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Abstract

In this paper, the fuzzy Pielou logistic differential equation is studied from the perspective of the generalized Hukuhara
differentiability concept. First, the uniqueness of positive or negative solutions is established. Then, the existence
conditions of the solution, together with its structural representation, are obtained for two separate cases corresponding
to the positivity or negativity of the fuzzy parameters of the problem. Detailed illustrative examples are also provided
to clarify the results.
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1 Introduction

Fuzzy set theory is a powerful tool for interpreting and modeling phenomena in uncertain and ambiguous situations
(for instance, [9] 15 17]). The models extracted from uncertainty conditions are usually mathematical issues including
fuzzy parameters [4, [I7]. Fuzzy differential equations (FDESs) are one of these topics that have been interested many
researchers [3 [7, 211 23, 27]. In this context, most studies were focused on first-order linear FDEs from different
perspectives [2] [5] [6] 10, 2], T3], 14 22] 25]. The investigation of more complex structures of FDFEs will lead to the
development of theoretical results and a more precise analysis of the real behavior of phenomena. One of such equations
is known as the fuzzy logistic differential equation (briefly, F LD F), which models population growth or similar capacity-
limited processes under the uncertain conditions. The uncertainty in this equation arises from the fact that parameters
such as the rate, carrying capacity, and initial population are inherently imprecise, as they are affected by measurement
errors, environmental fluctuations, and inaccurate data [8]. A FLDE may be represented in a general form as follows:

{ ﬁ}%@)fi&@ 22(t) = up © x(t), >0, "

where g, ug and vy are fuzzy numbers and, the symbols & and ® denote the fuzzy arithmetic operators addition and
multiplication. The problem represents the fuzzy form of the famous Pielou F'LDFE which appears in the modeling
of many scientific issues in fields such as biological growth [16], economic [32], electrochemical dynamic [28, [34] and
energy prediction [I8]. An analysis of the level-wise solutions of problem with positive fuzzy parameters, is given in
[24]. Some FLDESs have been studied in [20] [36], in their discrete form, obtained by transforming the original problem
into a fuzzy difference equation. The authors in [30], have studied the FLDFE with an Alee effect by reformulating it as
systems of ordinary differential equations under the generalized Hukuhara differentiability (gH-differentiable) concept
and derived conditions for stability of equilibria, and the authors in [I], have also studied the discrete form of this
equation. A power series method for the FLDE of fractional order is presented in [31].

Although previous studies have addressed the FFLDE, there remains a gap concerning the existence of analytical
solution expressed as fuzzy-numerical-valued functions. Obtaining the solution of the FLDFE as a fuzzy-number-valued
function (if exists) is mathematically significant, as it enables the direct determination of a fuzzy output for any real
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input and shows the behavior of the solution under variations of the inputs, which is the main motivation for this study.
In this paper, we intend to obtain and derive analytical solutions formulas to problem as fuzzy-number-valued
functions. To this end, we employ the g H-differentiability concept, because it formulates derivative as a fuzzy-number-
valued function and can therefore be directly applied to solve FFDEs. Based on gH-differentiability, we study the
problem from two perspectives: 1. the derivative concept arising from the generalized Hukuhara difference (gH-
difference) of type 1 (or (1)-differentiability) and, 2. the derivative concept arising from the gH-difference of type 2 (or
(2)-differentiability). It is known that these derivatives provide two solutions to an F'DFE with different behavior, in
the sense that with increasing time the fuzziness of the solution under (1)-differentiability is increasing and under (2)-
differentiability is decreasing [4, [10, [I1]. Then, it is possible to choose the desired solution from two the solutions [6]. We
first study the uniqueness problem of solutions and present an interval in which the problem has a unique solution.
Next, we present the structure of positive solutions to problem along with solving some illustrative examples in two
separate cases: 1. (1)-differentiability when wg and vy are positive fuzzy numbers, and 2. (2)-differentiability when wug
and vy are negative fuzzy numbers.

The structure of the paper is organized as follows: In Section 2, we review the basic concepts of fuzzy arithmetic
and present some required results from the division of two trapezoidal fuzzy numbers. In the sequel, we introduce some
properties of the Hausdorff metric, fuzzy-number-valued functions and fuzzy product functions and recall the (1) or
(2)-differentiability concept of fuzzy-number-valued functions and their properties. In Section 3, we present the result
of the uniqueness of the positive or negative solutions for problem 7 given by Theorem In Section 4, we obtain
the structure of positive solutions for some cases of problem under certain conditions and explain the results by
solving some examples.

