative metrics rather than relying solely on Pareto dominance.
Among these alternatives, fuzzy logic-based methods are particularly compelling, offering flexibility in ranking solutions
by modeling dominance and diversity with greater adaptability compared to traditional crisp methods. These techniques
enable nuanced approaches to handle complex Pareto fronts and incorporate user preferences effectively.

Conventional non-dominated sorting relies on binary dominance relations, which may impose overly rigid structures
and limit adaptability. In contrast, fuzzy logic introduces flexibility by incorporating degrees of membership into
dominance relations, which helps manage uncertainty in MOEAs [9]. By replacing crisp dominance measures with fuzzy
ones, fuzzy logic improves solution discrimination, models uncertainty, and allows dynamic exploration-exploitation
trade-offs. For example, the concept of Fuzzy-Pareto Dominance (FPD), introduced by Köppen et al. [12], evaluates
dominance on a continuous scale rather than a binary basis. FPD utilizes fuzzy comparison functions and aggregation
techniques to assign a “dominating strength” rank to solutions, offering a more nuanced approach to sorting. Köppen et
al. demonstrated the effectiveness of FPD in their Fuzzy-Dominance-Driven Genetic Algorithm (FDD-GA), showcasing
improved diversity and convergence for high-dimensional problems where traditional Pareto frameworks often fall short.
However, implementing FPD requires careful calibration of fuzzy comparison functions and aggregation methods to
maximize its effectiveness.

Despite these foundational contributions, fuzzy logic-based population sorting in MOEAs remains relatively under-
developed compared to its other applications in multi-objective optimization. Most research on fuzzy logic in MOO
has concentrated on fuzzy objectives, constraints, and decision-making, leaving population sorting as a lesser-explored
area. Nevertheless, approaches like A-ENS and FPD demonstrate the unique advantages of fuzzy-based sorting. Future
research can expand upon these efforts to address existing challenges and fully leverage the capabilities of fuzzy logic
in evolutionary multi-objective optimization.

3 Preliminaries

This section introduces the fundamental concepts and methodologies required to understand the proposed fuzzy non-
dominated sorting mechanism, emphasizing trapezoidal fuzzy numbers, multi-objective optimization, and the NSGA-II
algorithm. These concepts build the theoretical foundation for the improvements introduced in our method.

3.1 Trapezoidal fuzzy numbers

Fuzzy numbers were initially introduced as part of fuzzy set theory by Zadeh [17], providing a general framework for
handling uncertainty and modeling imprecise data. Subsequently, specific types of fuzzy numbers, including trapezoidal
fuzzy numbers (TFNs), were developed for practical applications such as decision-making and optimization. Kaufmann
and Gupta [11] were among the first to formalize trapezoidal fuzzy numbers and demonstrate their utility in fuzzy
arithmetic.

Formulation of Trapezoidal Fuzzy Numbers A trapezoidal fuzzy number Ã is defined as a quadruple Ã =
(a, b, c, d), where a ≤ b ≤ c ≤ d. Its membership function µÃ(x) is expressed as:

µÃ(x) =


0 if x < a or x > d,
x−a
b−a if a ≤ x < b,

1 if b ≤ x ≤ c,
d−x
d−c if c < x ≤ d.

Trapezoidal fuzzy numbers are widely used due to their simplicity and flexibility in representing approximate or
uncertain values, making them ideal for applications in optimization frameworks.
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The trapezoidal shape makes TFNs particularly useful for practical applications, as they enable the modeling of
uncertainty using flexible yet computationally simple representations. Figure 1 displays the membership function of a
trapezoidal fuzzy number Ã.

x

µÃ(x)

a b c d

1

Figure 1: Membership function of a trapezoidal fuzzy number Ã = (a, b, c, d).

3.2 Multi-objective optimization and dominance

Many real-world optimization challenges involve multiple conflicting objectives that must be optimized simultaneously.
Such problems, referred to as Multi-Objective Optimization (MOO), seek to achieve trade-offs among objectives rather
than a single optimal solution. The solutions to MOO problems are often represented as a Pareto front containing
non-dominated solutions.

Pareto Dominance Pareto dominance is a key concept in MOO, which forms the basis for most optimization
algorithms. A solution x1 dominates another solution x2 if it is no worse in all objectives and strictly better in at least
one objective. Mathematically:

∀i ∈ {1, . . . ,m}, fi(x1) ≤ fi(x2) and ∃j ∈ {1, . . . ,m}, fj(x1) < fj(x2).

Non-dominated solutions are those for which no other solution in the feasible solution space dominates them. The
set of all non-dominated solutions forms the Pareto front, providing a visual and analytical representation of trade-offs
among competing objectives [22].

Challenges in MOO Although Pareto dominance is effective in identifying solutions with good trade-offs, its appli-
cation in optimization algorithms faces challenges:

� Handling large numbers of solutions within a single Pareto front,

� Ensuring diversity among solutions to avoid premature convergence,

� Balancing computational complexity for higher-dimensional objective spaces.

Our work leverages fuzzy theory to refine the notion of dominance by introducing a fuzzy-based ranking mechanism,
enabling better differentiation among solutions within non-dominated fronts.

3.3 Non-dominated sorting genetic algorithm II (NSGA-II)

The Non-dominated Sorting Genetic Algorithm II (NSGA-II) is one of the most widely used evolutionary algorithms
for solving MOO problems. It combines Pareto dominance-based sorting with mechanisms for preserving diversity and
computational efficiency [4].

Overview of NSGA-II NSGA-II evolves a population of candidate solutions toward the Pareto-optimal front. Key
steps include:

1. Non-dominated Sorting: Solutions are classified into fronts based on Pareto dominance.

2. Crowding Distance: Within a front, solutions are ranked further based on their relative density to maintain
diversity.

3. Elitism: The best solutions from the current generation are preserved for the next generation.
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Limitations Despite its popularity, NSGA-II has limitations when handling solutions within the same dominance
level (i.e., within the same Pareto front):

� Solutions in the same front are treated equally unless crowding distance is used for secondary ranking.

� Ranking precision can be affected, leading to potential suboptimal selections.

