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Abstract

In this paper, we consider a class of fuzzy delay evolution equations under generalized differentiability. By using
the operator semigroup theory, the upper and lower solutions and the monotone iterative technique, the existence
and uniqueness of mild solutions for the initial value problem of fuzzy delay evolution equations are obtained. The
continuous dependence of two kinds of mild solutions on the initial value is also proved. In particular, the first innovation
of this paper is to introduce the delay term into the fuzzy evolution equation, and the second innovation is that when
discussing the continuous dependence of the solution on the initial value, it completely eliminates the restriction of the
nonlinear function on the Lipschitz condition coefficients and optimizes the conditions for the existence of the solutions,
which is relatively rare. Corresponding examples are added at the end of the article to make the conclusion better
applied to practice.

Keywords: Fuzzy delay evolution equations, monotone iterative technique, fuzzy strongly continuous semigroup, fuzzy
mild solution, existence and uniqueness.

1 Introduction

The evolution equations are a hot topic in the field of differential equations, which are applied in various fields such as
electrical engineering, medicine, ecology and biology. There have been a lot of works investigating evolution equations
in Banach space, it can refer to [9) [10, 11} 12, I7] and its references. Because the properties of fuzzy number space
are not as favorable as those of Banach space, solving differential equations in fuzzy number space is very difficult.
Therefore, in recent years, many scholars have begun to pay attention to related problems of differential equations in
fuzzy number space[T, 2, [B] [6], 18] 20, 2T, 24, 25 28]. In reference [29], Zhang studied the continuous dependence of
the mild solution on the initial value of fractional fuzzy evolution equations in fuzzy number space. In reference [27],
Nguyen Thi Kim Son provided the definition of strongly continuous semigroups of fuzzy-valued operators in triangular
fuzzy number spaces. In the sense of the generalized Hukuhara difference, they constructed new concepts of fuzzy
infinitesimal generators and fuzzy resolvent operators for fuzzy semigroups. In reference [26], Shao Yabin discussed the
existence theorem of solutions to fuzzy functional differential equations under compact and dissipative conditions using
the properties of embedded mappings of fuzzy numbers into Banach spaces. In 2015[3], Robab Alikhani introduced a
new concept of upper and lower solutions for fuzzy integro-differential equations. By employing the upper and lower
solutions method, they established the existence and uniqueness of solutions for the initial value problem

{ u'(t) = f(t,u(t),Tu), teJ,

u(a) = ug
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of first-order nonlinear fuzzy integro-differential equations, where J = [a,b], f € C(J x R%,Rz),up € Rr, Ry is a fuzzy
number space and

(Tu)(t):/ k(t, s)u(s)ds,

here k € C(I,R") and RT denotes the set of all nonnegative numbers.

This study introduces several significant advancements to the field of fuzzy evolution equations. First, we propose
a novel framework for fuzzy delay evolution equations by incorporating time-delay terms (e.g., p(s) = (¢ + s)), which
realistically model memory-dependent dynamics in uncertain systems, an aspect entirely unexplored in prior works
like Alikhani [3]. Second, leveraging the theory of fuzzy strongly continuous semigroups, we establish existence and
uniqueness results under generalized differentiability, extending classical semigroup methods to fuzzy-valued operator
spaces. Third, we develop two classes of fuzzy upper-lower solutions coupled with monotone iterative techniques,
enabling the construction of convergent sequences for extremal solutions without relying on Lipschitz constraints for
nonlinear terms a marked improvement over existing approaches. Fourth, we systematically classify mild solutions
into two types, and rigorously prove their continuous dependence on initial values, eliminating restrictive Lipschitz
conditions. Finally, our work is substantiated by a detailed case study on a fuzzy delayed population model, complete
with numerical simulations, bridging theoretical rigor to practical applications in environmental science and engineering.
These innovations collectively advance the mathematical toolkit for analyzing uncertain dynamical systems with memory
effects, offering broader applicability and weaker assumptions than conventional methods.

In this paper, we focus on the following initial value problem of fuzzy delay evolution equations

40) = Aple) + 1.0, 0 € T
{<t> w(t), e [-r,0] (1)

where A : D(A) C P — P is a closed linear operator and A is a generator of positive fuzzy strongly continuous
semigroup {G(t),t > 0} on P, the function u(-) is valued in the triangular fuzzy number space P, the nonlinear term
f:IxPxC(-r0],P) — P is continuous, I = [0,a], a > 0 is a constant. p; is a function in C([—r,0],P). For
s € [—r,0], it is defined as p¢(s) = u(t +s) and pe(-) is the time history of the state from time ¢ — r to the current
time t. Cy := C([—r,t], P) denotes the triangular fuzzy number space of all the continuous functions from [—r,¢] into
P endowed with distance Di(p,v) = sup D(u(s),v(s)).

te[—r,t]

The structure of this paper is organized as follows: In Section 1 (Introduction), we present the background and
context of the research. Section 2 (Preliminaries) introduces the necessary definitions, concepts, and foundational
knowledge to facilitate readers, understanding. Section 3 (Upper and lower solution method and monotone iterative
technique) establishes the existence and uniqueness of two types of mild solutions for fuzzy delay evolution equations
by employing the upper and lower solutions method combined with the monotone iterative technique. In Section 4
(Continuous dependence of mild solution on initial value), we investigate the continuous dependence of two types of
mild solutions on the initial value. In section 5 (Examples and applications), an example is provided to illustrate
the feasibility of the results. In section 6 (Summary and prospect), the paper is summarized, and future potential
breakthroughs and challenges are discussed.

2 Preliminaries

Below we will introduce some symbols, definitions, and some basic concepts as necessary.
Let Rz be fuzzy subsets of the real axis p: R — [0, 1] and
i) w is upper semi-continuous;
ii) p is fuzzy convex, i.e. Jdfor all ¢ € (0,1], a,b € R, p(ca + (1 — ¢)b) > min{p(a), u(b)};
iii) [u]° = {y € R| u(y) > 0} is compact;
iv) p is normal, i.e. Jyo € R such that p(ye) = 1.
We denote by 14 and i, the lower and upper bifurcations of fuzzy numbers p € Rz, respectively. For any a € (0, 1),
set [p]® = {y € R | u(y) > a} = [pal, tar] is the a-level set of the fuzzy number p. The diameter of a- level set is
calculated as [u]* = pfiar — piar. The distance from for every w € Rz to any e € Rx is defined as

D(w,e) = sup dy([w]®,[e]),
a€[0,1]

(
(
(
(

where dy; denotes the Hausdorff distance.
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The following properties can be found in [8] 29] for the metric D defined on Rz :
(1) Dim® z,n® z) = D(m,n), for all m,n,z € Rz;
(2) Dim @ n,wde) < D(m,w) ® D(n,e), for all m,n,w,e € Rx;
(3) D(Am, An) = |A|D(m,n), for all A € R,m,n € Rx;
and (Rx, D) has completeness.