2 Preliminaries

This section contains basic concepts, notations and essentially results that are required.

Definition 2.1. [4] An ordered pair uw = (u™,u") of functions u™,u™ : [0,1] — R, is called to be a fuzzy number defined
on the real axis R, if the following conditions hold:

(1) u™, called the lower branch of a fuzzy number, is a bounded non-decreasing left-continuous function on (0,1], right
continuous at zero,

(1) u™, called the upper branch fuzzy number, is a bounded mon-increasing left-continuous function on (0,1], right
continuous at zero,

(4id) uy < uf.

The set of all fuzzy numbers is denoted by Rp and for u € R, the representation [u]o, = [u;,ul], where u’, := u*(a),
x € {—,+}, is called the a-cut form of u.

The symbol Ry denotes the set of all fuzzy numbers defined on the real numbers R. The diameter of u € Ry is the
function diam(u) : [0, 1] — [0, +00), defined as follows:

o

diam(u)®* = ul —u
For u,v € Rp the operators addition, Hukuhara difference (H-difference), multiplication and division [I7] are respec-
tively defined in the a-cut form below:

[u®v]o = [uy +v,,ul +vl], Vael0,1].
[u©v]o =[uy —v,,ul —vl], Vae[o,1].
[u ® v]o = [min M, max M,], Va €[0,1],

where
— L= u—vt ute— uTot
Ma—{uava,u Vg, UG Vg s UG Vg,

[e7nge )

[E]a = [min D, max D,], Ya € [0,1],

Up Uy Ug Uy
D, = T x0T o 1
Va Va Va Va

provided that v, > 0 for all @ € [0,1] or v} < 0 for all « € [0,1]. We point out that, if A € R, then
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Py, k], A >0,
MO ula = { Do, huzl, A <0,

It is noteworthy that the H-difference of two fuzzy numbers v and v may not exist and further u©v # u® (—1) O wv.
The following properties of H-difference are well-known
(@) A0 uwev)=A0ueA0v, VAeER, u,ve Ry,
b)) wev)ow=wow)dv=Wew)du, Yu,v,weRp,
() udv)o(wdz)=Wow) ® Vo z), Yuv,wzeRp,
provided that, all the above H-differences exist (see [14} 22| 25], for more properties).

Definition 2.2. [35] The Hausdorff metric (H-metric) on fuzzy numbers set is defined as the function D : Rp x Rp —
[0,4+00) by the equation
D(ua ”U) = sup doz(ua U)a
0<a<1

where
da(uav) = max{\u; - U;|a |U;t - U(—)”}a

is known as the H-metric between the two interval [u], = [u, ,ul] and [v]o = [v,, v}

The following properties of H-metric are well-known [35]:
(a) DIA®u,A®v) = |A\D(u,v), YAXeR, u,veRp,
(0) D(u ® w,v ®w) = D(u,v), Yu,v,w€Rp,
(¢) Dlu®v,wd z) < D(u,w) + D(v,2), Y u,v,w,z€Rp.

Lemma 2.3. [3| 2] Let u,v,w,z € Rp. Then
(1) D(uSv,usw) = D(v,w),

(i) D(u©w,v S z) < D(u,v) + D(w, 2),
provided that the H-differences exist.

The space (Rp, D) is a complete metric space and the function ||.||r : Rp — [0,400), defined as ||u||r = D(u,0),
(0 € Rp is the well-known singleton zero fuzzy number whose o, = o} = 0, for all a € [0,1]), is a usual norm on Rp,
2B

Definition 2.4. [13] A fuzzy number u is said to be positive if u, > 0, for all a € [0,1] and it is negative if ul <0, for
all a € [0,1]. The notations R; and R are used to show the set of positive and negative fuzzy numbers, respectively.

According to Definitions and u € R;, if uy >0 and u € R, if ua' < 0.
Lemma 2.5. [13] Let u € R UR} and v,w € RE: or v,w € Rj. Then
D(uev,uow) < ||lul|lpD(v,w).
Lemma 2.6. Letu € RJIE URE and v,w, z € R; orv,w,z € Ry. Then
D(uov,wo z2) < |ullpD(v,w) + |w||rD(u, 2).
Proof. By using the properties of H-metric and Lemma [2.5] it simply follows that

Duov,woz) <Dudv,u@w)+ Dudwwd z)
< lullrD(v,w) + [[w|[D(u, 2).
O

Lemma 2.7. Let {u,} and {v,} be two sequences in Rp that respectively converge to u and v. Suppose that the
H-differences u,, © v, exist for every natural number n > 1. Then u © v exists and lim,_, 4 o Uy O v, = U O V.