4 Fuzzy non-dominated sorting

Consider an arbitrary vector µ = [µ1, µ2, . . . , µm] ∈ Rm. We reformulate µ into two distinct vectors as follows:

� µ+, which includes all positive elements of µ. For non-positive elements, the value is set to zero:

µ+ = [max(µ1, 0),max(µ2, 0), . . . ,max(µm, 0)],

� µ−, which includes all non-positive elements of µ. For positive elements, the value is set to zero:

µ− = [min(µ1, 0),min(µ2, 0), . . . ,min(µm, 0)].

We define the function Γ(µ) as:

Γ(µ) =
∥µ+∥p
∥µ∥p

,

where ∥ · ∥p denotes the p-norm. Γ(µ) represents the relative magnitude of the positive components of µ compared
to the entire vector. This measure is independent of the specific p-norm used.

� Note: It holds that Γ(µ)p + Γ(−µ)p = 1.

� Proof:

By definition:

Γ(µ) =
∥µ+∥p
∥µ∥p

and Γ(−µ) = ∥(−µ)
+∥p

∥ − µ∥p
.

Since the p-norm is absolute homogeneous, ∥ − µ∥p = ∥µ∥p. Also, (−µ)+ = {−µi | µi ≤ 0, i = 1, 2, . . . ,m}.
Critically, the magnitudes of the elements in (−µ)+ are the same as the magnitudes of the elements in µ−.
Therefore:

Γ(−µ) = ∥µ
−∥p
∥µ∥p

.

Using the property of p-norms, ∥µ∥pp = ∥µ+∥pp + ∥µ−∥pp, we have:

Γ(µ)p =

(
∥µ+∥p
∥µ∥p

)p

=
∥µ+∥pp
∥µ∥pp

.

Γ(−µ)p =

(
∥µ−∥p
∥µ∥p

)p

=
∥µ−∥pp
∥µ∥pp

.

Adding these expressions:

Γ(µ)p + Γ(−µ)p =
∥µ+∥pp + ∥µ−∥pp

∥µ∥pp
=
∥µ∥pp
∥µ∥pp

= 1.
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4.1 Geometric interpretation of Γ(µ)

Γ(µ) provides a measure of the vector µ’s orientation relative to the coordinate axes. While generalizable to higher
dimensions, we consider the two-dimensional case for clarity:

� First (Positive) Quadrant: All components are positive (µ1 > 0, µ2 > 0).

� Fourth (Negative) Quadrant: All components are negative (µ1 < 0, µ2 < 0). (Note: This definition of the
fourth quadrant is specific to this context and differs from the standard Cartesian definition.)

The value of Γ(µ) indicates the following:

� Γ(µ) ≈ 0: The positive components of µ are negligible compared to the overall magnitude. The vector is closer
to having all negative components (the defined “fourth quadrant”).

� Γ(µ) ≈ 1: The positive components of µ dominate. The vector is closer to having all positive components (the
first quadrant).

Therefore, Γ(µ) reflects how “close” the vector is to a quadrant:

� Closer to the Fourth (Negative) Quadrant: Γ(µ) near 0 implies µ is mostly composed of negative compo-
nents.

� Closer to the First (Positive) Quadrant: Γ(µ) near 1 implies µ is mostly composed of positive components.

In essence, Γ(µ) quantifies the directional bias of µ. A value near 0 indicates a strong “pull” toward the all-negative
“fourth quadrant,” while a value near 1 indicates a strong “push” toward the all-positive first quadrant.

4.2 Dominance based on Γ(µ)

The general formulation of a multi-objective optimization problem (MOOP) with m conflicting objectives is described
in Section 1 (Equation (1)). Here, we build on this formulation and introduce a novel approach to dominance evaluation
by using Γ(µ), which provides a scalar measure for better comparability of solutions in multi-objective optimization.

When analyzing solutions in this MOOP context, the concept of dominance becomes essential for comparing solution
quality. Given two solutions xi and xj , with objective vectors f(xi) and f(xj), xi is said to dominate xj if:

1. For every objective k: fk(xi)− fk(xj) ≤ 0.

2. There exists at least one objective k for which: fk(xi)− fk(xj) < 0.

If these conditions hold, xi dominates xj . Dominance is used to identify the Pareto front, a set of non-dominated
solutions representing optimal trade-offs.

Consider the vector µij , defined as:

µij = f(xi)− f(xj). (2)

Γ(µij) provides insight into the dominance relationship:

� Γ(µij) = 0: xi strictly dominates xj (all components of µij are non-positive, and at least one is negative).

� Γ(µij) = 1: xj strictly dominates xi (all components of µij are positive, which contradicts the definition of
dominance of xi over xj). This indicates the “reverse” dominance relationship.

� 0 < Γ(µij) < 1: Neither solution strictly dominates the other.

Geometrically, if we consider f(xi) as the origin, then:

� Γ(µij) = 0: f(xj) lies in the “positive quadrant” relative to f(xi), indicating dominance of xi.

� Γ(µij) = 1: f(xj) lies in the “negative quadrant” relative to f(xi), indicating dominance of xj .
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Γ(µij) closer to 0 indicates that xi is closer to dominating xj .
To evaluate the overall dominance of a solution xi, suppose we have a population of N solutions (e.g., in a step of

the NSGA-II method). Fixing one solution xi and comparing it with other solutions xj (j ̸= i), we compute Γ(µij) for
each pair. Summing these values yields a quantitative measure of xi’s dominance relative to the rest of the population.
Repeating this process for all solutions provides a numerical value for each solution, enabling pairwise comparison.
These dominance scores are then utilized to assess the performance and rank the solutions in relation to one another.

Dominance Score(xi) =
∑
j ̸=i

Γ(µij). (3)

A dominance score of 0 implies that xi dominates all other considered solutions. By calculating this score for all
solutions, we can identify strongly non-dominated solutions.

This sum is a relative measure, meaning that it is earned by comparing all xi solutions to each other. Therefore,
the dominance score provides a comparative ranking of solutions rather than an absolute measure of quality.

