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This paper introduces a new application of variable gain sliding mode control (VGST) 

to the air supply system of a proton exchange membrane fuel cell (PEMFC), which is 

crucial for its performance and longevity. The air supply system comprises a centrifugal 

compressor, a DC-DC converter, and a fuel cell stack, forming a complex and nonlinear 

system with multiple inputs and outputs. The VGST method adjusts the control gain 

based on the system state and the sliding level and employs a cascade structure to regulate 

the excess oxygen ratio and the compressor airflow. The main goals of VGST are to 

control the PEMFC output voltage and power under various load conditions and 

uncertainties and to optimize the excess oxygen ratio (λ𝑂2) to avoid oxygen depletion 

and membrane damage. The stability and robustness of the proposed controller are 

verified by Lyapunov theory and its performance is superior compared to other 

controllers such as variable gain closed-loop control and constant gain sliding mode 

control (single loop and cascade). The controller is validated by simulation and 

experimental data and demonstrates that it can enhance the efficiency and reliability of 

the PEMFC system. The variable gain controller of the cascade structure was also tested 

under noisy and uncertain conditions to further confirm its desired performance and 

showed that it could cope well with adverse situations and achieve the control objectives.  

I. Introduction 

Fuel cells are electrochemical devices that convert the 

chemical energy of a fuel and an oxidant into electrical 

energy, with high efficiency and low emissions [1]. Among 

different types of fuel cells, proton exchange membrane fuel 

cells (PEMFCs) are widely used for various applications, 

such as electric vehicles, portable devices, and stationary 

power generation [2]. However, PEMFCs have some 

challenges, such as nonlinear dynamics, uncertain 

parameters, and varying load conditions that affect their 

performance and durability [3]. Therefore, effective control 

strategies are needed to regulate the output voltage and 

power of PEMFCs under different operating scenarios. 

A crucial Proton Exchange Membrane Fuel Cell (PEMFC) 

subsystem is the air-feed system, which supplies pressurized 

air to the cathode side of the fuel cell stack. This system 

comprises a centrifugal compressor, a DC-DC converter, and 

the fuel cell stack, creating a complex nonlinear system with 

multiple inputs and outputs. Effective management of the 

air-feed system is essential for maintaining the oxygen 

excess ratio (λ𝑂2) at an optimal level, which is a key 

parameter affecting the performance and lifespan of the 

PEMFC. The λ𝑂2is defined as the ratio between the actual 

and the stoichiometric oxygen flow rates, and it should be 

kept between 2 and 3 to prevent oxygen starvation and 

membrane degradation [4]. However, the λ𝑂2 is affected by 

the load variations, the compressor dynamics, the converter 

efficiency, and the fuel cell characteristics, which introduce 

uncertainties, and nonlinearities in the system [5]. 

In recent years, many control strategies have been 

proposed to regulate the performance of polymer electrolyte 

membrane fuel cells, each with its specific objective. These 

include pressure differential control, compressor motor 

control, net output power control, and air stoichiometry ratio 

control, as well as sensor reduction [6], among others. One 

of the promising control techniques for the air-feed system 

is sliding mode control (SMC), which is a robust nonlinear 

control method that can handle uncertainties, disturbances, 
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and model mismatch [7]. SMC works by driving the system 

state to a predefined sliding surface and keeping it there by 

applying a discontinuous control input. However, SMC has 

some drawbacks, such as chattering, high control effort, and 

sensitivity to noise [8]. To address these limitations, Variable 

Gain Sliding Mode Control (VGSMC) has been introduced. 

This modified version of SMC adjusts the control gain based 

on the system state and the sliding surface [9]. To 

comprehensive study of sliding mode controllers, interested 

readers may refer to  [10-16], to name a few. 

In 2012, Gonzalez [17], implemented variable gain 

control method on spring-mass system by providing  a new 

technique for measuring the noise bounds. They compared 

three classic Super Twisting Algorithm, variable gain STA 

and first order sliding mode and after implementation of 

these systems, they found out that the first order sliding 

mode control had little chattering and it was significantly 

decreased by both STA algorithm including the variable gain 

and the constant gain. Also the result showed that compared 

to the classic STA, the STA variable gain was able to 

compensate for the larger class of perturbation and to reduce 

the chattering in a higher degree. The authors in [5] have 

presented the management and control strategies of a 

distributed generation system powered by a PEM fuel cell. 

The aim of their control strategy is to reduce the current and 

voltage oscillations of the fuel cell and improve its lifetime. 

Aguiar et al. have compared two control strategies: one with 

the direct control of the fuel flow and another with the 

management of an energy storage system. The experimental 

results show that the second strategy can achieve better 

performance and stability. Chen et al. [18] proposed 

strategies utilizing second-order sliding mode control to 

achieve improved transient response during rapid stack 

changes. They introduced a second-order sliding mode 

control law based on a nonlinear optimization method to 

mitigate chattering, stabilize excess oxygen levels, and 

address the optimization problem of net power in fuel cells. 

The authors also suggested a cascade configuration with a 

super-twisting algorithm to enhance net power output by 

maintaining oxygen stoichiometry between 2 and 2.4 and 

employed a reduced three-state model for controller design.  

The adoption of a cascade control architecture (outer loop: 

oxygen excess ratio λO₂; inner loop: air flow rate) is 

grounded in recent advancements in fuel cell system 

optimization. As demonstrated by Kart et al. [19], this 

hierarchical structure—when integrated with intelligent 

techniques like fuzzy-PID coordination—reduces steady-

state error and accelerates dynamic response under load 

current step changes, significantly outperforming single-

loop configurations. Crucially, the decoupled loop design 

effectively isolates disturbance propagation: empirical data 

from Du et al. [20] confirms the superiority of cascade 

systems in disturbance rejection (e.g., pressure fluctuations, 

temperature spikes) compared to centralized multivariable 

controllers. Furthermore, thermodynamic stability analysis 

by Luo et al. [21] validates that staged control inherently 

mitigates oscillation risk under aggressive disturbances—

addressing instability concerns in our design. This synergy 

of precision, robustness, and computational efficiency makes 

cascade control uniquely suited for proton exchange 

membrane fuel cell (PEMFC) applications.  In 2018 [22] and 

in 2022 [23], Mirrashid et al. have used the VGSMC method 

to optimize fuel cell system and upper limb rehabilitees 

robot, achieving desirable results such as robustness against 

various internal and external disturbances, model 

uncertainties, and precision in tuning, regulation, and 

tracking of variables with finite-time convergence. 

Furthermore, by comparing VGSMC with standard sliding 

mode strategies, it was found that mechanical stresses are 

minimized (preventing mechanical wear), and chattering in 

the output is significantly reduced. 

Incremona et al. in 2020 [24] introduces a general 

framework for the design and tuning of higher order sliding 

mode controllers with switched and variable gain. The 

framework can accommodate any order sliding mode 

controller and both continuous and discrete variation of the 

controller parameters. The authors have analyzed the 

properties of the closed-loop system and demonstrate the 

method on some examples of switched and variable gain 

higher order sliding mode controllers. In 2021 Ma et al. [25] 

have presented an adaptive variable gain sliding mode 

control method for a class of uncertain nonlinear systems. 