Definition 2.1. [13] Let wy,ws € Rz, and they have the following operations in Rx
[w1 @ wa]® = [w1]” + [wa]™ = {21 +y1]z1 € [w1]%,y1 € [wa]*},

[k un]® = kfwi]® = {kyly € [w]"}.

Definition 2.2. [8] The generalized Hukuhara differential(hereafter referred to as gH difference) of fuzzy numbers
w, z € Rx is defined as follows:
Hw=zdm, or

w@gﬁzzmﬁ{ (1) 2 =w® (=1)m.

Suppose that the set of all triangular fuzzy numbers in Rz is P. Then (P, D) is a complete metric space and
subspace of space (Rr, D). As everyone knows, Bede gave in [27] that if z,y € P, then v Sy y = (1) © (y Sgn )
always exists in P which is called g difference x S4y .

Definition 2.3. [§] Suppose that fuzzy function h € C(I1,P), yo € I, and k is a real number such that yo + k € I. If
there is Dgyh(yo) € P such that
h k h
th(yO) _ hm (yO + ) egH (JCO)7
k—0 k

then h is gH-differentiable(Hereinafter referred to as gHd) at yo.

Definition 2.4. [8] Suppose that f € C'ng(I,P), foranyt €I, a € [0,1], have form [f(t)]* = [fais far]- It can be said

(1) f s [gHd]"™) at yo € I if [Dgzf (yo)]* = [(fa) (%0), (far) (o)),
we denote this derivative by D¢y, f(yo);

(ii) f is [gHd]"") differentiable at yo € I if [Dysf(y0)]™ = [(far)' (y0): (far)' (v0)];
we denote this derivative by Dgy, f(to).

Definition 2.5. [§] Let g : [a,b] — P for every x € I, a € [0,1], g has a form [g(z)]* = [gal, Jar] , Where gor, Gar s
Lebesgue integrable on [a,b] and measurable. The Lebesgue integral of g be expressed as f:g(x)dt, it is can be defined

as the following formula
b
[/ g(x)dt}

Lemma 2.6. [19] Suppose that h,g : [0, T] —
h(t) <6+ [y g(s)h(s)ds, t € [0,T), then h(t) <

/ Jou (z)dt, /ab ga,.(x)dt) for all a € 10, 1].

[0,00) be contmuous functions and 6 is a normal constants such that
dexp(fy 9

In the following, we introduce some basic facts and definitions of strongly continuous operator semigroups defined
on the triangular fuzzy number set. Let £(P) be a space composed of all bounded linear operators Y : P — P, denote

| Y ||=inf{N : D(Y'm,0) < ND(z,0), for all z,m € Rz},
(aY1 + BY2)(m) = a® (Yim) ® O (Yam), for allm € P,
where a, S € R, Y1, Y € £(P).

Definition 2.7. [16] Let {G(t),t > 0} C £(P) be fuzzy operator semigroup with the following properties
(i) G(0) = Idp;
(ii)) G(u+v) = G(w)G(v), for all u,v are non-negative.

Definition 2.8. [27] Let {G(t),t > 0} C £(P) be semigroup satisfying

lim G(t)m =m for all, m € P,
t—0+

then {G(t),t = 0} is called a fuzzy strongly continuous semigroup on a triangular fuzzy set P.
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Definition 2.9. [16] Suppose that {G(t),t > 0} C £(P). The definition of generator A : D(A) C P — P is as follows

1
Ay = lim — h
y= lim - O (G(h)y Sgn y),

D(A)={yeP: lim 1 ® (G(h)y Sgn y) exists in P}.

k—0+ k
From [27, Lemma 5.1], we can see
M i s [6(0)] > 1. )
€

For more properties of operator semigroups, please refer to [27].
The following will introduce the related properties of the order relation “<” in fuzzy number space.

Definition 2.10. For everyy >0,y € P andt > 0, if the order inequality G(t)y > 0 holds then the {G(t),t > 0} C £(P
on P is positive.

Definition 2.11. [22] Suppose a,b € P. For every a € [0,1], we say that a < b if and only if ani < bai, Gor < bar-

The interval of fuzzy number [x,y] is defined as {z € P : x < z < y}. Let g1,92 € C(I,P) be two fuzzy functions,
for every x € I, we can say that g1 < g2 if g1(z) < ga2(z).

Lemma 2.12. [22] Suppose that u,q,e,b € P and c € RT, then there are the following order relations
(1) u=gq if and only if u < q and q < u.

(2) Ifu<gq, thenud®e<qgPe.

3) Ifu<qgande<b, thenu®e<qdb.

(4) If u < q, then cu < cq.

Lemma 2.13. [22] Suppose that f1, fo € C(I,P) and f1 < fa, then fo fi(s)ds < fo fa(s)ds, for allt € I.

Lemma 2.14. 23] If {f.} € C(I,P) and h € C(I,P) such that f, < h, for all n € N, and for every x € I, f,(x)
converges to f(x) in Rz, then f < h.

For any t € [0,a], C; := C([—r,t], P) denotes a triangular fuzzy number space consisting of all continuous functions
from [—r,t] into P endowed with the distance Dy(u,v) = sup D( (s),v(s)).