4.3 Fuzzy dominance with trapezoidal fuzzy numbers

To enhance flexibility, we introduce a fuzzy dominance measure using trapezoidal fuzzy numbers and the Γ function.
We define a trapezoidal fuzzy number A with parameters a = Cθ1(cos(θ1)), b = c = Cθ2(cos(θ2)), and d = ∞, where

0 ≤ Cθ1 ≤ Cθ2 ≤ 1, (0 ≤ θ2 ≤ θ1 ≤
π

2
). The membership function is:

µA(x) =


0, if x ≤ Cθ1 ,
x−Cθ1

Cθ2
−Cθ1

, if Cθ1 < x < Cθ2 ,

1, if Cθ2 ≤ x.

We construct a domination matrix D, where each element Dij quantifies the fuzzy dominance of xi over xj :

Dij =

{
0, if i = j,

µA(Γ(µij)), if i ̸= j.

To arrive at a measure equivalent to Equation (3), it is evident that the sum of each row in the matrix D directly
corresponds to the Dominance Score defined in Equation (3). Consequently, we define the vector v as:

v = D · 1,

where 1 is a vector of ones. Sorting the components of v in ascending order ranks the solutions based on their
dominance relationships. This approach provides a structured, fuzzy-enhanced evaluation framework that combines
theoretical rigor with practical applicability.

Why Trapezoidal Fuzzy Numbers? In our work, trapezoidal fuzzy numbers are utilized due to their ability to
flexibly represent dominance relationships among solutions in a multi-objective optimization context. Compared to
other types (e.g., triangular fuzzy numbers or Gaussian fuzzy numbers), TFNs offer:

� Simplicity in operations like addition, subtraction, and defuzzification,

� Enhanced modeling of uncertainty with two additional parameters (a, d) controlling the spread beyond central
values (b, c),

� Computational efficiency, which is suitable for optimization algorithms requiring iterative evaluations.

The integration of trapezoidal fuzzy numbers with our proposed mechanism enables improved ranking of solutions
within non-dominated fronts, enhancing the precision of comparisons.

To further clarify, we analyze the figures provided to distinguish the difference between the old method (Figure 2
(a)) and the fuzzy dominance method (Figure 2 (b)). These figures convey a specific case where m = 2, meaning a
bi-objective optimization problem is depicted in a two-dimensional objective space.

Figure 2 (a) exemplifies the traditional approach employed in non-dominated sorting algorithms such as NSGA-II.
The figure partitions the space into “dominated” and “dominates” regions, with an incomparability region marked as
white, where no numerical dominance relationship is assigned.
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Contrastingly, our fuzzy dominance method in Figure 2 (b) introduces a division of decision space into four distinct
regions: “dominates,” “dominated,” and two diagonal regions of “comparable” solutions. This partitioning is enabled
by calculating an angular measure α (the angle between the vectors µij and the negative side of the horizontal axis)
and its associated Γ(µij) value, which derives directly from cos(α). This fuzzy dominance approach allows assigning a
scalar dominance value to formerly incomparable solutions (the white region in Figure 2(a)).

The visual depiction in two dimensions (Figure 2 (b)) demonstrates how fuzzy dominance evolves past the traditional
“dominated-dominates” dichotomy to an enriched framework, comparing solutions with greater sensitivity. Moreover,
the methodology extends naturally to higher dimensions, making it suitable for complex decision-making in multi-
objective optimization scenarios. This approach aligns with the recent advancements in preference-based optimization
(e.g., [4], [8]) and provides a meaningful extension of traditional Pareto-based sorting mechanisms.

Figure 2: Comparison of dominance regions

(a) Traditional non-dominated sorting (b) Fuzzy non-dominated sorting

While this method is intuitive for two-dimensional scenarios, as visualized in Figure 2, its versatility with higher-
dimensional datasets further emphasizes its usefulness. This method bridges theoretical rigor and practical applicability,
offering enhanced discriminatory power in ranking and selection processes.

4.4 Analysis and implications of Cθ1 and Cθ2 parameters

The trapezoidal fuzzy parameters, Cθ1 and Cθ2 , play a critical role in determining the fuzziness and transition between
dominance states. Defined by the ranges:

Cθ1 ∈ [0, 1], Cθ2 ∈ [Cθ1 , 1],

these parameters modulate the interpretation of solution relationships by affecting the dominance degree Γ(µ) for
pairwise comparisons. Key parameter configurations include:
- Case 1 (Cθ1 = 0, Cθ2 = 1): Membership transitions gradually across the complete range [0, 1], resulting in full
fuzziness. This interpretation is suitable for accommodating uncertainty in dominance relationships.
- Case 2 (Cθ1 = Cθ2 = 0.5): Introduces a crisp threshold at Γ = 0.5, reverting the system to binary dominance
classifications:

Dij =

{
0 Γ(µij) ≤ 0.5,

1 Γ(µij) > 0.5.

Such settings enforce strict dominance criteria by eliminating partial dominance relationships.
- Case 3 (Cθ1 → 1): Stronger evidence is required for dominance declarations, which reduces false positives but
increases incomparability regions, making this useful for precision-sensitive optimization problems.
- Case 4 (Cθ2 → 0): This liberalizes dominance declarations, enhancing solution comparability but risking over-
estimation of dominance relationships.

The ratio ρ = Cθ2 − Cθ1 controls the width of the fuzzy transition region, affecting the dominance spectrum:
- Small ρ: Behaves like crisp dominance with a slight tolerance margin, ideal for problems requiring strict dominance
classification.
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- Large ρ: Facilitates graded dominance for noisy objectives or subjective decision-making, enabling smoother transi-
tions.

5 A modified NSGA-II by using fuzzy non-dominated sorting approach

Building upon the classical NSGA-II algorithm, this section introduces a novel fuzzy-based sorting approach to handle
uncertainties in solution comparisons. The traditional NSGA-II relies on Pareto dominance and crowding distance for
solution ranking and maintaining diversity. However, these methods often face limitations when dealing with solution
sets that exhibit close similarities or when uncertainties in dominance relationships arise.

To address these challenges, we integrate a fuzzy non-dominated sorting approach into the NSGA-II framework. By
leveraging trapezoidal fuzzy numbers and angular measures, the proposed method redefines the conventional dominance
concept. This modification assigns scalar comparability values to solutions, overcoming issues with strictly incomparable
solutions and enhancing both convergence efficiency and population diversity.