The method can estimate the system uncertainties and adjust 

the controller gain accordingly. They have proved the finite-

time convergence and stability of the proposed method and 

have showed its superiority over the conventional sliding 

mode control and the fixed gain sliding mode control.  

Tang et al. in 2022 [7] have investigated a cascade control 

strategy of sliding mode and PID for the air supply system 

of a PEM fuel cell. The authors have developed an expansion 

state observer to estimate the cathode pressure and 

reconstruct the oxygen excess ratio. The simulation results 

demonstrate that the proposed method has a faster response 

time and less overshoot than other methods.  

Moré et al. [26] have presented the development of 

multiple input/multiple output sliding mode controllers for a 

fuel cell-super capacitor module in hybrid generation 

applications. The objective is to satisfy the demand and 

regulate the DC bus voltage, even in the presence of model 

uncertainties and varying operating conditions. The authors 

have used two design approaches: variable-gains first-order 

sliding mode and super-twisting second-order sliding mode 

control. The stability of the nonlinear controlled system is 

formally analyzed and the performance of the proposed 

controllers is compared with classic linear PID controllers.  

This paper develops a nonlinear dynamic model of a PEM 

fuel cell. Traditional sliding mode control (SMC) induces 

chattering and high-frequency switching due to the sign 
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function in the control signal or instability. To resolve this, 

a high-order sliding mode (HOSM) control is proposed, 

ensuring stability, robustness, and chattering suppression. 

While the standard super-twisting algorithm (STA) with 

fixed gains fails to compensate for severe nonlinearities and 

large perturbations in the fuel cell system, this work 

introduces a variable-gain STA (VGST). The VGST adapts 

gains online to disturbances, reducing chattering while 

guaranteeing finite-time convergence, robustness, and 

stability. Crucially, the proposed continuous control 

law maintains accurate and robust stability under all 

conditions—unlike discontinuous alternatives. Time-

varying gains further accelerate convergence and relax the 

need for precise perturbation bounds. Stability is proven via 

a quadratic Lyapunov function, and convergence time is 

analytically estimated. Beyond these contributions, this 

work breaks new ground by implementing the variable-gain 

controller within a cascaded architecture - a novel departure 

from existing literature. The cascaded implementation 

demonstrates three key operational advantages: substantial 

reduction of power fluctuations, enhanced stability against 

dynamic disturbances, and improved robustness to 

parametric uncertainties when compared to traditional 

single-loop configurations. These advancements are 

particularly valuable for practical fuel cell applications 

where system reliability and dynamic response are critical. 

The rest of the paper is organized as follows. Section 2 is 

devoted to the dynamic modeling of a fuel cell system. 

Section 3 deals with a variable gain controller design based 

on Lyapunov stability and Section 4 is related to the design 

of the cascaded controller. The simulation results are given 

in Section 5. Finally, section 6 concludes the paper. 

 

II. The fuel cell system dynamics model 

The Fig. 1 shows the structure of the fuel cell system, 

which consists of the stack and its peripheral equipment. The 

model used in this study is based on the reference [27], but 

with some modifications. Instead of using tabular data to 

describe the relationship between some system states, the 

model uses continuous equations to interpolate the values 

between the data points. This eliminates the need for table 

lookup and simplifies the model. Following RakhtAla & Eini 

[28] and Tang et al. [29], properly validated continuous 

interpolation functions can maintain sufficient accuracy 

while offering computational advantages. Moreover, our 

choice of pressure over mass as state variables (as suggested 

by Oladosu et al. [30].) provides direct correlation with 

measurable quantities in real systems, simplifies physical 

interpretation, and yields more controller-friendly state 

equations. The model proposed in this study is a nonlinear 

dynamic model with six states: X =

[ωcp, Psm, msm, PO2 , PN2 , Prm]
T
. The states represent the 

compressor speed (ωcp), the supply manifold pressure (Psm), 

the supply manifold mass (msm), the oxygen partial pressure 

(PO2), the nitrogen partial pressure (PN2), and the return 

manifold pressure (Prm). The model assumes that the air is 

composed of only oxygen and nitrogen, with 21% oxygen 

and 79% nitrogen by volume. 

The dynamic model of the fuel cell is a mathematical 

representation of the behavior of the fuel cell over time, 

taking into account the physical and chemical processes that 

occur inside the fuel cell. There are different types of 

dynamic models for fuel cells, depending on the level of 

detail, the type of fuel cell, and the purpose of the model. 

Table 1 presents the states and their definitions for better 

understanding 

 

Table 1. States and their definitions. 

States Descriptions 

𝐱𝟏=  𝛚𝐜𝐩 (rad/s) Motor  angular  speed 

𝐱𝟐=  𝐏𝐬𝐦 (atm) Supply  manifold  pressure 

𝐱𝟑=  𝐦𝐬𝐦 (kg) Air  mass  in  the  supply  manifold 

𝐱𝟒=  𝐏𝐎𝟐 (atm) Oxygen  pressure  at  cathode  side 

𝐱𝟓=  𝐏𝐍𝟐 (atm) Nitrogen  pressure  at  cathode  side 

𝐱𝟔=  𝐏𝐫𝐦 (atm) Return  manifold  pressure 

 

The dynamic model of the fuel cell considered in the paper 

is: 

ẋ1 =
ηcm

Jcp 

kt

Rcm
( vcm − kvx1) −

Cp

Jcp 

Tatm

ηcp
((

x2

Patm
)
γ−1

γ −           1)
Wcp

x1
 ,  

(1) 

ẋ2 =
γRa

Vsm
(−Ksm,outx2 + Ksm,outPv,ca

          +Ksm,out
x5

MN2
+ Ksm,out

x4

MO2
)

γx2

x3

          +Wcp(Tatm +
Tatm

ηcp
(
x2

Patm
)

γ−1

γ − 1) ,

  (2) 

ẋ3 = Wcp − Ksm,outx2 + Ksm,outPv,ca +

           Ksm,out
x5

MN2
 + Ksm,out

x4

MO2
  ,  

(3) 

ẋ4 = −
x4

mO2  +  mN2+
Pv,caVcaMv

RvTst

          × Kca,out (−x6 + Pv,ca +
x5

MN2
+

x4

MO2
)

          +  yO2,inKsm,out  
(RO2Tst)

Vca

          × (x2 −
x4

MO2
− Pv,ca −

x5

MN2
 )

          −n 
(RO2Tst)

Vca

MO2

4  F
Ist ,

           

  

 

(4) 

ẋ5 = (1 − XO2)( 1 + Ωatm)
−1Ksm,out

      ×
RN2Tst

Vca
 (x2 −

x4

MO2

−
x5

MN2

− Pv,ca)

      −
x5

mO2 +mN2 +
Pv ,caVcaMv

RvTst

Kca,out 

      × (− x6 +  
x4

MO2

  +   
x5

MN2

  + Pv,ca) ,

 (5) 
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ẋ6 =
RaTrm

Vrm

          × (Kca,out(
x4

MO2
+

x5

MN2
+ Pv,ca − x6)

          −(Pa6x6
5 + Pa5x6

4 + Pa4x6
3

          +Pa3x6
2 + Pa2x6 + Pa1)) .