—T S

Let Flu)(t) := G(t)mo © ( fo (t—7)© f(r,ul(r), MT)dT7 t € [0,a], and let C, := C([—r,a],P) = {p € Co} :
Flu)(t) exists for all t € [0, a].
Definition 2.15. [ u € C, is a mild solution to the initial value problem if and only if p € Cy, for any t > 0,
wu(t) € D(A) and p satisfies
w(t) ©gn G(t) /Qt—T O f(r u(r), pr)dr, tel (3)

u(t) =o(t), te[-r0]
In addition, if the mild solution p is [g?—[d](i) differentiable, then (1)) is equivalent to

o= { G B D eIk e et 0

if the p is [gHd)") differentiable, then is equivalent to

i ={ Sr s )9t = @ 1) e)dr, tel )

Definition 2.16. Sppose that w®, v H© O ¢ C,, we can say
(i) w© and v denote the first kind of fuzzy upper solution and fuzzy lower solution of the

= { S T e SO B e 0
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and
o< SR O e

(ii) @ and ©©) denote the second kind of fuzzy upper solution and fuzzy lower solution of the

2 (1) 2{ igi))( o @[ - O]fo (t—7) 0 f(r, 8D (), @2),)dr, tel, o
and
Wh < { i(i)uo ?e [- rf(())] 6010l (B ddr el 9)

3 Upper and lower solution method and monotone iterative technique

Theorem 3.1. Assume that A : D(A) C P — P is an infinitesimal generator of a positive fuzzy strongly continuous
semigroup G(t). Let f map a bounded set in I x P x Cy to the bounded set in P and satisfy the hypothesis:
(H1) The fuzzy upper solution wO and fuzzy lower solution v(©) of the first kind of exist and

f(t7a1761) Sf(t7a27ﬁ2)7 tej? (10)
for v < aq < ay < w®, Vt(o) < B1 < By < wgo). Then has mazximal and minimal mild solutions of the first kind.

Proof. Define the sequence {v(™}°° | as

t
v (t) = G()(0) @/ G(t—7)© f(s, D7), (") )dr, e, (11)
0
V() = ¥(t), t € [-r,0]. (12)
Define the sequence {w(™}2 | as
t
S0 = 00pO) @ [ 6t —1) 0 f(sw" ), W) )dr tel, (13)
0
w™ (1) = w(t), t € [-r,0]. (14)
Then
H(l) — (0 < » < »(2) <. < () << w™ << w® < w® < w® — ﬁ(l). (15)

To prove it, let n =1 for , we have
t
V() = 6000 @ [ Glt=)© fr.rO ), W O) )i tel
0

According to Definition we get v (t) < vM(t) < wO(t), t € [~r,a]. Therefore (1), < (vV); < (WO),.
Suppose that n =k, vF=D(t) < vF)(¢) < w(o)( ), t € [=r,a], therefore (v(®), < (v*+1),. Form we have

¢
v (1) = G (1)1 (0) 69/ Gt —7) o f(r,v(7), W), )dr, tel,
0
and .
v (1) = Gt (0) @ / G(t—7)© f(r (@), W), )dr, tel (16)

0

By condition (H1) and the formula , we arrive at
v () < v () < wO(t), t € [-r,dl.

Thus, v (t) < v+t () < w©(t) by mathematical induction for all ¢ € [~r,a]. Using the same method of proof, we
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Then we will prove that v(™) < w(™ n € NT. Form, v(©) < w(®. Combining and we get v(D(t) < wM(t).
Suppose that n = k, we have v(*)(t) < w®)(t), ¢ € I. Let n = k + 1, then

VD (1) = G(1)$(0) & / G-mo Fr ™)), @W):)dr, tel,
0

W (1) = G(1)(0) @ / Gt - 1) © F(rw®) (), @), ), tel. (17)
0

Using the nondecreasing property of f and (I7), it is possible to obtain that v*+1)(¢) < w*k+1)(¢), t € [~r,a]. Thus,
for any n € Nt, v(*+1)(¢) < w*+1(¢), by mathematical induction for all ¢ € [—r,a]. By condition (H1)

O <MW <@ <) << < < w0 < W < (0 (18)

This completes the proof of inference.
Next, we explain the equicontinuity of {v™} and {w(™}. Owing to the continuous function f maps bounded sets in
I x P x Cp to bounded sets into P and the properties of distance D. Let N := sup D(f(¢,u(t)),0) and ¢; < to, denote
tel

t1 4+ = ta, 6 € [0,a]. We conclude

D(v™ (1), v (t2))
=D (Q(tl)w(O) &) | 1 Gt1—1)® f(T, 1/(71—1)(7)7 (V("—l))T)dT,Q(t2)¢(0)

® / G(ts =) ® f (r, v D (r), (/" 0) )ar

ty

<D(G(t2)(0),(t2)0(0) + D [ G(ts =) © f(r.v" (), ("), )ar,

0

/0 2 Gltr— ) © f(T, l/(n—l)(T)7 (y("—l))T)dr)
=D(G(t1)¥(0),G(t2)¥(0)) + D(/0 ! G(ty —7) @ f(r, vV (r), @), )dr &0,

/Om Glts— 1) © f(T, V(n—l)(T)’ (y(n—l))T)dT D ())
<D(G(t1)1(0),G(t2)1(0))

tl tl

+D( [ Gt =)0 f(rr V), WD) )dr @0, [ Gl =)
0 0

© (7" (@), D), )dr @ / Gt~ 1) © F(r 0D (1), (/D). )dr)
<D(G(t1)¥(0),G(t2)¥(0))

t1 t1

+D( |G =)o f(rr ), W) )dr, |Gt =)

® f(s, 11("_1)(7')7 (V(n_l))T)dT) + D(/t : G(ta—7)©® f(T, V("_l)(T), (V(n_l))T)dT, 0)
=D(G(t1)¥(0),G(t2)¥(0))

t1 t1
+ D( Gt — 7)o f(r, v (7), (V(nfl))r)dﬂ/ Gty — 7+ ta —t1)
0 0
ta

O f(r v (), D)) dr) d( [ G =)@ f(r I (), (), ) dr, )
=D (G(t1)1(0), G(t2)(0))

.\ D(/O 1 Gty — 1) 0 f(T, V(nfl)(T)’ (V(nfl))T)dT’/o ! G(t1 —s)G(t2 — 1)

t1
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® f(T, V("_l)(T), (V(n_l))-,—)dT) + D( ’ G(ta—71)® f(T, u("_l)(r), (1/("_1))T)d7'7 6)
<D(G(t1)%(0),G(t2)1(0))

+MD( /0 IO, )y [ Gl - )

0

t1

” Gtz — 1) © f(r,v ™V (r), (W), )dr, O)

t1

© f (/") D), )dr) + D
<D(G(1)9(0).6(t2)(0)) + | D(G(t =) (" V(). (0 ),).0)ar

+ M /0 " D(f(r. v (r), (")), Gt = t1) @ f (1" D7), (7)) Jdr

<D(G(t1)(0), G(t2)1(0)) + M/O D(F(r @), 60),), 6 - 1)

© f(r. /™ (), (V(n—m)T))ds + MN(ty —t)

<D(G(t1)¥(0),G(t2 — t1)1(0)) + M/ (1, v D (1), ")), G(ts — 1)
@f(T p(n— 1) p(n— 1) T )dT—i—MN t2_t1>
<M D(1(0), g(t2 —t1) ©9(0))

t1
+ M / (7 D), D)), Gt — 1) © f(r 0 (r), (), ) ) dr
+ MN(ty —t1).