The modified NSGA-II algorithm applies fuzzy-based sorting as a replacement for the standard non-dominated
sorting mechanism. This integration is complemented by the conventional crowding distance calculation, ensuring
proper diversity maintenance. The complete details of this enhanced sorting mechanism and its implementation within
the NSGA-II framework are outlined in Algorithm 1.

5.1 Comparison the complexities of traditional NSGA-II and modified NSGA-II meth-
ods:

In this section, we compare the computational complexities of the traditional NSGA-II algorithm and the modified
NSGA-II method that incorporates a new sorting mechanism using a vector v derived from a fuzzy domination matrix.

Traditional NSGA-II Complexity: The traditional NSGA-II algorithm consists of two primary computational
steps:

1. Non-Dominated Sorting: This step involves sorting the population into different fronts based on dominance
relations. The time complexity for performing non-dominated sorting is generally O(n2m), where n is the number
of individuals in the population and m is the number of objectives. This complexity arises because, in the worst
case, each individual needs to be compared with all other individuals.

2. Crowding Distance Calculation: For each front, the algorithm calculates a crowding distance for each indi-
vidual to maintain diversity. The complexity of calculating crowding distance for each front is O(mn log n). This
involves sorting the individuals in each front based on each objective, which has a complexity of O(n log n) per
objective.

Combining these steps, the overall complexity of the NSGA-II algorithm per generation is dominated by the non-
dominated sorting step:

Overall Complexity: O(n2m) +O(mn log n).

In most scenarios, especially with many objectives or a large population size, the O(n2m) factor from non-dominated
sorting will be the dominating factor [4].

Modified NSGA-II method complexity: The modified NSGA-II method introduces a new sorting mechanism
using a vector v derived from a fuzzy domination matrix D. The key computational steps are:

1. Domination Matrix Construction (D): Constructing the fuzzy domination matrix involves pairwise compar-
isons of all individuals. The complexity of this step is O(n2m), similar to the non-dominated sorting in traditional
NSGA-II.

2. Vector v Calculation: The vector v is computed as the product of the domination matrix D and a vector of
ones. This step has a complexity of O(n2).

3. Sorting Based on v: Sorting the population based on the values in v is required for assigning fronts. This
sorting step has a complexity of O(n log n).
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Algorithm 1 Modified NSGA-II with Fuzzy Dominance

1: Input:
2: P (current population), N (population size), G (number of generations), p (p-norm), Cθ1 , Cθ2 (0 ≤ Cθ1 ≤ Cθ2 ≤ 1)
3: Output: Pfinal (final population)
4: Initialize: Initialize population P (0) randomly
5: for each individual xi in P (0) do
6: Evaluate fitness for xi

7: end for
8: Set generation counter g ← 0
9: while g < G do

10: Generate Offspring:
11: Apply crossover and mutation on P (g) to generate offspring Q(g)
12: for each individual xi in Q(g) do
13: Evaluate fitness for xi

14: end for
15: Combine populations: R(g)← P (g) ∪Q(g)
16: for each pair of solutions (xi, xj) in R(g) do
17: Compute µij = f(xi)− f(xj) ▷ Compute the difference in objective values
18: Decompose µij into positive and negative components
19: Compute fuzzy dominance Γ(µij)
20: Compute membership value using the trapezoidal fuzzy function
21: Populate the domination matrix Dij

22: end for
23: Compute Dominance Vector:
24: Compute the dominance vector v by multiplying D with a vector of ones:

v = D · 1

25: Sorting:
26: Sort individuals in R(g) based on ascending values of vi.
27: for each tie in vi values do
28: Tie-breaking: If ties in vi values occur (a rare event), randomly select one individual or utilize the crowding

distance as a secondary sorting criterion in descending order.
29: end for
30: Select top N individuals from sorted R(g) to form the next generation P (g + 1)
31: Increment generation counter g ← g + 1
32: end while
33: Return: Pfinal as the final population
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Combining these steps, the overall complexity of the modified NSGA-II method is:

Overall Complexity: O(n2m) +O(n2) +O(n log n).

Given that O(n2m) is the dominant term, the overall complexity is similar to that of the traditional NSGA-II
algorithm.

6 Results and discussion

The performance of classical NSGA-II and Modified NSGA-II is empirically evaluated on standard bi-objective ZDT
benchmarks (ZDT1–ZDT6) [20]. These problems collectively encompass diverse search space properties, including
convexity, non-convexity, multimodality, and discontinuity, enabling a thorough assessment of algorithmic strengths and
weaknesses. The comparison focuses on key metrics—hypervolume (HV), convergence, diversity, and computational
efficiency—across various computational budgets. Sensitivity analysis of Modified NSGA-II control parameters is also
presented. All results are based on extensive numerical experiments and graphical analysis.

6.1 Experimental setup and performance metrics

Both algorithms were systematically tested across ZDT problems under identical experimental settings and varying
resource constraints, providing insight into their behavior in different scenarios.

6.1.1 Performance metrics

Four standard metrics were used:

� Hypervolume (HV): Measures the volume in the objective space dominated by the obtained Pareto front,
jointly reflecting convergence and diversity [20, 21].

� Convergence: Quantifies how closely solutions approach the true Pareto front, typically via generational distance
(GD) [4].

� Diversity: Assesses the spread/coverage of solutions along the Pareto front [4, 20].

� Computation Time/Efficiency: Records the computational resources (e.g., wall-clock time or function evalu-
ations) needed for solution quality, important for practical applications [19].

These metrics are widely used and facilitate benchmarking against other studies [4, 19, 20, 23].

6.1.2 Parameter settings

Experiments on ZDT1–ZDT4 used consistent algorithm parameters for fair comparison. The HV reference point was
(1.2, 1.2); the ideal point, (0, 0). Modified NSGA-II control parameters (cθ1 = 0.2, cθ2 = 0.6), crossover probability
(0.5), and mutation probability (0.3) were applied. For ZDT5 and ZDT6, some parameters were adjusted based on
problem-specific characteristics; details are provided in their respective result sections.