  (6) 

The model uses the compressor motor voltage (u=Vcm (V)) 

as the input control variable, and the fuel cell stack current 

(d=Ist (A)) as the measured disturbance variable. The model 

parameters are given in Appendix A. The compressor air 

flow rate (Wcp) is a function of x1, and x2 [27]. 

The output voltage of the fuel cell depends on the stack 

current, the partial pressure of the reactants, the temperature 

of the fuel cell, and the humidity of the membrane. The 

output voltage is lower than the standard potential of the fuel 

cell due to various losses, such as ohmic losses, activation 

losses, and concentration losses. These losses are nonlinear 

functions of the fuel cell current, temperature, pressure, and 

chemical reactions. The thermodynamic potential, E, is 

given by the Nernst equation in its extended form.  

E = N (E0 + 
R T

2 F
{
PH2 (

PO2
POP

)
0
5

PH2OC
}) (7) 

So, it can be written: 

vcell = E − vact − vohm − vconc , (8) 

vstack = N  vcell , (9) 

Pnet = PStack − Pauxiliary . (10) 

where symbols and parameters are given in Appendix A. Eq. 

(12) shows that the requested current (Ist) depends on the air 

flow Wo2,reacted, which causes a significant decrease in λ𝑂2. 

As λ𝑂2increases, the partial pressure of oxygen and the stack 

voltage (Pst) also increase. However, increasing λ𝑂2also 

increases the compressor power demand and the losses. 

Therefore, the inlet air flow needs to be regulated and 

adjusted to match λ𝑂2with the load variations. This is the 

main objective of the control system design. 

λO2 =
Oxygen Supplied

Oxygen reacted
=

WO2,in

Wo2,reacted

 , (11) 

where 

Wo2,reacted = Mo2

n. Ist

4. F
 , (12) 

WO2,in = XO2,in
1

(1 + Ωatm)
Ksm,out

             × ( x2 −
x4
MO2

RO2Tst
Vca

−
x5
MN2

RN2Tst
Vca

− Pv,ca) .
           

 
(13

) 

The polarization curve shows how the voltage and current 

of a fuel cell are related. The model of the polarization curve 

includes the ideal voltage and the different voltage drops in 

the fuel cell. The voltage drops are caused by activation, 

ohmic, and concentration effects. Fig. 2 illustrates how the 

fuel cell voltage decreases as the current increases because 

of these effects. (Ncell=260). 

 

III. Lyapunov-Based Design of Variable Gain 

Super Twisting Algorithm for PEM Fuel Cell 

This section proposes a Lyapunov function for designing a 

variable gain super twisting algorithm for PEM fuel cell. 

This design can be applied to the system with relative degree 

one. The oxygen excess ratio in the closed loop system 

converges in finite time, even with model uncertainty. The 

adaptive controller gains ensure robust regulation of the 

oxygen excess ratio despite severe uncertainty. The control 

signal is smooth and continuous, and the convergence time 

is bounded. 

 

 

 

 

 

 

 

 

Fig. 1. Block diagram of the fuel cell system with state representation.  

where x and u = vcm are the system states and control input, 

respectively, f and g are the unknown functions, and d(t) =

Ist indicates external perturbation and uncertainty of system 

parameters.  

Before presenting the main finding of the paper, the 

following concept must be defined. 

Definition 1. The sliding surfaces 𝑠1(𝑡) and 𝑠2(𝑡) are 

functions of the errors, 𝑒1(𝑡), and 𝑒2(𝑡), which 𝑒1(𝑡) and 

𝑒2(𝑡) are the deviations of oxygen stoichiometry and 

compressor air flow from their desired value, respectively. 

The sliding surface 𝑠1(𝑡) can be expressed as: 

 

PEM Fuel cell 

System

d=Ist

disturbance

X

Calculation

Measurement

U=Vcm

𝑥1 = 𝜔𝑐𝑝 (𝑟𝑎𝑑/𝑠) 

𝑥2 = 𝑃𝑠𝑚 (𝑎𝑡𝑚) 

𝑥3 = 𝑚𝑠𝑚 (𝑘𝑔) 

𝑥4 = 𝑃𝑂2
(𝑎𝑡𝑚) 

𝑥5 = 𝑃𝑁2
(𝑎𝑡𝑚) 

𝑥6 = 𝑃𝑟𝑚 (𝑎𝑡𝑚) 

𝑊𝑐𝑝  

𝜆𝑂2
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Fig. 2. Fuel cell characteristics for various values of 

temperature. 

A dynamic model of the system can be expressed as 

follows: 

𝑥̇ =

[
 
 
 
 
 
𝑥̇1
𝑥̇2
𝑥̇3
𝑥̇4
𝑥̇5
𝑥̇6]
 
 
 
 
 

= 𝑓(𝑥, 𝑡) + g(𝑥, 𝑡)𝑢 + 𝜑(𝑥, 𝑡)𝑑(𝑡) , (14) 

with 

f(x, t) =

[
 
 
 
 
 
 
f1(x1 , x2)

f2(x1 , x2, x3, x4, x5)

f3(x2, x4, x5)

f4(x2, x4, x5, x6)

f5(x2, x4, x5, x6)

f6(x4, x5, x6) ]
 
 
 
 
 
 

 ,  (15) 

g(x, t) =

[
 
 
 
 
 
 ηcm

kt
JcpRcm

         0
         0
         0
         0
         0 ]

 
 
 
 
 
 

 ,  

φ(x, t) =

[
 
 
 
 
 
 
               0
               0
               0

−n  
MO2

4  F
×
RO2  Tst

Vca
               0
               0 ]

 
 
 
 
 
 

 , 

(16) 

 

𝑠1(𝑡) = λO2 − λO2,ref .  

Thus, the derivate of 𝑠1 is: 

𝑠1̇(𝑡) = λ̇O2 − λ̇O2,𝑟𝑒𝑓   → 𝑠1̇(𝑡) = λ̇O2  , (17) 

where: 

λ̇O2 =
𝑋𝑂2,𝑖𝑛

1
1 + 𝛺𝑎𝑡𝑚

. 𝐾𝑆𝑀,𝑂𝑈𝑇

nMO2

4F
Ist

[x2̇ −
x4̇

MO2

−
x5̇

MN2

] 

(18) 

  = A 
γ Ra Tatm

Vsm
 ⌈1 + ((

x2

Patm
)
4

−

1) ncp
−1] Wcp 

       +𝐴 ⌈
𝛾𝑥2

𝑥3
(−𝑥2𝐵12 + 𝐵13 + 𝐵14𝑥5 + 𝐵15𝑥4)

−
𝑥4̇

𝑚𝑂2

−
𝑥5̇

𝑚𝑛2

] , 

in which: 

𝐴 =
𝑋𝑂2,𝑖𝑛

1

1+𝛺𝑎𝑡𝑚
.𝐾𝑆𝑀,𝑂𝑈𝑇

nMO2
4F

Ist

 ,  (19) 

The sliding surface 𝑠2(𝑡) can be expressed as: 

𝑠2(𝑡) = Wcp −Wcp,ref  .  