Proof. See Lemma 2.6 in [22). O

Definition 2.8. We say that the fuzzy number u = (u™,u™) is a reqular fuzzy number if the functions u~ and u™t are
continuous at « € [0,1] and differentiable at « € (0,1). The set of all reqular fuzzy numbers is denoted by Rp,..

Throughout this paper, we employ the notation § f to show the derivative of a real-valued function f with respect
to a.
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Figure 1: The fuzzy number u from Remark

Remark 2.9. Based on Deﬁnitions and the ordered pair w = (u™,um) is a regular fuzzy number if and only if
the following conditions hold:

), and du~ >0,

e u~ is continuous on [0,1], differentiable on (0,1
0,1), and du™ <0,

e u™ is continuous on [0,1], differentiable on (0,
o diam(u)! > 0.

In fact, if these conditions hold then, the differentiability of v~ and u™, and that Su™ > 0 and dut < 0, imply that
u™ and uT are non-decreasing and non-increasing, respectively. Moreover, continuity on the compact interval [0,1],
ensures that u~ and u™ are bounded. So that, u is a fuzzy number and it is reqular. Reciprocally, if u is a regular
fuzzy number, due to it is a fuzzy number, then diam(u)! > 0 holds. Also, u~ and u™ are respectively non-decreasing
and non-increasing which, considering the reqularity of u, implies that Su™ > 0 and du™ < 0. Therefore, the designed
conditions hold.

Remark 2.10. Regular fuzzy numbers are used to represent many fuzzy quantities that are continuous and change
gradually rather than abruptly, such as population growth, desired temperature, customer satisfaction, or appropriate
light intensity. Since a logistic function exhibits smooth and gradual behavior, it is expected that its range in fuzzy
modeling consists of reqular fuzzy numbers. Another set of fuzzy numbers u, for which the function o — [u]a is
continuous under the H-metric, is introduced in [26] and denoted by RS.. This set of fuzzy numbers is used to represent
fuzzy quantities that are continuous. Because, the continuity of function o — [u], only requires the continuity of
functions u~ and ut. In fact, for ag € [0,1] and sequence {a,} C [0, 1], we have

it ([t [u]ay) = masc{ug, —ug, |, Juf, —uf,[} =0, as oy — o,

if and only if uy — ugy, and ul — ul , as a, — ag. Consequently, Rp, C R%. But, the reverse of this inclusion

relation does not hold. For example, consider the fuzzy number u with the a-cut form

_ 1
[U]a—{ 1+4a,5-a], 0<a<g,

[2+20,5—a]; L<a<l,

as given in Figure 1. We see that u € R%,, but the function u™ is not differentiable at the point oo = % Thus, u ¢ Rp, .

A family of regular fuzzy numbers is well-known as trapezoidal fuzzy numbers, denoted by TRp,. The fuzzy
number v = (u~,ut) is said to be trapezoidal whenever u, = u! + (u® — u')a and ul = u” — (u" — u")a, where
ul < u < wuf < w”. Such a number is represented as u = (u',u®,u",u"). In the case that u® = u", then the
trapezoidal fuzzy number u is called a triangular fuzzy number and represented as u = (u', u®, u"), where u¢ = u°, [4].

The following lemma is needed for some results in the paper.

Lemma 2.11. Letu= (u~,u%) € TRp and v = (v=,v+) € TR UTRS be two fuzzy numbers with the representations
I ,.cl Ll

u= (u,u, u",u") and v = (v, v, V", V7). Assume that the following inequalities hold
(hl) ul,Ucl < ’Ul’U,Cl,
(h2) vTuCT S uT‘,UCT"
(hg) ucl,Ucr < UCT’UCI.
+

Then w = (’;—:, Z—Jr) is defined as a fuzzy number.