6.2 Results on ZDT1 test problem

ZDT1 is a well-known bi-objective minimization problem from the ZDT test suite [20, 23] with a convex and continuous
Pareto front defined by f2 = 1−

√
f1 for 0 ≤ f1 ≤ 1. It is a simple yet effective benchmark for evaluating the convergence

and diversity maintenance capabilities of multi-objective evolutionary algorithms (MOEAs).

6.2.1 Preliminary observation and rationale for time-based analysis

Initial experiments on ZDT problems (e.g., ZDT1) revealed substantial differences in computation time per generation
between classical NSGA-II [4] and Modified NSGA-II. While NSGA-II is widely recognized for efficiency and solution
diversity [2, 4], we found that relying solely on a fixed number of generations for comparison can be misleading when
per-generation cost differs notably. In real-world applications where computation time is limited, time-based criteria
provide a more realistic assessment [14, 15, 20].
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Table 1: Preliminary comparison of NSGA-II and Modified NSGA-II on ZDT1 after 30 generations

Metric
NSGA-II

(Mean ± Std Dev)
Modified NSGA-II
(Mean ± Std Dev)

t-statistic p-value Better ↑/↓

Hypervolume (HV) 0.352± 0.072 0.398± 0.039 3.247 0.002 ↑
Generational Distance (GD) 0.645± 0.132 0.408± 0.037 −9.525 0.000 ↓
Diversity 0.864± 0.067 0.956± 0.006 73.745 0.000 ↑
Computation Time (s) 31.414± 3.164 8.444± 0.069 −48.808 0.000 ↓

As summarized in Table 1, after 30 generations on ZDT1 (30 runs), Modified NSGA-II significantly outperforms
standard NSGA-II in all key metrics: higher Hypervolume (0.398±0.039 vs. 0.352±0.072; p=0.002), lower Generational
Distance (0.408 ± 0.037 vs. 0.645 ± 0.132; p=0.000), and higher Diversity (0.956 ± 0.006 vs. 0.864 ± 0.067; p=0.000).
Importantly, it also requires much less computation time (8.444 ± 0.069 s vs. 31.414 ± 3.164 s; p=0.000), with much
lower variance, demonstrating both efficiency and consistency.

These results highlight that fixed-generation comparisons may not reflect true performance in settings with time
constraints. Therefore, all subsequent analyses use a fixed execution time budget, tailored to each problem’s complex-
ity. This ensures a fair and practically relevant comparison that accurately captures the algorithms’ abilities within
equivalent computational resources.

6.2.2 Time-based performance on ZDT1

Following the rationale established in Section 6.2.1, the standard NSGA-II and Modified NSGA-II algorithms were run
on the ZDT1 problem for a predefined time budget. To gain further insight into the dynamic behavior of the algorithms
and visualize their convergence process over time, we present snapshots of the population distribution in the objective
space at different time points during a typical run. Figure 3 shows these snapshots for both algorithms at 10, 20, 30,
and 40 seconds of execution time.

Figure 3: Population progress of NSGA-II and Modified NSGA-II on the ZDT1 test problem at different time points
(10s, 20s, 30s, and 40s). The red circles represent the population members found by the standard NSGA-II, the blue
diamonds represent the population members found by the proposed Modified NSGA-II, and the solid black line indicates
the true Pareto front of ZDT1.

As depicted in Figure 3, at earlier time points (e.g., 10s and 20s), the Modified NSGA-II (blue diamonds) shows
a clearly faster convergence towards the true Pareto front compared to the standard NSGA-II (red circles), with its
population points generally closer to the black curve and beginning to spread along the front. This rapid initial progress
is a direct consequence of its lower per-generation time, enabling it to perform more updates and selections early on.
At later time points (30s and 40s), both algorithms have populations that are approaching the Pareto front. However,
the Modified NSGA-II consistently maintains a distribution that is more tightly clustered around the true Pareto front,
covering a significant portion of the front, which aligns with the potentially better Convergence and Diversity metrics
expected from an efficient algorithm. While NSGA-II also finds points near the front, its population appears more
scattered, with some points still relatively far from the optimal set or not covering the full extent of the front as
effectively within the same time. The visual evidence strongly supports the conclusion that, within a fixed time budget,
the proposed modifications contribute to a more efficient search process, leading to faster convergence and potentially
better overall performance on the ZDT1 problem.
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6.3 Empirical results and analysis

This section presents and analyzes the empirical results obtained from applying NSGA-II and the Proposed Modified
NSGA-II to the four ZDT benchmark problems (ZDT1, ZDT2, ZDT3, and ZDT4) under various fixed computational
time budgets (10, 20, 30, and 40 seconds). The performance of the algorithms is evaluated based on three widely used
metrics: Hypervolume, Diversity, and Convergence, measured over 30 independent runs for each problem-time-algorithm
combination. Statistical analyses are conducted to determine the significance of observed performance differences.

6.3.1 Quantitative analysis

Tables 2 and 3 summarize the mean and standard deviation of the Hypervolume, Diversity, and Convergence metrics
for both algorithms on ZDT1, ZDT2, ZDT3, and ZDT4, respectively, across the considered time budgets. The average
performance and its variability across 30 runs provide a quantitative comparison of the algorithms’ effectiveness and
reliability.

Table 2: Mean and Standard Deviation of Performance Metrics on ZDT1 and ZDT2 (30 runs)

Time (s) Alg. Mean HV Std HV Mean Div Std Div Mean Conv Std Conv

Z1 Z2 Z1 Z2 Z1 Z2 Z1 Z2 Z1 Z2 Z1 Z2

10 NSGA-II 0.0296 0.0000 0.0340 0.0000 0.7973 0.8547 0.0683 0.0673 1.3063 2.0566 0.1477 0.2886
Mod. NSGA-II 0.4369 0.0115 0.0728 0.0228 0.9613 1.0405 0.0541 0.0666 0.3831 0.8518 0.0421 0.1120

20 NSGA-II 0.1751 0.0000 0.0810 0.0000 0.8235 0.8814 0.0487 0.0583 0.9020 1.3808 0.1160 0.2351
Mod. NSGA-II 0.7052 0.0196 0.0641 0.0471 1.0697 1.0751 0.0559 0.0456 0.1853 0.5335 0.0316 0.1107