We can write the derivative of 𝑠2 as: 

𝑠2̇(𝑡) = Ẇcp − Ẇcp,ref   →

𝑠2̇(𝑡) = ⌈B10 + B11x02 +2B02x1]ẋ1
           +⌈B10 + 2B20x2 +B11x1]ẋ2 − Ẇcp,ref .

 (20) 

By substituting the relation ẋ1 (Eq. (1)) in Eq. (20), and 

considering 𝐷 = ⌈𝐵10 + 𝐵11𝑥02 +2𝐵02𝑥1], we have: 

 

𝑠2̇(𝑡) = D × B1KtVcm + ⌈B10 + 2B20x2 +B11x1]x2̇

+D(− [
cp × Tatm

ncp × Jcp × x1
×Wcp × ((

x2

Patm
)
B4

− 1)]

           +(−B2x1kt))

−Ẇcp,ref .

 (21) 

A. Super twisting algorithm sliding mode controller 

(ST) 

Definition 2. The sliding surface 𝑠2(𝑡) by considering the 

error as 𝑒 = Wcp −Wcp,ref can be defined as follows: 

𝑠2(𝑡) = 𝜆 𝑒 + 𝑒̇ = 𝜆(Wcp −Wcp,ref)

+ (Ẇcp − Ẇcp,ref) , 
 

where 𝜆 is a positive constant.  

Theorem 1. If we consider the following control law,  

u = u1 + u2 (22) 

where 

u1 = −k1ϕ1(s) + ρ1(t, x) , 

u̇2 = −k2ϕ2(s) + ρ2(t, x) , 
(23) 

then the Lyapunov function 𝐿(𝑠) = 𝑣𝑇𝑃 𝑣 is strong and 

robust, and the origin is exactly robust, in which k1, and k2 

are constant gains. 

Proof. The first derivative of ST surface is: 

ṡ(t, x, u) =
∂

∂t
s(t, x)

+
∂

∂x
[s(t, x)][f(x) + g(x)u] , 

(24) 

Taking the second derivative of ST surface results in 

s̈(t, x, u) =
∂

∂t
ṡ(t, x, u) +

∂

∂x
[ṡ(t, x, u)][f(x) +

g(x)u] +
∂

∂u
ṡ(t, x, u)u̇ = φ(t, x, u) + ∅(t, x, u)u̇ ,  

 

where 
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𝜑(𝑡, 𝑥, 𝑢) = [
𝜕ṡ

𝜕x1
 
𝜕ṡ

𝜕x2

𝜕ṡ

𝜕x3

𝜕ṡ

𝜕x4

𝜕ṡ

𝜕x5

𝜕ṡ

𝜕x6
]

× (𝑓(𝑥) + g(x)u) , 

∅(𝑡, 𝑥, 𝑢) =
𝜕

𝜕𝑢
ṡ(𝑡, 𝑥, 𝑢) . 

(25) 

Thus 

𝑠̇ = 𝜙2(𝑡, 𝑥) + 𝛾2(𝑡, 𝑥)𝑢 − 𝑊̇𝑐𝑝,𝑟𝑒𝑓  .  

By considering Eq. (25), One can write: 

∅(𝑡, 𝑥, 𝑢) =
𝜕

𝜕𝑢
ṡ(𝑡, 𝑥, 𝑢) = 𝛾2(𝑡, 𝑥) = 𝐷 × 𝐵1𝐾1 , 

𝜑(𝑡, 𝑥, 𝑢) =
∂ṡ

∂x1
ẋ1 +

∂ṡ

∂x2
ẋ2 +

∂ṡ

∂x3
ẋ3 +

∂ṡ

∂x4
ẋ4

+
∂ṡ

∂x5
ẋ5 +

∂ṡ

∂x6
ẋ6 . 

 

We can write Lyapunov's function as a quadratic form: 

𝐿(𝑠) = 𝑣𝑇𝑃 𝑣 ,  

with 

𝐴𝑇𝑃 + 𝑃𝐴 = −𝑄 ,   

where 𝑣T = ΦT(s) = [𝜙1(s), u2], in which 𝜙1(s) =

|s|
1

2s𝑖𝑔𝑛(s), 𝜙2(s) = s𝑖𝑔𝑛(s), P is a symmetric matrix that 

is positive definite and unique, 𝐴 = [
−k1 1
−k2 0

] and 𝑄 =

𝑄𝑇 > 0 is a positive definite matrix that is equal to its 

transpose. The controller coefficients have to satisfy the 

following condition [22] to guarantee finite-time 

convergence and Lyapunov stability:  

𝑘1
2 ≥

4  𝑔  𝑑𝑀(𝑘2 + 𝑔)

𝑑𝑚
3 (𝑘2 − 𝑔)

  , 𝑘2 >
𝑔

𝑑𝑚
 ,  (26) 

where for all 𝑢 ∈ 𝑈   ,and  𝑥 ∈ 𝑋 ,  we have:  

 |
𝛿

𝛿𝑥
𝑠| ≤ 𝑔    , 0 < 𝑑𝑚 <

𝛿

𝛿𝑥
𝑠̇ < 𝑑𝑀.  

Fig. 3 shows the super twisting controller (ST) block 

diagram.  

 

Fig. 3. Block diagram of the ST controller. 

A. Variable gain super twisting sliding mode 

controller 
The following expression [31] shows the VGST adaptive 

control law: 

u = u1 + u2 , (27) 

with 

u1 = −k1(t)ϕ1(s) + ρ1(t, x) ,

u̇2 = −k2(t)ϕ2(s) + ρ2(t, x) , 

where k1(t), and k2(t) are variable adaptive gains, ρ1(t, x) 

and ρ2(t, x) are perturbations, and 𝜙1(s) = |s|
1

2s𝑖𝑔𝑛(s), 

𝜙2(s) = s𝑖𝑔𝑛(s). We assume that the perturbations are 

limited, and they follow these equations: 

ρ1(t, x) = r1(t, x)ϕ1(s) ,

|r1(t, x)| ≤ |c1(t, x)|, 

ρ2(t, x) = r2(t, x)ϕ2(s) ,

|r2(t, x)| ≤ |c2(t, x)|, 

(28) 

where c1(t, x) ≥ 0 , c2(t, x) ≥ 0 are continuous functions 

that are known. Using Lyapunov stability analysis, we derive 

the gains of the VGST controller in the next theorem. 

Theorem 2. Let the gains of the control law Eq. (27) with 

the perturbation conditions Eq. (28) be 

k1(t, x, s) = δ +
1

β
{
1

4η
[2ηc1 + c2]

2 + 2ηc2

+ η

+ [2η + c1(t, x)](β

+ 4η2)} , 

k2(t, x, s) = β + 4η
2 + 2ηk1(t, x, s) . 