Because the fuzzy operator semigroup {G(¢)(t > 0)} has strong continuity, we arrive at
DD (1), v+ (1)) tends to 0 as t; — to. Therefore, {v(™} is equicontinuous.
The following prove the uniform boundedness of {v(™(t)}

D(v1)(0.0) =D (60000 & [ Gt =) f(r.v)(r). (0),)ar.0)

<D(G()1(0),0) + D(/O G(t— 1)@ f(rv™(7), @™),)dr, ())

<M D(1(0),0) + aM D(f(r,v™(7), (v(™),),0)
<M D(3(0),0) + aMN.

Because f maps bounded sets in I x P x Cy to bounded sets in P, so {v(™(t)} is uniformly bounded.

Therefore, {1/(”)} is sequentially compact in C, by the Arzela-Ascoli theorem. Repeating the methods and steps
in the proof about {w(™}, one can obtain that {w(™} is sequentially compact in C,. Thus, {v™}, {w(™} have
subsequences that converge to w, m, respectively. Through the monotonicity of sequences {V(”)} and {w(”)} the
existence contlnuous function x and 7 such that {v(™} converges to p and {w(")} to @ on I. Making limits as n — oo

in the formulas and ., we get
u(t) =G(t)p(0) & /0 Gt —7)© f(r,p(r),p )dr,  T(t) = G(t)(0) & /O Gt —7)© f(r, (7). i, )dr,

and we have (0 < p<pu< w(©). By using the function f and the formula , we get (") < . Similarly, we arrive

at u < w. For any n, we have
V(n) (t) < N(t) < w(n)(t)’ le [—73 a}’

making limits to n — oo, we arrive at
2(0) SHSMSHSW(O)-

Therefore, 7 and p are maximal and minimal fuzzy mild solutions of the first kind for in C,. O
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Theorem 3.2. Assume that A : D(A) :C P — P is an infinitesimal generator of a positive fuzzy strongly continuous
semigroup G(t). Let f map bounded sets in I x P x Cy to bounded sets in P and C, := C(|—r,a],P) # 0. If satisfies
the following assumptions:

(H2) There exist fuzzy upper solution &'°) and fuzzy lower solution () of the second kind for and is established

forv® < a; < ag < L’J(O),ﬁt(o) <P <P < L’Jt(o). Then has mazimal and minimal mild solutions of the second kind.

Proof. Proof similar to Theorem and will not be described here. O

Theorem 3.3. Suppose that all assumptions of Theorem[3.1] are satisfied. Let there exist numbers L > 0 such that
ft,a1,61) + Lay < f(t,as,B82) + Lag, tel (19)

for aq, s € P, b1, Ba € Co with (9 < ay < a, (Z/(O))t < By <p1 < (w(o))t, then has a unique mild solution of the
first kind.

Proof. Because all the assumptions of Theorem are true, there exists a maximum and minimum mild solution 7, u
of . According to Definition because 1z < p, thus

(Wat < (W)at,  and (par < (War, Yo €0,1],

There are two crisp functions R(t, «), R, (t,«) € C(I,R") and make a € [0,1] fixed such that
(ﬁ)al = (E)al + Rl (t,a)7 and (ﬁ)ar = (E)ar + Rr(t7 a)7 Va e [07 1]-

The following proof process shows that iz = u. First, consider 1z, 1 to be in Si, so it satisfies the equation . Therefore,
using the hypothesis , we have

(1(t))ar + Ru(t; @) =((t))

:(Q(t)w(O))az@/o (Gt — 1) © f(r. (7)), Fir))ardr
<G (0))ar @ /0 (Gt — 1) © f(r. p(r) 1) )ouddr + ML /0 Ru(r, a)dr
=(pu(t))ar + ML /0 Ry(1, a)dr.

Then R;(t,a) < ML fot Ry (7, a)dr. From Lemma we can obtain R;(t, @) < 0 and using the same method, R, (¢, o) <
0. Because Ry(t,a), R (t,a) € C(I,R"), so Ri(t,a) = 0, R,(t,o) = 0. Therefore fi = y, then has a unique mild
solution of the first kind. O

Theorem 3.4. Suppose that all assumptions of Theorem are satisfied. Let there exist numbers L >0 such that
f(t,a1761)+f1061 Sf(t,OéQ,BQ)‘FIA/OéQ, tel (20)

for a1, a0 € P, B1, B2 € Co with 1© < ay < ay, (7(0), < By < B1 < (W), then has a unique mild solution of the
second kind.

Proof. Proof similar to Theorem and will not be described here. O

4 Continuous dependence of mild solution on initial value

Theorem 4.1. Assume that A : D(A) :C P — P is an infinitesimal generator of fuzzy strongly continuous semigroup
G(t). If the condition
(H3) Let f € C(I x P x Cy,P), there exists are positive constants Ly, Lo, such that

D(f(tvﬂna)vf(ta v, ﬁ)) < LlD(N’) V) + LQDO(/E?D)7 VM, Ve ,P,ﬂ,ﬁ € CO'

holds, then has a unique fuzzy mild solution v € C, of the first kind. For any € > 0, there is a positive constant

such that for arbitrary 1 (t) € P with D(¢(t),1(t)) < d, the initial value problem of fuzzy delay evolution equations

{ p(t) = Ap(t) + f(tpu(t), ), tel,

at) = (), tel-r0] (21)
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has a unique mild solution fi € C, of the first kind and D(f(t), u(t)) < €.