30 NSGA-II 0.3030 0.0022 0.0661 0.0078 0.8444 0.8691 0.0657 0.0542 0.7000 1.0014 0.1127 0.1630
Mod. NSGA-II 0.6709 0.0408 0.0641 0.0769 1.0763 1.0713 0.0566 0.0464 0.2031 0.4358 0.0399 0.0748

40 NSGA-II 0.5288 0.0303 0.0810 0.0445 0.8883 0.9047 0.0641 0.0648 0.4689 0.7159 0.1229 0.1553
Mod. NSGA-II 0.7001 0.0264 0.0628 0.0650 1.0998 1.0667 0.0417 0.0620 0.1320 0.3231 0.0279 0.0813

Table 3: Mean and Standard Deviation of Performance Metrics on ZDT3 and ZDT4 (30 runs)

Time (s) Alg. Mean HV Std HV Mean Div Std Div Mean Conv Std Conv

Z3 Z4 Z3 Z4 Z3 Z4 Z3 Z4 Z3 Z4 Z3 Z4

10 NSGA-II 0.2674 0.0000 0.0991 0.0000 0.8558 0.8628 0.0673 0.0772 1.1952 28.3000 0.2053 8.3617
Mod. NSGA-II 0.5681 0.0000 0.1205 0.0000 1.1056 0.9695 0.0491 0.0838 0.0381 5.1755 0.0030 2.0710

20 NSGA-II 0.4652 0.0000 0.1393 0.0000 0.8693 0.8982 0.0705 0.1041 0.9311 20.6259 0.1709 4.5734
Mod. NSGA-II 0.6359 0.0000 0.1331 0.0000 1.0699 0.9991 0.0600 0.0742 0.0314 3.1181 0.0047 0.6282

30 NSGA-II 0.8000 0.0000 0.0826 0.0000 0.8882 0.9351 0.0659 0.0815 0.5192 15.8818 0.1271 4.1573
Mod. NSGA-II 0.5993 0.0080 0.0637 0.0212 1.0260 1.0152 0.0251 0.0653 0.0233 1.6090 0.0035 0.5587

40 NSGA-II 0.9119 0.0000 0.0953 0.0000 0.9061 0.9533 0.0565 0.1235 0.4307 8.2684 0.1224 2.3455
Mod. NSGA-II 0.6079 0.1371 0.0947 0.1608 1.0451 1.0976 0.0436 0.0752 0.0254 0.5668 0.0041 0.3367

From the quantitative results, it is observed that the Modified NSGA-II generally achieves higher Hypervolume values
and lower Convergence values compared to the standard NSGA-II across all problems and time budgets, particularly
noticeable as the time budget increases. The Diversity metric shows varied results depending on the problem, which
warrants further investigation through visual analysis. A notable observation is the Hypervolume results for ZDT4,
where the standard NSGA-II consistently yields a Hypervolume of 0 across all time budgets, while the Modified NSGA-
II achieves non-zero Hypervolume values, indicating its ability to find non-dominated solutions on this challenging
multi-modal problem.

6.3.2 Visual analysis

To provide a clearer picture of the algorithms’ performance distribution and trends, we present the results using box
plots and performance-over-time graphs for each test problems.

Figures 4, 5, and 6 show the box plots of Hypervolume, Diversity, and Convergence metrics for ZDT1, ZDT2, ZDT3
and ZDT4, measured over 30 independent runs, for NSGA-II and Modified NSGA-II across time budgets from 10 to 40
seconds.
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Figure 4: Box plots of Hypervolume for NSGA-II and Modified NSGA-II across all test problems (ZDT1–ZDT4) at
different time budgets. Each subfigure compares distributions for a specific problem.

Figure 5: Box plots of Diversity for NSGA-II and Modified NSGA-II across all test problems (ZDT1–ZDT4) at different
time budgets. Each subfigure compares distributions for a specific problem.

Figure 6: Box plots of Convergence for NSGA-II and Modified NSGA-II across all test problems (ZDT1–ZDT4) at
different time budgets. Each subfigure compares distributions for a specific problem.

Interpretation: The box plots in Figures 4–6 provide a comparative overview of the performance of NSGA-II and
Modified NSGA-II across all four benchmark problems (ZDT1 to ZDT4) with varying time budgets.

Hypervolume: For all test problems, Modified NSGA-II generally achieves higher median hypervolume values than the
original NSGA-II, especially at shorter time budgets. In ZDT1 and ZDT3, the improvement is pronounced: while NSGA-
II starts at near-zero hypervolume at 10 seconds, Modified NSGA-II reaches notably higher values (e.g., around 0.44
for ZDT1 and above 0.6 for ZDT3). As time increases, both algorithms improve, but Modified NSGA-II consistently
maintains a lead, exhibiting both higher medians and lower variability. In ZDT2 and ZDT4, both algorithms achieve
lower hypervolume overall, but the advantage of Modified NSGA-II becomes most evident at the longest time budget
in ZDT4.

Diversity: Box plots of diversity show that Modified NSGA-II produces more diverse solutions in most problems and
at all time budgets. The difference is clearest in the early time intervals, with Modified NSGA-II having both a higher
median and a narrower range of diversity, especially in ZDT1, ZDT2, and ZDT3. For ZDT4, the diversity advantage is
maintained across all time steps, with Modified NSGA-II achieving higher medians and also reduced spread compared
to NSGA-II. As time increases, the gap in diversity metrics typically becomes somewhat narrower, but the Modified
NSGA-II maintains a consistent benefit.

Convergence: With respect to convergence, Modified NSGA-II again outperforms NSGA-II across all problems. In
all cases, its median convergence values are significantly lower (indicating solutions closer to the true Pareto front).
The original NSGA-II shows larger variability and noticeable outliers, particularly in ZDT1 and ZDT4, where some
runs yield much higher error. Modified NSGA-II converges more rapidly and stably, as shown by the lower and more
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compact boxes in all problems and especially at earlier time budgets. This demonstrates greater robustness of the
modified algorithm regardless of the problem structure.

Taken together, these results indicate that the Modified NSGA-II consistently and substantially improves both con-
vergence and solution diversity in most cases, while achieving superior or comparable hypervolume, thus validating its
advantage over the standard NSGA-II across diverse multi-objective problem landscapes.