(29) 

Then: 

a) The Lyapunov function 𝐿(𝑠) = 𝑣𝑇𝑃 𝑣 is strong and 

robust, and the origin is exactly robust, where 𝑣T = ΦT(s) =

[𝜙1(s), u2], and P is a unique positive definite symmetric 

matrix. 

b) The sliding surface s(t) tends to the origin in the 

following finite time T:  

T =
2

ϑ1
L
1
2(0) (30) 

Proof. 

a) Let's look at the following quadratic Lyapunov function: 

𝐿(𝑠) = 𝑣𝑇𝑃 𝑣 , 

ATP + PA = −Q ,  
(31) 

where  𝐴 = [
−k1 1
−k2 0

] and 𝑄 = 𝑄𝑇 > 0 is a symmetric 

positive definite matrix.  

One can write ϕ2(𝑠) = ϕ
′
1
(s)ϕ1(s), and ϕ′

1
(s) =

1

2
|s|−

1

2. Thus 

𝑣̇ = [
ϕ′1(s) {−k1 ϕ1(s) + s}

−k2 ϕ2(s)
] =

ϕ′1(s) [
−k1, 1
−k2, 0

] 𝑣 = ϕ′1(s) A 𝑣 ,  
 

The derivative of the Lyapunov function is: 

L̇(s) = 𝑣̇TP𝑣 + 𝑣TP𝑣̇ = ϕ′
1
(s)𝑣T(ATP + PA)𝑣

= −ϕ′
1
(s)𝑣TQ𝑣 

(32) 

where Q can be obtained from the equation ALE Eq. (31). 

From [31], one obtain: 

|ρ1(t, x)| ≤ kc|s|
1
2c1(t, x) , (33) 

|
d

dt
ρ2(t, x)| ≤

kc
2

2
c2(t, x) . (34) 

From Eq. (31), we can write: 

 

Super Twisting Algorithm

+
 𝜕𝜏
𝑡

0

 𝑠𝑖𝑔𝑛(𝑠) 

𝑠𝑖𝑔𝑛(𝑠) 

𝑈  𝑠  

𝑘2  

|𝑠|
1
2  

𝑘1  
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Q(t, x) =

[
 
 
 
 
2(k1(t, ) − r1(t, x))p1   ∗

+2(k2(t, x) − r2(t, x))p3  

(k1(t, x) − r1(t, x))p3 −2p3

+(k2(t, x) − r2(t, x))p2 − p1  ]
 
 
 
 

 , 

where * denotes the transpose of the corresponding element 

below the main diagonal of the matrix Q(t,x). Now, if we 

consider  

P = [
p1 p3
p3 p2

] = [
β + 4η2 −2η
−2η     1

] ,  

then, by substituting p1, p2, and p3 in Q(t, x) and setting  

k2 = 2ηk1 + β + 4η
2 . 

We have 

Q − 2ηI = [

2βk1 + 4η(2ηk1 − k2) ∗

−2(β + 4η2)r1 + 4ηr2 − 2η  
k2 − 2ηk1 − (β + 4η

2) + 2ηr1 2η

]

               = [
2βk1 − (β + 4η

2)(4η + 2r1) ∗
+4ηr2 − 2η  
2ηr1 − r2 2η

] ,

  

The Q-matrix is positive for all values of (t, x) if: 

k1 >
2ηr2 + (β + 4η

2)(2η + r1) + η

β
 .  

Now, we need to show that L̇(s) is negative definite. We 

know that 

λmin{P}‖𝑣‖2
2 ≤ 𝑣TP𝑣 ≤ λmax{P}‖𝑣‖2

2 ,  

where ‖𝑣‖2
2 = 𝜙1

2(𝑠) + 𝑢2
2 = |𝑠| + 𝑢2

2, and note that the 

inequality |s|−
1

2 ≤ |ϕ1(s)| ≤ ‖𝑣‖2 ≤
L
1
2(s)

λ
min

1
2 {P}

 holds.  

Therefore, −|s|−
1

2 ≤ −
L
1
2(s)

λ
min

1
2 {P}

. Consequently 

L̇(s) = −ϕ′
1
(s)𝑣TQ(t, x)𝑣 ≤ −2ηϕ′

1
(s)𝑣T𝑣

≤ −ϑL
1
2 , 

(35) 

where 

ϑ =

η(λ
min

1
2 {P})

−1

λmax{P}
 . 

 

b) Solving the following differential equation gives the 

convergence time T: 

L̇(s) = −ϑL
1
2  ,    L(0) = L0 ≥ 0 .  

So, we have 

L(t) = (L
0

1
2 −

1

2
ϑt)

2

     if   γ > 0 .  

 

As a result, all system trajectories of  Eq. (27) converge in 

finite time for all perturbations with the following 

convergence time T: 

T =
2

γ1
L
1
2(0) .  

Therefore L decreases uniformly and has a stable 

asymptotic origin. This means that L is a strong Lyapunov 

function. 

To ensure finite-time convergence and to establish 

Lyapunov stability conditions, the controller coefficients 

have to be determined as follows [22]: 

k1(t, x, s) = δ +
1

β
{
1

4η
[2ηc1 + c2]

2 + 2ηc2

+ η

+ [2η + c1(t, x)](β + 4η
2)} 

k2(t, x, s) = β + 4η
2 + 2ηk1(t, x, s) , 

(36) 

where β> 0,  η> 0  , and δ> 0 are arbitrary positive constants. 

This completes the proof.          

Fig. 4 depicts the variable gain super twisting controller 

(VGST) controller block diagram.     

Fig. 4. Block diagram of the VGST controller. 

IV. Robust cascade control of fuel cell 

systems using variable gain sliding mode 

Eqs. 1-6. describe the dynamics of the simplified system. A 

cascade structure is designed using the second order sliding 

mode control technique, which is shown in the block 

diagram in Fig. 5. This control method is robust to 

disturbances and parametric uncertainties. 

 

Fig. 5. Schematic of control system with cascade structure. 

The control goal is to keep the excess oxygen (λO2) at 2.5. 

The control system has two loops: External loop and internal 

loop. The External loop uses a second-order sliding mode 

controller (2-SMC) with a fixed gain super twisting 

algorithm to control the excess oxygen ratio, which has the 

excess oxygen error as the input. The controller output, 

Wcp,ref, is the target air flow for the compressor. The internal 

loop uses a feedback controller and variable gain super 

twisting algorithm to control the compressor air flow, which 

produces the compressor motor voltage, Vcm, to be applied 

to the fuel cell. Two sliding surfaces are selected to guide λO2 

and Wcp to their target values, λO2,ref, and Wcp,ref. 

 

A. External loop 
The sliding surface of external loop is defined as follows: 

s1(t) = λO2 − λO2,ref .  

Another way to write Equation (18) is: 
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Algorithm
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+
 𝜕𝜏
𝑡
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1
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s1̇ = λO2
̇ = γ1Wcp + ϕ1 , (37) 

where 

ϕ1(t, x) = A ⌈
γx2

x3
(−x2B12 + B13 + B14x5

+ B15x4) −
x4̇

mO2

−
x5̇

mn2

] , 

γ1(t, x) =  A 
γ Ra Tatm

Vsm
 ⌈1

+ ((
x2

Patm
)
4

− 1) ncp
−1] . 