Proof. First of all, we need to prove the existence of the mid solution of . To this end, we consider the following
operator @ : Cy — Cy

{ @fo Gt —7)O f(r, (1), pr)dr, teI, (22)
w(t% € [=n,0].

Obviously, the operator ) defined in (22)) has continuity. Let 21 = 2M D(4(0), 0),

N = II[laX]D «(f(t,0,0),0). Define QR1 = {p € Cy : Du(u(t),0) < Ry,t € [-r,a]}, then Qp, is centered at 0 and
te|—r,a

radius is the closed ball of Ry in C,. Let H(pu,v) ={ sup d(u(t),v(t))e *}, p,v € P, A>0. When ¢t € I

te[—r,a)

(Qu)(t) =

D.((Qu)(t),0)
=Du(G(t)Y(0) & | G(t—7)® f(7, p(7), ur)dr,0)

<Da(G(1)(0),0) + Dy / G(t — 1) ® f(r, u(r), p)dr, )
<MD, ((0),0) + M / Du(f(r, (), o), )

<M Dq(1(0),0) + M D (7, 1(7), ), f(7,0,0)) + Dq(f(7,0,0),0)dr

<M Dq(1(0), 0) +M/ LD 0) 4+ LaDo(pr,0) + Ndr
<M Do (1(0),0) + M((Ly + L2)D(,0) + N)
<MD, (4(0),0) + M((Ly + L2)Ry + N)

<2M Da(1(0),0) = Ry
When ¢ € [—7,0], D((Qu)(t),0) = D(p(t),0) < Ry, it shows that Qu € Q,. Therefore, we prove the continuity of the
operator @ : Qr, — Qp,. Next, explain the Q(by definition (22))is contraction in Qp,. For every p,v € C(I,P) and
t € I, it follows from condition (H3)
Da((Qu)(1), (Qv)(1))
t t
=Du@OV0)® [ Gt =)0 Frur) ) 600 & [ Gt =) f(rv(r). o))
t t
Da(/ G(t—r) ®f(T7M(T)auT)dT7/ Gt —7)© f(r,v(7),vr)dr)
0 0

<M [ Do(f (7, p(7), pir ), f (7 0(7), v7) ) dr

0
¢
SM/ Ly D(u(7),v(1)) + Lo Do(ir, vy )dr
0
t
SM/ LDy (p,v) + LoDy (p,v)dr
0
¢
SM/ (L1+L2)Da(/i,l/).
0

From this, we can get

¢
sup D (Ap(r), Av(r))e ™ < M/ (L1 + Lo)H(u,v)erdre M
t€(0,al 0

t
< M(Ly + Lo)H(u, y)/ eMdre M
0
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)\ b)
Using that
1—e M

li =

et A 0,
we choose A > 0

1—e M
M(L, +L2)ﬁ <1,

when t € [—r,0], D, ((Qu)(t), (Qv)(t)) = Da(¥(t),1(t)) = 0. Therefore
H((Qu), (Qu)) < H(u,v),

this shows that the operator @ (given by definition ) has a unique fixed point p € Qg,, which is also the only
bubble temperature solution of the first kind of in Qp,. Next, we prove that the existence and uniqueness of mild
solutions of the first kind for . Consider the operator F': C, — C, defined by

(Fu)(t) = { iggfﬁ(ot) éB[f—Of(()l]f__ 7)© f(r,u(7), pur)dr, tel, (23)

Make Rl = 2MD(¢(~O),O), and define Qz = {u € Cy : D(u(?), 0) < Ry,t € [-7,a]}. From the above argument and
formula ) for operator @, it is known that F has a unique fixed point i € Q5 5,» and the fixed point is the unique
fuzzy mlld solutlon of the first kind of problem (21) in Q5

Let R = min{Ry, R}, QR ={uedC,:D, ( (t ) 0) < R t € [-r,al}. Thus, u € Qg and fi € Qp is the unique mild
solution of the first kind of (1) and formula , respectively, which are equivalent to the followmg formula

u(t){ wé), t?[for 01]5—7’ ® f(r,u(r), pr)dr, tel, (24)
and

~n @f (t—r7) @f(ru(),u)dr, tel,

““”‘{wu» M =

Then, we will prove the continuous dependence of the first kind of mild solution of . For any € > 0, making
§ = ¢ =Mallatla) " 5y (0),4(0)) < 6, when t € 1,

Da(p(t), f1(t))

=D,(G0H0)® [ 67 Jru(r).)in GOIO) ® [ 66 -7 fir.p(r). fr)ir)
<MD (0), 00 + Dal [ 61t =) © 17 ). )i / G(t —7)® (5, (7). 1))
<MD 000) 4 [ D rspr) ). S 7, il

<MD, ((0) +M/L1 (7)) + Lo Do (jur fir )7

when ¢ € [—=r,0], D(u(t), 4(t)) = D(p(t), §(t)) < 6 <&, Da(p, @) = sup d(u(t), i(t)) < M1+ Dalp, i)a(Ly + Lz)).

—r<t<a

Obviously, Dg(p, 1) < ﬁgﬁh) < e. The proof of Theorem is over. O

We will prove the continuous dependence of the second kind of mild solution on the initial value. To prove this
conclusion, suppose that

O :{ i%)/fo@ €[~ rfOO] =)@ f(rulr).pr)dr, tel (26)
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Theorem 4.2. Suppose that A : D(A) :C P — P be an infinitesimal generator of a fuzzy strongly continuous semigroup
G(t). If the condition (H3) and R .

(H4) C, = ={p € Co: Q(u)(t)ezists for all t € [-r,a]} # 0 and Cy = {p € Cy : F(u)(t)e:vists for all t € [—r,a]} # 0,

(H5) if p € C’a, then Q(p)(t), and if p € C(a), then F(u)(t) € C, and fulfilled. Then (1)) has a unique fuzzy mild

solution i € Ca of the second kind. In addition, for every e > 0, there is a normal constant 5 such that for any ¢( )eP

satisfying D(’L/J( ), ¥(t)) < 6, the initial value problem has a unique fuzzy mild solution of the second kind fi € C. and

D((t), 1)) < e.