- +
Proof. Let w, = Z—‘: and wl = Z—i Since the functions
uy, =u + (u —uha, ul =u" - (u" —u")a,
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vy =vl 4+ (v —vHa, Vi =0" — (V" —v")a,

e

are linear on the compact interval [0, 1], then they are bounded and continuous on [0,1]. Also, the hypothesis v €
TRy UTR}, ensures that vy # 0 and v} # 0, for all « € [0, 1]. Therefore, the functions w~ and w™ are bounded and
continuous on [0, 1]. Moreover, since the functions v, u",v~, and v* are differentiable on (0, 1), we get

b (uel — ul)a)

vl + (vl — vl

u“lvl _ ulvcl

= 5 >0, (by the condition (h1)),
(’Ul + (,Ucl _ ’Ul)Ot)

Sw; :5(

and

Surt = 6(1/" —(u" — u")a)

" — (V" — v
cro T, cr
= ( Tu zjr Y qu) 2 <0, (by the condition (hs)).
T — (V" — v

These inequalities ensure that w, and w} are non-decreasing and non-increasing, respectively. So that, for each
a € [0, 1], we get

ucl ucl,Ucr
We < wy = W = Uclvcr
ucrvcl o
< Selger (by condition (hs))
uCT‘
_ — T +
= w; <wy.
Consequently, the statement of the lemma is concluded. O

Remark 2.12. If u,v € TR} or u,v € TRy, then the inequalities (h1) — (hs) from Lemma can be ordered as
follows:

N
Q

e 2)
Ul e per o7

l l

In the case that u = (u',u®,u") and v = (v',v°,v") are two triangular fuzzy numbers, then the condition (hs) is fulfilled.
Hence, the inequalities are summarized as follows:

[

u u u
— < —. 3
<o (3)

vl T

IN

However, the satisfaction of the inequalities does not guarantee that the fuzzy number w = (Z—:, %) is a triangular
fuzzy number. For example, it is easily seen that two positive triangular fuzzy numbers u = (2,6,12) and v = (1,2, 3)

satisfy the condition . So, we have the non-triangular fuzzy number w, given in the a-cut form below:

2 +4a 12 — 6a
[w]a = =

1).
l+a’ 3—« ]’VQE[Q]

Definition 2.13. Let I be a subset of real numbers. A function f : I — Rp is called the truly fuzzy-number-valued
function on I, if there exists at least one t € I, such that f(t) is a non-real fuzzy number.

The distance of two the truly fuzzy-number-valued functions f,g: I — Ry is defined as follows:

D*(f,g) =sup D(f(t),g(t))-

tel

Definition 2.14. Let I be a subset of real numbers. A truly fuzzy-number-valued function f is called to be the truly
fuzzy product function on I, whenever f(t) can be expressed as the multiplication of truly fuzzy-number-valued functions,
foralltel.



188 M. Chehlabi

Example 2.15. Consider the truly fuzzy-number-valued function f : [0,+00) — Rp given in the a-cut form:

aeat et

0= [2 1] vae o,

Take two functions g and h, given as:

« 1
14et’ 14 et

[g(t)]a = [ } ., and [h(t)]e = [e*,€"], Vae0,1].

It is easy to observe that g and h are positive truly fuzzy-number-valued functions defined on intervals [0, 1] and [0, +00),
respectively. Since, f(t) = g(t)®h(t), for eacht € [0, 1], then the restriction of f to [0,1] is a truly fuzzy product function.

Definition 2.16. [5,[10] Let f be a fuzzy-number-valued function defined on open interval I C R. Fix to € I. (1) The
function f is called to be (1)-differentiable at to, if the H-differences f(to + h) © f(to) and f(to) © f(to — h), for all
h > 0, sufficiently close to 0 exist, and an element Dy f(ty) € R exists, such that

flto+h)o f(to) _ . f(to) © f(to — h)

li =1 = Dy f(to).
hg{)h h hg{ﬁ h 1 (to)

(2) The function f is called to be (2)-differentiable at to, if the H-differences f(to — h) © f(to) and f(to) © f(to + h),
for all h > 0, sufficiently close to 0 exist, and an element Dy f(to) € Rp exists, such that

lim f(to) © f(to +h) ~ lim f(to—h)© f(to)
h—0t+ —h h—0+ —h

= D f(to).