(38) 

Using linearization feedback technique, we will have: 

Wcp,ref = γ1(t, x)
−1(v1 − ϕ1(t, x)) , (39) 

v1 results to integral s1̇ = v1 which is designed to stabilize 

this new system. 

v1 = v11 + v12 , 

v11̇ = −β1sign(s1) , 

v12 = −α1|s1|
1
2sign(s1) , 

α1 = −0.5  ;  β1 = 0.5 . 

(40) 

α1, and β1 are obtained according to the described terms 

in Eq. (26). For this purpose, the limits of the maximum and 

minimum values of ϕ1(t, x), γ1(t, x) were obtained by 

programming with MATLAB based on the limits of system 

state changes. 

 

B. Internal Loop 

The sliding surface s2(t) can be expressed as: 

s2(t) = Wcp −Wcp,ref .  

Another way to write Eq. (20) is: 

 

s2̇ = ϕ2(t, x) + γ2(t, x)vcm − Ẇcp,ref . (41) 

where 

γ2(t, x) =
∂s

∂vcm
=  D × B1K1 

ϕ2(t, x) =
∂s

∂x2
ẋ2 +

∂s

∂x1
ẋ1 =

D(− [
cp×Tatm

ncp×Jcp×x1
 Wcp ((

x2

Patm
)
B4
− 1)] +

(−B2x1kt)) + ⌈B10 + 2B20x2 +B11x1]x2 .̇   

(42) 

Using linearization feedback technique: 

vcm = γ2(t, x)
−1(v2 − ϕ2 (t, x) + Ẇcp,ref) , (43) 

where v2 results to an integrator s2̇= v2 which is designed to 

stabilize this new system. V2 equal to u in Eq. (27).  

For obtained perturbation bounds and so v2, we need to 

define the sliding variable as a new variable. So, the S 

variable becomes part of the new set of variables as follows: 

s2(t) = Wcp −Wcp,ref (44) 

 

This implies: 

s2 = B00 + B10(x2) + B20x2
2 + B10x1

+ B11x2x1 + B02x1
2

−Wcp,ref 

(45) 

Therefore, we can compute the new value of x1 as follows: 

−s2 + B00 + B10(x2) + B20x2
2 + B10x1 +

B11x2x1 + B02x1
2 −Wcp,ref = 0  

(46) 

As a result: 

x1 =
−(B11x2+B10)

2 B02
∓

√(B11x2+B10)
2+4B02(s2+Wcp,ref−B00−B10x2−B20x2

2)

2 B02
  

(47) 

Now, we have a new set of conditions for 𝑥𝑛𝑒𝑤 =

{x2, x3, x4, x5, x6}. Let x1 = a(t, 𝑥𝑛𝑒𝑤 , s) = B106 x2 −

B107 ∓√B104 x2
2 + B103 x2  + B105 +

s2+Wcp,ref

B02
, now, with 

substitute the value of x1̇ in the Eq. (21) we have: 

Ẇcp = ⌈B10 + B11x02 +2B02a(t, 𝑥𝑛𝑒𝑤 , s)]ẋ1

+ ⌈B10 + 2B20x2
+B11a(t, 𝑥𝑛𝑒𝑤, s)]ẋ2 

(48) 

Let D = ⌈B10 + B11x2 +2B02a(t, 𝑥𝑛𝑒𝑤 , s)] and substitute the 

value of x1̇ in the following: 

Ẇcp = D × B1K1Vcm 

+D(− [
cp×Tatm

ncp×Jcp×a(t,𝑥𝑛𝑒𝑤,s)
×Wcp ×

 ((
x2

Patm
)
B4
− 1)] + (−B2a(t, 𝑥𝑛𝑒𝑤 , s)kt)) +

⌈B10 + 2B20x2 +B11a(t, 𝑥𝑛𝑒𝑤 , s)]x2̇ .  

(49) 

 

This results in: 

ṡ2 = fs(t, 𝑥𝑛𝑒𝑤, s) + gs(𝑥𝑛𝑒𝑤 , s)Vcm , (50) 

where 

gs(𝑥𝑛𝑒𝑤 , s) =
∂s

∂vcm
=  D × B1K1 

fs(t, 𝑥𝑛𝑒𝑤 , s) =
∂s

∂x2
ẋ2 +

∂s

∂x1
ẋ1 =

D(− [
cp×Tatm

ncp×Jcp×a(t,𝑥𝑛𝑒𝑤,s)
 Wcp ((

x2

Patm
)
B4
− 1)] +

(−B2a(t, 𝑥𝑛𝑒𝑤 , s)kt)) + ⌈B10 +

2B20x2 +B11a(t, 𝑥𝑛𝑒𝑤 , s)]x2̇ − Ẇcp,ref .  

 

 

To find the boundaries, we extract the functions 

ρ1(x ) and ρ2(x) as follows: 

 

ṡ = fs(t, 𝑥𝑛𝑒𝑤 , s) + u

= fs(t, 𝑥𝑛𝑒𝑤 , 0)⏟        
ρ2(t,𝑥𝑛𝑒𝑤)

+ [fs(t, 𝑥𝑛𝑒𝑤 , s) − fs(t, 𝑥𝑛𝑒𝑤 , 0)]⏟                  
ρ1(t,𝑥𝑛𝑒𝑤,s)

+ u , 

(51) 

ρ1(t, 𝑥𝑛𝑒𝑤 , s) =

D(t, 𝑥𝑛𝑒𝑤 , s) (− [
cp×Tatm

ncp×Jcp×h
 Wcp ((

x2

Patm
)
B4
−

1)] + (−B2𝑎(t, 𝑥𝑛𝑒𝑤 , s)kt)) + ⌈B10 +

2B20x2 +B11𝑎(t, 𝑥𝑛𝑒𝑤 , s)]x2̇ − Ẇcp,ref −

ρ2(𝑥𝑛𝑒𝑤 , t) ,  

(52) 
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ρ2(𝑥𝑛𝑒𝑤 , t)

= D(t, 𝑥𝑛𝑒𝑤 , 0) (− [
cp × Tatm

ncp × Jcp × h
 Wcp ((

x2

Patm
)
B4

− 1)] + (−B2𝑎(t, 𝑥𝑛𝑒𝑤 , 0)kt))

+ ⌈B10 + 2B20x2 +B11h(t, 𝑥𝑛𝑒𝑤 , 0)]x2̇ − Ẇcp,ref 

(53) 

Then, we obtain  ρ̇2 and ρ1 from the extension of Eq. (51), 

and we can calculate c2(t, x) , c1(t, x). Due to the complexity 

of the equations, these calculations were done by MATLAB 

software. The proposed control scheme integrates a high-

precision robust differentiator for real-time estimation of 

Ẇcp,refError!  Bookmark not defined. [32]. The 

differentiator implements the following second-order sliding 

mode algorithm: 

(54) 

 

{ż0 = −γ1L
1
2|z0 − s|

1
2sign(z0 − s) + z1

ż1 = −γ1Lsign(z1 − ż0)
 

where  z₀ is  finite-time convergent estimate, z₁ is 

derivative estimate, γ = [1.10, 1.5] are the fixed gain 

parameters per [32], and L > |Ẅcp,ref| is the sole tuning 

parameter (bounded acceleration condition).  