6.4 Performance over time

The evolution of algorithmic performance over increasing computational time for all ZDT benchmark problems is
illustrated in Figure 7. For each problem (ZDT1–ZDT4), the mean Hypervolume, Diversity, and Convergence metrics
are plotted against the time budgets of 10 s, 20 s, 30 s, and 40 s for both NSGA-II and Modified NSGA-II.

Across all problems, increasing the computation time generally leads to higher Hypervolume and lower Convergence,
as expected for multi-objective optimizers. However, the specific progress and the difference between the algorithms
are problem-dependent:

Hypervolume: For ZDT1 and ZDT3, NSGA-II shows a steady increase in Hypervolume as time increases, whereas
Modified NSGA-II rapidly achieves high Hypervolume at early time steps and then plateaus, indicating faster con-
vergence. In ZDT2 and ZDT4—considered more challenging—Modified NSGA-II demonstrates a clear advantage:
particularly in ZDT4, it achieves a significant Hypervolume leap at 40 s, which NSGA-II cannot match even at longer
runtimes.

Diversity: Trends in diversity are largely problem-specific. In ZDT1 and ZDT2, Modified NSGA-II achieves greater
and more stable diversity values across all time budgets, showcasing its ability to maintain a well-spread Pareto front.
In ZDT3 and ZDT4, the gap narrows, but the Modified variant still maintains a slight edge, especially as time increases.

Convergence: For all problems, especially ZDT3 and ZDT4, Modified NSGA-II achieves significantly lower (better)
convergence values at each time budget. This highlights the algorithm’s ability to find solutions closer to the true Pareto
front quickly and consistently throughout the runtime range.

In summary, Figure 7 confirms that Modified NSGA-II consistently outperforms the standard NSGA-II in conver-
gence and hypervolume, and typically in diversity as well, particularly under stricter time budgets or in more difficult
problem scenarios (such as ZDT4).

Figure 7: Performance progression of NSGA-II and Modified NSGA-II for all ZDT benchmark problems (ZDT1–ZDT4)
under different time budgets (10 s, 20 s, 30 s, 40 s). Each row shows the trends in Hypervolume, Diversity, and Con-
vergence for a specific problem as time increases. Solid lines indicate NSGA-II and dashed lines indicate the Modified
NSGA-II.

6.5 Visual and time-based convergence analysis on ZDT5 and ZDT6

To complement the numerical results and address practical considerations, we provide a unified visual analysis of Pareto
front convergence behaviors for both continuous (ZDT6) and discrete (ZDT5) problems. This comparison highlights
performance across both generational and wall-clock time perspectives, reflecting realistic application scenarios.

For the ZDT6 problem, Figure 8 presents snapshots of Pareto front approximations at several key generations (4,
8, 16, 32), while Figure 9 shows convergence at identical wall-clock times (3, 6, 9, 12 seconds). Both algorithms are
evaluated under the same settings.
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Figure 8: Stepwise Pareto front convergence for NSGA-II (red circles) and Modified NSGA-II (blue diamonds) on
ZDT6. (Generations: 4, 8, 16, 32)

Figure 9: Stepwise Pareto front convergence for NSGA-II and Modified NSGA-II on ZDT6. (Computation times: 3, 6,
9, 12 seconds)

For the discrete ZDT5 benchmark, Figure 10 visualizes Pareto front approximations at fixed time points (5, 10, 15,
20 seconds), where the inherent discreteness of the true front is outlined by black ‘+‘ symbols.

Figure 10: Stepwise evolution of Pareto fronts for NSGA-II and Modified NSGA-II on ZDT5 at several fixed computation
times. The true Pareto front is shown as black ‘+‘ symbols.

Key Findings.

� For ZDT6, modified NSGA-II drives the population more rapidly and cohesively toward the true Pareto front, es-
pecially evident in time-based visualizations—yielding faster convergence and greater solution diversity compared
to the classical NSGA-II.

� In ZDT5, both algorithms respect the problem’s inherently discrete Pareto front, with solutions clustering only
at valid points. The modified version provides mild but consistent improvements in both convergence speed and
front coverage, particularly in early and intermediate stages.

� Across both problems, time-based visualization offers a more application-relevant comparison than solely generation-
based snapshots. The practical advantage of the proposed method is evident especially when wall-clock runtime
is constrained.

� Visual patterns align with previous quantitative results and underline the robustness and efficiency of the modified
(fuzzy-based) approach across both continuous and discrete scenarios.
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6.6 Sensitivity analysis of fuzzy parameter difference (ρ) on ZDT1

To evaluate the effect of the fuzzy parameter difference ρ = Cθ2 − Cθ1 on the performance of the modified NSGA-II, a
sensitivity analysis was performed on ZDT1. For a fixed population size (l = 30), ρ ranged from 0.1 to 1.0 (step 0.1),
and for each ρ, 10 random (Cθ1 , Cθ2) pairs were tested over 5 runs per pair.

Performance Metrics: Four key metrics were monitored: Hypervolume (HV), Diversity, Convergence, and Com-
putation Time. Figure 11 presents the distributions of these metrics via boxplots.

Figure 11: Sensitivity analysis of hypervolume, diversity, convergence, and computation time with respect to ρ for the
ZDT1 problem. Each boxplot aggregates 10 random pairs and 5 runs per pair. Outliers are marked as “+”.

As shown, the modified NSGA-II demonstrates robustness to variations in ρ. While all metrics remain stable across
the tested range, hypervolume and diversity show slight improvements and lower variance for intermediate values
(0.5 ≤ ρ ≤ 0.8). The convergence and computation time are not notably impacted, and only small fluctuations occur
for extreme values of ρ. Thus, tuning ρ within [0.5, 0.8] is recommended for best overall performance.

Table 4 provides the mean and standard deviation for each metric across all ρ values.

Table 4: Sensitivity analysis results: mean and standard deviation of hypervolume, diversity, convergence, and compu-
tation time for different ρ values on ZDT1 (10 pairs × 5 runs).