Proof. From the similar proof of Theorem 4.1} we arrive at there is a constant Ll, Lo and R >0, such that (1) and
. has a unique fuzzy mild solution of the second kind i € Qg = {u € C, : Da(u(t),0) < R,t € [-r, a}} and

? c QlR .= {1 € Cy : Da(u(t),0) < Rt € [—r,a]} of the second kind, respectively, and they are given in the following
and 2
0 -{ S @[f(’r oﬁ_T S e 2
For every & > 0, choosing § = & - =Mt L2) 'gyeh that D(4(t),9(t)) < 6. From the condition (H3), when ¢ € I,
Da(filt), iu(

=D,( /gt—T © f(r, i(7), for)dT,G(1) /Qt—T © f(7, p(7), ftr)dT)

<MD (6(0)50) + Da | Gt~ 1) © f(r ), . Otg<t — 1) ® F(r, (), i )i)

SMDLO)50) 4 M [ Dulf(r i) . (1) e

<MDL0) )+ [ D)) + LaDol i

<MD (0) 50 + M [ (1 + L) Dalis )i

Since the rest of this theorem can be obtained by using the proof method of Theorem [{.1] we will not repeat it here. O

5 Examples and applications

To demonstrate the practical significance of our theoretical results, we consider the following fuzzy delay population
growth model with environmental carrying capacity:

W) = Ap(t) © 7wl O pt) © (Ko py)l, tel0,T], (29)
pt) =v(t), te[-r0],

where p(t) € P represents the fuzzy population density, A = —o © I generates a fuzzy contraction semigroup
G(t) =e " ®I. Let K be a non-degenerate fuzzy number(e.g.,a triangular fuzzy number k= (K —¢,K,K + ¢),
where € > 0), and 7 € RT. y; is a function in C([—r,0],P). For s € [-7,0], it is defined as pu;(s) = u(t +s) and p(+) is
the time history of the state from time ¢ — r to current time t.

Step 1: Verification of Operator Semigroup Properties
Definition of Fuzzy Contraction Semigroup:

Ghp=e""oOp t>0,

—ot

where o is a positive constant, e is the scalar exponential function, and ® denotes fuzzy scalar multiplication.

Verification Conditions:
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1. Semigroup Property:
(1).6(0) = .
(2).G(t+s)p=e ") © p=G(t)G(s)p.
2. Strong Continuity:
For any u € P,
lim D(G(t)p, u) = lim D(e " ® p,p) = lim |1 —e 7" - D(p,0) = 0.
t—0+ t—0+

t—0+t

3. Posi:civity: R
If >0, then G(t)u = e~ 7" ® p > 0, since the scalar €7 > 0.

Step 2: Construction and Verification of Upper-Lower Solutions
Definition of Upper-Lower Solutions:

Upper solution: 7i(t) = K @ e.(where € is small fuzzy perturbation).
Lower solution: yu(t) = 0. Verify for ¢t € [0, 7] :

Verification of Upper Solution Condition:

Require:

w(t)=0> An ) @ ft ),
Since 7i(t) is constant, its generalized derivative is 71'(¢) = 0. Substituting the right-hand side:

Aﬁ(t) + f(taﬁ(t)vﬁt) K

—O(KeK)=-00Ka0=-00K.

Thus, the condition reduces to:

Since ¢ > 0 and K > 0, this holds.
Verification of Power Solution Condition:
Similarly, p'(t) = 0 < Au(t) ® f(t, 1, fi;), which trivially holds.

Step 3: Construction and Convergence of Monotone Iterative Sequences Iterative Scheme:
Construct iterative sequences:

L) () = / Gt — s) _ o uD(s) @ (K & )] ds.

Monotonicity via Mathematical Induction:

Base Case: ,u(o) =0< ,u(l)(t) <Kde.

Inductive Hypothesis: Assume p*=1(t) < Rt < K®e

Inductive Step: By the monotonicity of f with respect to p(when p < K ):

W00 = Ga0) [ 610 = )75, () s

/gt—s £(s, 1P (s), 1) ds
_ M(kJrl)(

By induction, the sequence p(™ (t) is monotonically increasing and uniformly bounded, hence converging to a fuzzy
function p*. When ¢ € [—r, 0], it is obviously reasonable.

Step 4: Introduce the Nonlinear Term (Theorem (3.3)
For the nonlinear term f(¢, 1, ue) = 7 © p© (K © p) : For any o € [0,1],¢ € [0, 77 :
Ta

[f(tvu,ut)]"‘=[;~;,al (Rer = (e)ar), 22 Har (Kot = (u)ar)]*

ar al

To enforce monotonicity of f = f + Lu, we require:

Tar , 7 Tar
K(.l (Kal - (Ut)al) +L< =— - (Kal - (Mt)al) + L.

al al
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However, to bound the nonlinear growth, choose:
r ~
L= sup -2 sup (Rut — (11)ar)-
agl01] Kar u<i

Since (pi)at < K., this simplifies to:
L= sup rar.
a€l0,1]

Define f(t, pu, piz) = f(t, o ptz) + L - p. For L > 0, pu3 < po : Compare o € [0,1] :

roz r Ta i
f(—lwh)az(mr — (11,)ar) + L1, )ar < =25 (12, )ar(Kar — (H2,)ar) + L(p2, at-

T ~ raT ~
f(ar (Mla)ar(Kal - (Mlt)al) + L(Mlt)ar < K,a (UQt)w'(Kal - (U2t)al) + L(M2t)ar-
al al

Simplify inequalities: Since p; < po, we have (u1,)ar < (42,)ar, and (p1,)ar < (42,)ar- Additionally, (u1,)er <
(2, )ar and (p1,)ar < (p2,)ar- Global fuzzy order preservation: By verifying monotonicity at every a— level, we ensure
ft, pr, pr,) < f(t, po, po,) under the fuzzy order <.

Assume two solutions p1, po. Define the distance function:

D(yus (8), pa(t)) < M / (LaD (a1 (8), ia(5)) + LoD (s, , iz, ))ds,

where Ly = || — o + L||, Ly = sup IT(—‘T’;
If Ly + Ly <y for some v > 0, then:
D(p(t), pa(t)) < D(0)e".
Since D(0) = O(identical initial conditions), we have D(uq(t), o
obviously reasonable.