 

V. Results and Discussions 

Fig. 6 displays the stack current that acts as a disturbance 

to the system. 

The simulation of the model has been done and then the 

net power output (P𝑛𝑒𝑡), the excess oxygen ratio λO2 , and the 

compressor flow ratio (Wcp) values have been calculated 

using the equations of the previous section. We used the 

difference between Wcp and Wcp,ref as the sliding surface for 

the controller input. Finally, we obtained the k1, and k2 gains 

and the control system input based on the relations 

mentioned above. Fig. 7 shows the corresponding simulation 

in MATLAB environment: 

 
Fig. 6. The load current variation profile as disturbances 

current 

The implementation details of the model and control 

system simulation in MATLAB are illustrated in Fig. 8. Fig. 

9 displays the system states under the variable gain 

conditions. We can see from the Fig. 9 that the state 𝑥1 or the 

engine angular velocity, varies between 7000 and 15000 

rad/sec, which is a reasonable range. The air mass in the 

supply manifold changes between 0.03 and 0.06 kg 

depending on the load current value. The pressure values of 

the states x2, x4, x5 and x6 are within the acceptable pressure 

limits, which indicates that the state control is effective. 

According to Fig. 10 the compressor voltage or the control 

input ranges from 100 to 350V.  To validate the performance 

of the cascade controller with variable gain, this controller 

has been compared with three other controllers, i.e. single 

loop constant gain (STC-loop), single loop variable gain 

(VGSTC-loop) and cascaded constant gain (STCascade). It is also 

clear from the Fig. 10 that the compressor voltage has much 

less fluctuations in the conditions of using the cascaded 

variable gain controller and the cascaded variable gain 

controller shows better performance than other controllers. 

The variable gains k1 and k2 are shown in Fig. 11 and we 

can see from the figure that 5 < k1 < 25, and 2 < k2 < 6 . 

 
Fig. 7. Block diagram of the control system in Matlab/Simulink environment 
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(b) (a) 

 
(c) 

Fig. 8. Simulation framework detailing (a) Levant differentiator implementation, (b) variable-gain control logic with real-time 

adaptation, and (c) power calculation blocks. 

 

 
Fig. 9. System States Under Variable vs. Constant Gain 

Control 

 

Fig. 12 shows the excess oxygen ratio for different 

controllers. As it is clear from the Fig. 12, the cascade 

structure variable gain controller performs better than the 

other three controllers. 

Fig. 10. Compressor voltage and performance comparison of 

cascade variable-gain vs. constant-gain/single-loop controllers 

Fig. 13 shows a comparison between the net output power 

in the variable gain second-order sliding mode and the 

constant gain mode in statuses cascade and single close loop. 

Fig. 11. Variable gains 

We can infer from this Fig. 13 that the net output power is 

higher in the cascade variable gain mode and also, the fuel 

cell produces a power of about 60 KW at the maximum 

current. Therefore, there is a significant saving in the total 

power. Fig. 13 clearly proves the superiority of the variable 

gain controller of the cascade structure compared to the other 

three controllers, so that the maximum power value in the 

cascade variable gain mode is about 10 kW compared to the 

single loop variable gain and compared to the constant gain 

mode (single loop and cascade) is about 20 kW more. Fig. 

13 in the zoomed mode shows a significant reduction in 

chattering and a high convergence speed in the variable gain 

mode, which have better performance in both the cascade 

mode and the single loop mode compared to the constant 

gain controllers. Fig. 14 shows the compressor airflow in 

both cases of applying fixed-gain sliding mode control and 

variable-gain sliding mode control, and indicates that the 

proposed cascade variable-gain controller reduces 

chattering. 
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Fig. 12. Excess oxygen ratio under four controllers, demonstrating superior performance of the cascade variable-gain structure. 

 

  

Fig. 13. Net output power comparison of variable-gain vs. constant-gain second-order sliding mode controllers in cascade/single-loop 

configurations. 
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Fig. 14. Compressor airflow comparison: Fixed-gain vs. variable-gain sliding mode control 

A. Variations of System Parameters 

The parameters of the PEMFC system are difficult to 

estimate precisely in real conditions. This is because they 

depend on the environmental factors (e.g., temperature, 

pressure) and the structural features (e.g., manifolds 

volumes, rotor inertia, motor resistance, motor inductance, 

etc.). Sensitivity analysis to model uncertainties was 

conducted by varying key parameters following Table 2. The 

controller's robustness was evaluated under parametric 

variations.  

 

Table 2. Parameter variations applied to simulate model 

uncertainty and assess controller robustness  [22] 
Volatility and uncertainty parameters 

%10 + (Tst) Temperature  of  the  stack 

%5 + (Vca) Single  stack  cathode  

volume 

%10 - (kv) Motor  constant 

%5 + (Rcm) Electrical resistance of 

motor 

%10 + (dc) Diameter Compressor 

%10 + (Jcp) Motor inertia 

%10 + (Patm) Atmospheric pressure 

%10 - (Vsm) Supply  manifold  volume 

%10 - (Vrm) Return  manifold  volume 

 

The resulting performance degradation is shown in Fig. 

15, and Fig. 16. Fig. 15 is depicted under parametric 

uncertainty conditions and shows the desired performance of 

net output power that is between 25 and 50 Kw. It also 

implies that the closed-loop system is robust against severe 

parametric uncertainty. Fig. 16 shows that the excess oxygen 

ratio remains at a value of 2.5 even under conditions of 

parametric uncertainty. The Fig. 15 and Fig. 16 indicates that 

the proposed controller effectively handles parametric 

uncertainty. According to Fig. 17 the compressor voltage or 

the control input ranges from 100 to 300V.  As evident from 

Fig. 17, the compressor voltage (or controller input) remains 

bounded despite applied parametric uncertainties and step 

disturbances (stack current (Ist)). This demonstrates the 

system's robustness and the satisfactory performance of the 

VGST controller. 

 

B. The Noisy Conditions 

To evaluate the performance of the proposed controller, 

Rakhtala et al. [27] have conducted some tests with realistic 

measurement noise. They also have used the Data 

Acquisition Card (DAQ) of Advantech USB-4711A as a real 

application with the LabViewTM to match the simulation 

data and tests with the experimental system, and have 

utilized the MatlabTM for extracting the features of the 
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Fig. 15. Robust net output power (25–50 kW) under severe 

parametric uncertainty. 