Theorem 2.17. [7,[10] Let I C R be an open interval and consider the function f : I — Rp with [f(t)]a = [f, (t), fF(®)],
Vo € [0,1]. In this case,
(1) if f is (1)-differentiable on I, then f; (t) and f¥(t) are differentiable functions at t € I, and

[D1f (O = [£" (0, 13 (1)], Vo€ [0.1]
(2) if f is (2)-differentiable on I, then f; (t) and f¥(t) are differentiable functions at t € I, and

[Daf (0] = [£5 (), 12
Theorem 2.18. Let I C R be an open interval and consider the function f : I — Rp with [f(t)]a = [f5 (t), fT(1)],
Vo € [0,1]. Suppose that f, (t) and fI(t) are differentiable with respect to t, uniformly with respect to o € [0,1]. In
this case:

(1) if for each t € I, the functions fa_l(t) and f;f/(t), respectively are mnon-decreasing and non-increasing as functions
of a, and ff/(t) < ffr/(t), then f is (1)-differentiable on I,

(2) if for each t € I, the functions foj'(t) and f(j/(t), respectively are non-increasing and non-decreasing as functions
of a, and fl"'/(t) < fl_l(t), then f is (2)-differentiable on I.

()], Va €[0,1].

Proof. See Theorem 24 in [1]. O

3 The uniqueness of solutions

Let k € {1,2} be fixed. We intend to provide the uniqueness of positive or negative solutions to the problem ,
considered below:
Dpa(t) @ v © 2%(t) = up ©® x(t), t >0, @)
z(0) = xo,

+ -
where g, v0, 9 € R URL.

Definition 3.1. Let T > 0 and k € {1,2} be fized. We say that the fuzzy-number-valued function x is (k)-solution to
problem on [0,T], if x is continuous on [0,T], (k)-differentiable on (0,T) and it satisfies the problem , for all
te(0,T).
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Theorem 3.2. Fiz T > 0 and k € {1,2}. Suppose that the problem has (k)-solution = : [0,T] — R} (or
z:[0,T] = Ry), then x is unique on [0, 7], for some 0 <7 <T.

Proof. Let k=1 and z : [0,T] — R; be (1)-solution to problem . The proof is similarly for other cases of choosing
k and the sign of . Since x is the (1)-solution to (), so, it is continuous on [0, 7], which, by Proposition 2.3, (ii) in
[13], implies that M, > 0 exists such that ||x(t)||r < M, Vt € [0,T]. Also, the H-differences uy ® x(t) © vo ® x2(t)
exist and equal to Dix(t), for each ¢t € (0,7). So that, the set

Su, = {u€R}: |lullp < M,, and the H-difference up ® u© vy ® u” exists}.
is a non-empty bounded subset of R;. Define the function F' : Sp;, — Rp by
F(u) =up®ud vy ® u?.

We show that F' is a continuous function. Let the sequence (up)n>1 C Sa, converge to u. Since ug, vy € R; UR% and
Up € R;C so, by Theorem 3.5 in [13], the sequences ug ® u,, and vy ® u2 converge to ug ® u and vy ® u?, respectively.
Therefore, based on Lemma the H-difference ug ® u © vg ® u? exists and we have

lim F(u,) = up ®u vy ® u’.

n—-+oo
In addition, since u, € R}, and |ju,|r < M,, then
0 <ty <ub o <M,
uniformly with respect to « € [0, 1]. So, passing to the limit, it follows that
0<u, <ul < M,,

uniformly with respect to a € [0, 1], which result in u € R}, and ||ul|p < M,. Consequently, u € Sy, and

lim F(u,) = F(u),

n——+oo

which gives us the continuity of F. Now, assume that y : [0,7] — R}, is another (1)-solution to problem (4)). Similar
to solution x, M, > 0 exists such that ||y(¢)||r < My, ¥t € [0,T]. Take

1
. T*}7
0<T<m1n{,M

where M = |luo||p + (M + M,)||vo||r. Since x is continuous on [0, 7] and z([0,7]) C Sy, and F' is continuous on Shy,
then the combination function F(x(t)) is continuous on [0,7]. By Proposition 2.3, (7) in [I3], F'(z(t)) is an integrable
function. Therefore, under (1)-differentiability, we get

x(t) = zo EB/O F(z(s))ds, Vtel0,7].