(t)) = 0, implying p; = pe. When t € [—r,0], it is

Step 5: Continuous Dependence Verification (Theorem [4.1])
Let () be a perturbed initial condition with D((t), ) < 4, and ji(t) the corresponding solution. Then, for V¢ € [0, T:

D(u(t), fi(t)) < MD((0),3(0)) + M / LaD(u(5), il(s)) + LaD (e, ir)ds.

E(lfMT(LlJrLQ
M

Choosing § = )), Gronwall’s inequality yields:

_ M6
= 1= MT(L, + L»)

when ¢ € [—r, 0], D(u(t), i(t)) = D(p(t),9(t)) < < e.

D(p, )

<g,

Step 6: Numerical Illustration (Enhanced Intuition)
Parameter Settings: K = (90,100, 110)(triangular fuzzy number for carrying capacity), r = (0.8,1.0,1.2), 0 = 0.1,T =
10, Initial history v (t) = (80,90, 100)(¢t € [—-1,0]);

Iterative Computation: Approximate the solution via finite iterations (e.g.,n = 5) and plot the fuzzy solution
curves(a-cuts over time), demonstrating convergence from 0 to the equilibrium K.

. Fuzzy Time-Delay ion Model (a=0.5)
130 g E T T : :

Histcfical P
Prediktion |

I o-cut Range
- — Caying Capacity

Population Density
3
3
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Through the above steps:

Verified the strong continuity and positivity of the operator semigroup, satisfying Theorem 3.1} Constructed upper-
lower solutions and demonstrated the convergence of monotone iterative sequences, aligning with Theorem Proved
uniqueness via Gronwall’s inequality, corresponding to Theorem Analyzed solution sensitivity to initial pertur-
bations, validating Theorem [£.I] This example is theoretically rigorous and can be visualized through numerical
simulations to illustrate the dynamics of fuzzy delayed systems, robustly supporting the core theorems of the paper.

6 Summary and prospect

This paper studies the evolution equation with time delay, which is different from some literature. Because the fuzzy
number space is merely a complete metric space, many fixed point theorems cannot be applied to evolution equations
and differential equations in the fuzzy number space. Additionally, this creates difficulties in applying the upper and
lower solution method and the monotone iterative method to the problems studied in this paper. Secondly, we discuss
the continuous dependence of the mild solution on the initial value and find that subtle changes in the initial value lead
to corresponding changes in the mild solution. This characteristic is illustrated through an example.

We attempt to introduce a monotone iterative method of quasi-upper and lower solutions into the fuzzy number
space to solve the evolution equation. However, due to the limitations of the fuzzy number space, the existing framework
does not support this method. We will continue to pursue efforts in this direction in the future, and we welcome readers
interested in this topic to exchange ideas and engage in discussions with us.

Acknowledgement

This study was supported by the Graduate Research Support Project of Northwest Normal University, China (Grant
No. KYZZ2025-L.XB029).

The authors wish to express their appreciation for several excellent suggestions for improvements in this paper made
by the referees.

References

[1] A. A. Al-Saedi, L. Verma, R. Meher, O. Nikan, Numerical approach on time-fractional Sawada-Kotera equation
based on fuzzy extension of generalized dual parametric homotopy algorithm, Physica Scripta, 99(5) (2024), 1-24.
https://doi.org/10.1088/1402-4896/ad3d94

[2] R. Alikhani, F. Bahrami, Global solutions for nonlinear fuzzy fractional integral and integrodifferential equations,
Communications in Nonlinear Science and Numerical Simulation, 18(8) (2013), 2007-2017. https://doi.org/10.
1016/j.cnsns.2012.12.026

[3] R. Alikhani, F. Bahrami, A. Jabbari, Existence of solutions for the fuzzy functional differential equations, Informa-
tion Sciences, 295 (2015), 600-608. https://doi.org/10.1016/j.na.2011.09.021

[4] E. Allaoui, S. Melliani, S. L. Chadli, Complex fuzzy evolution equations, Journal of Nonlinear Sciences and Appli-
cations, 7(1) (2018), 31-36. https://doi.org/10.1007/978-3-030-02155-9-10

[5] T. V. An, N. V. Hoa, Eztremal solutions of fuzzy fractional Volterra integral equations involving the generalized
kernel functions by the monotone iterative technique, Journal of Intelligent and Fuzzy Systems, 38 (2020), 5143-
5155. https://doi.org/10.3233/JIFS-191746

[6] T. V. An, N. D. Phu, N. V. Hoa, A survey on non-instantaneous impulsive fuzzy differential equations involving
the generalized Caputo fractional derivative in the short memory case, Fuzzy Sets and Systems, 443(30) (2022),
160-197. https://doi.org/10.1016/j.£ss.2021.10.008

[7] B. Bede, S. G. Gal, Almost periodic fuzzy-mumber-valued functions, Fuzzy Sets and Systems, 147 (2004), 385-403.
https://doi.org/10.1016/j.fss.2003.08.004

[8] B. Bede, L. Stefanini, Generalized differentiability of fuzzy-valued functions, Fuzzy Sets and Systems, 230 (2013),
119-141. https://doi.org/10.1016/] . fss.2012.10.003

[9] P. Chen, Y. Li, Mized monotone iterative technique for a class of semilinear impulsive evolution equations in Banach
spaces, Nonlinear Analysis, 74(11) (2011), 3578-3588. https://doi.org/10.1016/j.na.2011.02.041


https://doi.org/10.1088/1402-4896/ad3d94
https://doi.org/10.1016/j.cnsns.2012.12.026
https://doi.org/10.1016/j.cnsns.2012.12.026
https://doi.org/10.1016/j.na.2011.09.021
https://doi.org/10.1007/978-3-030-02155-9-10
https://doi.org/10.3233/JIFS-191746
https://doi.org/10.1016/j.fss.2021.10.008
https://doi.org/10.1016/j.fss.2003.08.004
https://doi.org/10.1016/j.fss.2012.10.003
https://doi.org/10.1016/j.na.2011.02.041

Ezistence and uniqueness of mild solution for initial value problem of a class of fuzzy evolution equations with delay 81

[10] P. Chen, X. Zhang, Y. Li, Nonlocal problem for fractional stochastic evolution equations with solution operators,
Fractional Calculus and Applied Analysis, 19(6) (2016), 1507-1526. https://doi.org/10.1515/fca-2016-0078