ρ mean HV std HV mean Div std Div mean Con std Con mean Time std Time

0.1 0.673 0.084 0.887 0.048 0.0103 0.0053 4.84 0.42
0.2 0.665 0.094 0.894 0.052 0.0103 0.0053 4.35 0.86
0.3 0.684 0.057 0.874 0.056 0.0116 0.0066 4.61 0.48
0.4 0.680 0.054 0.876 0.047 0.0115 0.0063 5.26 0.67
0.5 0.692 0.047 0.881 0.049 0.0104 0.0061 5.72 0.90
0.6 0.700 0.038 0.888 0.045 0.0112 0.0070 5.97 0.50
0.7 0.699 0.039 0.890 0.047 0.0088 0.0050 5.17 0.18
0.8 0.699 0.040 0.891 0.055 0.0102 0.0066 5.06 0.19
0.9 0.692 0.040 0.889 0.051 0.0109 0.0075 5.11 1.04
1.0 0.697 0.040 0.891 0.053 0.0102 0.0055 5.53 0.60

6.7 Statistical analysis of algorithm performance

To determine whether the observed differences between NSGA-II and Modified NSGA-II are statistically significant,
both Wilcoxon signed-rank and paired t-tests were conducted for each problem (ZDT1–ZDT4), time budget, and
evaluation metric (Hypervolume, Diversity, Convergence). For each setup, results from 30 independent paired runs
were compared, allowing run-to-run variability to be controlled.

The Wilcoxon test—a non-parametric method—and the paired t-test—assuming normality—allow robust detection
of performance differences. The null hypothesis was that there is no difference between the two algorithms, tested at
significance level α = 0.05.

Selected p-values (considering primary problem size, i.e., 30 runs/time) are reported in Table 5, where a p-value
< 0.05 indicates a statistically significant difference.
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Table 5: P-values from t-test and Wilcoxon signed-rank test comparing NSGA-II and Modified NSGA-II on ZDT1–
ZDT4 (30 paired runs).

ZDT1 ZDT2 ZDT3 ZDT4

t-test wilcoxon t-test wilcoxon t-test wilcoxon t-test wilcoxon

HV 6.5e-20 1.7e-6 1.2e-2 6.4e-2 1.54e-11 2.13e-6 4.82e-2 6.25e-2

Div 1.0e-13 1.7e-6 1.2e-15 1.7e-6 7.29e-12 1.73e-6 6.32e-5 2.41e-4

Conv 7.6e-19 1.7e-6 6.3e-16 1.7e-6 2.36e-19 1.73e-6 9.93e-18 1.73e-6

Summary: These results affirm that, for nearly all cases at the primary time budget, the modified NSGA-II
achieves statistically significant improvements, especially in Diversity and Convergence measures, while some metrics
(e.g., Hypervolume on ZDT2 and ZDT4) show less pronounced differences. Overall, statistical analysis supports the
robustness and superiority of the proposed modifications across a range of benchmark problems.

6.8 Discussion of results

The empirical results across the full suite of ZDT benchmark problems establish a clear and consistent performance
advantage for the Proposed Modified NSGA-II algorithm versus the standard NSGA-II under various time-constrained
conditions. This superiority is reflected not only in quantitative metrics—including higher Hypervolume (HV) and lower
Convergence values (each statistically confirmed via Wilcoxon rank-sum tests)—but also in qualitative, time-resolved
visualizations of Pareto front evolution.

For ZDT1, ZDT2, and ZDT3, which comprise convex, concave, and disconnected Pareto fronts respectively, both
algorithms improve steadily with increased computation time. However, the Modified NSGA-II typically achieves faster
convergence and better Pareto front coverage within the same computational budget. This is manifested in steeper
early improvements of HV, lower Convergence, and often reduced variability across runs as shown in the box plots.
These trends indicate enhanced reliability and practical usefulness of the Modified algorithm for standard continuous
and piecewise-continuous MOO problems.

The results on ZDT4 are particularly notable. Due to its highly multi-modal landscape (219 local Pareto-optimal
fronts), the standard NSGA-II frequently stalls and fails to discover non-dominated solutions with positive Hypervol-
ume under short time constraints, likely being trapped in local fronts. By contrast, the Modified NSGA-II—with its
incorporated niching (fitness sharing) strategy—successfully locates and preserves globally non-dominated solutions
with significant HV. This demonstrates that the modification specifically addresses the core challenge in complex,
multi-modal search domains, ensuring robust progress even under severe time limitations.

For the inherently discrete ZDT5 problem, time-based “raindrop” visualizations (see Section 6.5) highlight both
algorithms’ ability to progressively populate true Pareto-optimal points as runtime increases. Notably, the Modi-
fied NSGA-II exhibits slightly more comprehensive and uniform coverage of the valid front—especially in sparse re-
gions—resulting in both improved convergence to the discrete true Pareto front and slightly higher HV within fixed
time budgets. The analysis underscores how, in problems with a highly restricted feasible set, the main value of the
modification is its accelerated and robust occupation of all attainable front locations, rather than simply smoothing a
continuous front.

For the challenging ZDT6 problem (Section 6.5), generational and time-based visualizations reveal that the Modified
NSGA-II not only places solutions closer to the Pareto front early, but also moves the entire population towards the
true front more cohesively and rapidly than standard NSGA-II. In practical time-limited settings, this translates to
a significantly higher density of well-distributed Pareto-optimal candidates delivered by the Modified algorithm—a
pattern echoed in quantitative metric improvements.

While the Diversity metric displays more problem-dependent patterns—with the Modified NSGA-II sometimes
exceeding, sometimes matching, and occasionally slightly underperforming relative to standard NSGA-II—the dominant
trend is an improvement in convergence and Hypervolume. The results suggest that the modification achieves a more
favorable overall balance between exploitation (rapid convergence) and exploration (maintained solution diversity),
which is especially apparent in broader or more complex Pareto fronts.

In summary, both the numerical and visualization-based evidence strongly support the conclusion that the Pro-
posed Modified NSGA-II is consistently more effective and robust than standard NSGA-II across a diverse range of
multi-objective benchmark problems within realistic time constraints. Its main strengths include superior and faster
convergence, improved coverage of the Pareto front (whether continuous or discrete), higher consistency across runs,
and enhanced ability to overcome multi-modal and discrete search space challenges. These findings are highly relevant
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for practical applications in which wall-clock time is the dominant resource constraint.
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