Fig. 16. Robust regulation of excess oxygen ratio (λO2 = 2.5) 

under parametric uncertainty 

 
Fig. 17. Compressor voltage (100–300 kW) under severe 

parametric uncertainty. 

measured noise, which are as follows: 

Mean=0.0023   Variance=0.13362   
Co-variance = 
0.0179 

PSD=0.22   Signal/noise(SNR)=28dB   
Distribution: 

Gaussian 

We added similar noise to the measured signals of the 

compressor output flow (Wcp), which passed through a 2nd-

order Butterworth low pass filter with a cut off frequency of 

30Hz. The implementation details of the noise generation 

and injection simulation in MATLAB are illustrated in Fig. 

18. 

 
Fig. 18. Simulink block diagram for noise generation and 

injection. 

Fig. 19, Fig. 20, and Fig. 21 show the results of the controlled 

output under the noisy conditions. One can see from the 

figures that the control achieved good convergence within a 

limited time and followed the desired value. Even with the 

noise, the proposed controller reached the desired value of 

2.5, showing a satisfactory tracking and behavior. The net 

output power also increased in the noisy mode. As evident 

from Fig. 20, the system states remain bounded under 

applied noise and step disturbances (stack current (Ist)), 

demonstrating the system's robustness and the effective 

performance of the variable-gain controller. 

Fig. 19. Net power output under realistic noise condition 

Fig. 20. States profile in the case of variable gain controller 

under realistic noise condition 

Fig. 21. Oxygen excess ratio under realistic noise condition 

The performance of the controllers has been compared 

from a statistical point view. In this regard, we have used 

four famous statistical indices: mean square error (MSE), the 

root-mean-square error (RMS), mean absolute error (MAE), 

and standard deviation (Sd). To better understand, we have 

depicted the value of the statistical indices for the error of 

oxygen excess ratio. As can be seen from Fig. 22, the 

VGST_Cascade controller has a better performance than the 
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other controllers because it has the smallest mentioned 

statistical indices.  

 

Fig. 22. Comparative evaluation of controller performance 

using statistical error indices (MSE, RMSE, MAE, SD) for 

oxygen excess ratio 

For better comparison of statistical metrics, the data from 

Fig. 22 have been tabulated in Table 3. 

 

Table 3. Comparative evaluation of controller performance 

using statistical error indices for oxygen excess ratio 
 

RMS sd MSE MAE NRM

S 

ST_C-loop 0.520 0.393

1 

0.384

5 

0.4795 0.0328 

ST_Cascade 0.202 0.200

3 

0.040

6 

0.0226 0.011 

VGST_C-loop 0.181 0.181 0.032

8 

0.0089 0.0105 

VGST_Cascad

e 

0.079 0.079

3 

0.006

3 

4.32E-

04 

0.0045 

 

Table 4 benchmarks our method against published results 

for MPC and PID [33]. 

 

Table 4. RMS, MSE, and MAE of controllers. 
Error Integral Criterion  

RMS MSE MAE 

VGST_C-loop 0.1812 0.0328 0.0089 

VGST_Cascade 0.0793 0.0063 4.32E-04 

PID 0.114 0.013 0.0091 

MPC 0.190 0.0363 0.046 

 

VI. Conclusion 

This paper presents a cascade variable gain super-twisting 

second-order sliding mode control for the air-feed system of 

the PEM fuel cell. The PEMFC model is nonlinear and has 6 

states, which is adequate for the controller design. The 

controller was designed using Lyapunov theory and tested 

using simulation and experimental methods. Also, for further 

validation, uncertainty and noise in the system were 

considered and the results were confirmed. Finally, it was 

shown that the proposed controller performs better and more 

accurately than the constant gain and closed loop controller. 

This design method reduces the online calculations by 

avoiding the computation of chaos and confusion for the 

controller design and operation. The controller tracks the 

oxygen stoichiometry precisely and improves the net power 

output. For the maximum current condition (300A), the net 

power output is 60 KW, which is 20 KW higher than the 

constant gain controller. The controller also has the 

advantages of being robust to noise and uncertainty, reducing 

chattering, being easy to implement, and having a short 

convergence time. While VGST exhibits minor tracking 

errors and strong robustness, its computational load, 

chattering at UHF, and model dependency remain inherent 

trade-offs. These are offset by its unique capability to prevent 

oxygen starvation –a critical safety requirement in PEMFC 

systems. Future research will extend this controller 

to hydrogen flow regulation and thermal dynamics 

integration, enhancing operational stability under load 

transients. Additionally, hybrid fuel cell-battery system 

implementation will be explored to optimize power 

management. These extensions address critical limitations 

while advancing toward real-world multi-physics control 

solutions. 

 

Appendix A: 

 Table 5. Value  of  parameters [22]. 

Symbol Parameter Value 

Patm Atmospheric pressure (Pa) 101.325 

𝑃sat,Tatm Saturation pressure in ambient 

temperature (Pa) 

3.14×103 

𝑃sat,Tst Saturation  pressure  in stack 

temperature (Pa) 

4.09×104 

∅𝑎𝑡𝑚 Average  ambient air relative humidity 0.5 

∅ca,in
𝑑𝑒𝑠  Relative  humidity  in cathode  inlet 1 

Tatm  Atmospheric temperature (K) 298.15 

𝛾 Air-specific heat  ratio 1.4 

𝐶p Air density (J/kg/K) 1004 

R Universal gas constant (J/mol/K) 8.31 

𝜌a Air density (kg/m3) 1.23 

𝑅a Air gas constant (J/mol/K) 286.9 

𝑅𝑂2 Oxygen  gas constant (J/kg/K) 259.8 

𝑅𝑁2 Nitrogen  gas constant (J/kg/K) 296.8 

𝑅𝑣 Vapor  gas constant (J/kg/K) 461.5 

Ma Molar  mass  of  air (kg/mol) 28.9×10−3 

𝑀𝑜2 Molar  mass  of oxygen (kg/mol) 30×10−3 

𝑀𝑛2 Molar  mass  of  nitrogen (kg/mol) 28 ×10−3 

Mv Molar  mass  of  vapor (kg/mol) 18.0×10−3 

𝑚𝑣,ca,max Maximum molar mass of vapor in 

cathode (kg/mol) 

3 ×10−3 

F Faraday’s  constant (C/mol) 96,487 

Tst Temperature  of  the  stack (K) 353 

Kt Motor  constant (N m/A)    0.0153 

Rcm Motor  constant (ohm)    0.82 

Kv Motor  constant (V/(rad/s))  0.0153 
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𝜂𝑐𝑝 Compressor efficiency 0.8 

𝜂𝑐𝑚 Compressor motor  mechanical  

efficiency  

0.98 

n Number  of  cells  in  fuel  cell  stack     381 

𝐴fc Fuel  cell  active  area (m2)   280×10−4 

𝑉sm Supply  manifold  volume (m3)  0.02 

𝑉ca Single  stack  cathode  volume (m3) 0.005 

𝑉rm Return  manifold  volume (m3)  0.005 

𝐾sm,out Supply  manifold  outlet  orifice  

constant (kg/s/Pa) 

0.363×10−5 

𝐾c a,out Cathode  outlet  orifice  constant 

(kg/s/Pa)  

0.22×10−5 

dc Compressor  diameter (m)      0.2286 

𝑦O2,in Oxygen  mole  fraction  at  cathode  

inlet   

0.21 
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