[11] P. Chen, X. Zhang, Y. Li, Study on fractional non-autonomous evolution equations with delay, Computational and
Applied Mathematics, 73(5) (2017), 794-803. https://doi.org/10.1007/s11868-017-0234-8

[12] P. Chen, X. Zhang, Y. Li, Ezistence and approzimate controllability of fractional evolution equations with nonlocal
conditions via resolvent operators, Fractional Calculus and Applied Analysis, 23(1) (2020), 268-291. https://doi.
org/10.1515/fca-2020-0011

[13] Y. Chalco-Cano, H. Roméan-Flores, On new solutions of fuzzy differential equations, Chaos Solitons Fractals, 38(1)
(2008), 112-119. https://doi.org/10.1016/j.chaos.2006.10.043

[14] R. Dai, M. Chen, The structure stability of periodic solutions for first-order uncertain dynamical systems, Fuzzy
Sets and Systems, 400 (2020), 134-146. https://doi.org/10.1016/j.£fss.2020.01.009

[15] P. Diamond, P. E. Kloeden, Metric spaces of fuzzy sets: Theory and applications, World Scientific, Singapore, 1994.

[16] C. G. Gal, S. G. Gal, Semigroup of operators on spaces of fuzzy number valued functions with applications to fuzzy
differential equations, The Journal of Fuzzy Mathematics, 13(3) (2005), 647-682. https://doi.org/10.48550/
arXiv.1306.3928

[17) Y. Li, Ezistence and uniqueness of periodic solution for a class of semilinear evolution equations, Journal of
Mathematical Analysis and Applications, 349(1) (2009), 226-234. https://doi.org/10.1016/j.na.2009.11.029

[18] B. Li, X. Zhang, X. Zhao, Robust nonfragile Hoo filtering for fuzzy fractional order systems with uncertainties,
Iranian Journal of Fuzzy Systems, 21(3) (2024), 1-17. https://doi.org/10.22111/ijfs.2024.45384.8019

[19] R. K. Miller, A. N. Michel, Ordinary differential equations, Academic Press Inc. New York, 1982.

[20] H. V. Ngo, Existence results for extremal solutions of interval fractional functional integro-differential equations,
Fuzzy Sets and Systems, 347(15) (2018), 29-53. https://doi.org/10.1016/j.£ss.2017.09.006

[21] L. T. Quanga, N. V. Hoa, N. D. Phu, T. T. Tung, Ezistence of extremal solutions for interval-valued functional
integro-differential equations, Journal of Intelligent and Fuzzy Systems, 30 (2016), 3495-3512. https://doi.org/
10.3233/IFS-162096

[22] R. Rodriguez-Loépez, Comparison results for fuzzy differential equations, Information Sciences, 17(6) (2008), 1756~
1779. https://doi.org/10.1016/7.1ins.2007.10.011

[23] R. Rodriguez-Lépez, Monotone method for fuzzy differential equations, Fuzzy Sets and Systems, 159(16) (2008),
2047-2076. https://doi .org/10.1016/].fss.2007.12.020

[24] P. P. Sartanpara, R. Meher, O. Nikan, A. A. Al-Saedi, Analyzing the effect of uncertainty on hybrid permeable
nanofluid flow under thermal radiation by Gaussian and triangular fuzzy numbers, Physica Scripta, 100(1) (2025),
1-28. https://doi.org/10.1088/1402-4896/ad96ed

[25] P. P. Sartanpara, R. Meher, O. Nikan, Z. Avazzadeh, Solution of generalized fractional Jaulent Miodek model with
uncertain initial conditions, AIP Advances, 13(12) (2023), 1-28. https://doi.org/10.1063/5.0166789

[26] Y. Shao, H. Zhang, G. Xue, Ezistence of solutions for the fuzzy functional differential equations, Advances in
Intelligent Systems and Computing, 211 (2014), 215-227. https://doi.org/10.1007/978-3-642-38667-1-22

[27) N. T. K. Son, A foundation on semigroups of operators defined on the set of triangular fuzzy numbers and its
application to fuzzy fractional evolution equations, Fuzzy Sets and Systems, 347 (2018), 1-28. https://doi.org/
10.1016/j.£ss.2018.02.003

[28] L. Verma, R. Meher, Z. Avazzadeh, O. Nikan, Solution for generalized fuzzy fractional Kortewege-de Varies equation
using a robust fuzzy double parametric approach, Journal of Ocean Engineering and Science, 8(6) (2023), 602-622.
https://doi.org/10.1016/7.joes.2022.04.026

[29] X. Zhang, P. Chen, D. O’'Regan, Continuous dependence of fuzzy mild solutions on parameters for IVP of fractional
fuzzy evolution equations, Fractional Calculus and Applied Analysis, 24(3) (2021), 1758-1776. https://doi.org/
10.1515/fca-2021-0076


https://doi.org/10.1515/fca-2016-0078
https://doi.org/10.1007/s11868-017-0234-8
https://doi.org/10.1515/fca-2020-0011
https://doi.org/10.1515/fca-2020-0011
https://doi.org/10.1016/j.chaos.2006.10.043
https://doi.org/10.1016/j.fss.2020.01.009
https://doi.org/10.48550/arXiv.1306.3928
https://doi.org/10.48550/arXiv.1306.3928
https://doi.org/10.1016/j.na.2009.11.029
https://doi.org/10.22111/ijfs.2024.45384.8019
https://doi.org/10.1016/j.fss.2017.09.006
https://doi.org/10.3233/IFS-162096
https://doi.org/10.3233/IFS-162096
https://doi.org/10.1016/j.ins.2007.10.011
https://doi.org/10.1016/j.fss.2007.12.020
https://doi.org/10.1088/1402-4896/ad96ed
https://doi.org/10.1063/5.0166789
https://doi.org/10.1007/978-3-642-38667-1-22
https://doi.org/10.1016/j.fss.2018.02.003
https://doi.org/10.1016/j.fss.2018.02.003
https://doi.org/10.1016/j.joes.2022.04.026
https://doi.org/10.1515/fca-2021-0076
https://doi.org/10.1515/fca-2021-0076

	 Introduction
	Preliminaries
	Upper and lower solution method and monotone iterative technique
	Continuous dependence of mild solution on initial value
	Examples and applications
	Summary and prospect