Analogously,
t
y(t) = 20 ® / F(y(s))ds, Vi€ [0,7].
0

We now show that z(t) = y(t), vVt € [0,7]. Let us suppose the contrary, i.e., D(z(t1),y(t1)) > 0, for some ¢; € (0, 7].
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This implies that D*(x,y) > 0. For arbitrary ¢t € (0, 7], we obtain
t

D(z(t),y(t)) = D(xo @ / F(x(s))ds, xo @/ F(y(s))ds)

0 0

= ([ Flatns, [ Fts)as)

< [ D). Futs))is

= /Ot D(up ® 2(s) © vy @ 2°(8), ug ® y(s) © vy @ y*(s))ds

< [ (Dl © 20610 ©9(60) + Dl ©.47(5).00 025

< [/ (ol + el o)1+ ool a5 ) Do), () (vy Lermmas BT and BT
< a1 [ Do) u(s)as

< [ Dlate). )i

< TMD*(z,y).
Therefore, D*(x,y) < TM D*(x,y). Considering D*(x,y) > 0, it follows that 7M —1 > 0, which is in clear contradiction
with choosing 7. Consequently, the proof is completed. O

4 The structure of positive solutions

Because of the continuity of (k)-solutions (k = 1 or 2), one has the same sign as z( in a neighborhood of zero. The
solution of a logistic differential equation usually represents population or concentration, which naturally cannot take
negative values. Accordingly, in this section, assuming that xy € R;, we demonstrate the structure of positive (k)-
solutions to problem in two separate cases: 1. (1)-solution when wug,vg € RJI,C and 2. (2)-solution when ug,vg € Rp.
In fuzzy modelled problems similar to crisp models, it may be expected to represent the solution in a closed form
consisting of fuzzy-number-valued functions and fuzzy arithmetic operators, not just specifying the upper and lower
branches of the solution. Accordingly, in each one of the above-mentioned cases, we first show that under certain
conditions the solution function can be expressed as a truly fuzzy product function.

Case 1: (1)-solution when uog,vo € R}

Theorem 4.1. Suppose that xg, ug, Vg € R;T are such that ¢ = (c¢=,c"), given by
+

Ty T
- 0, 4+ _ 0,
Cqp=—"""—"", and ¢, = X F _F (5)
Uo,a — Y0,a%0,a Uo,a — Y0,a%0,a

is defined as a positive fuzzy number. Suppose that there is T > 0, such that y(t) = (y_ (t)7y+(t)), given by

_ Up.a N Ug o
Yo (1) = ————— — and y, t) = e (6)
1+ca Vo, € 0, 1+c¢d Vp,a € 0,

is defined as a truly fuzzy-number-valued function on interval I = [0,7]. Then the problem has the positive (1)-
solution, given by
z(t) =coOylt) @@ Vvtel, (7)
where e'®U0 = (U0t e“gt),
Proof. Since ¢ described by belongs to R;, so, by the hypothesis zg, ug,v9 € R;T, it has ¢ € R;r. Let x(t) =
(z=(t),z"(t)). From (7)), we have
¢, uaae“‘;at

T, (t) = PE— (8)
1+ cavg 0
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+
+,, 1+ Jug ot
CaUg o O

1+ czvaae“&ut.
By replacing into and (9)), it easily follows that x (0) =z, , and 2} (0) = ;vo ., Wwhich means that 2 fulfills the
initial condition of problem (). We now show that x(t) is (1)-differentiable on the interval (0,7). By using (6) and
, we obtain that

4 (t) =

9)

_ - - - “(I t
uO,a UO,aCa uO,ae «

uO,a =

1+c;vaae“&at 1+cgvaae“&at
= Yo (t) +vg 024 (1)
= (y(t) ®vo O x(t))_,

and similarly from @ and @, we get
+
ugo = (y(t) & vo © (1)),
So that
y(t) ® v © z(t) = up.
This means that the H-differences ug © vg © z(t) exist and equal to y(t), for each ¢ € I. Using this and that for each
o € [0, 1], the function z (t) given in (§), is the solution of the following logistic differential equation:

) (t) + vy (2o ()2 =ur x=(t), te(0,7),
{ i;(é)(i;az,va( () 0,0%a (1) (0,7) (10)
we obtain
(7)) (t) = 25 (t)Sug o + up o675 (1) — (25 (1)) 005 0 — 205 a2a (8625 (F)

= a5 () (Sug o — 25 ()30, — V50025 (1) + (Ug,a — Vga2a ()52 ()
=z, (t)(6(uo ©vo ® x(t)),) + (1 © vo ® x(t)), 6z (t)
=z, ()0y, () + Yy, (t)dz, (1)
=d(r Oy, (1),

which implies §(x)'(t) > 0. Similarly, since the function z}(t) given in (9], is the solution of the following logistic

differential equation:
(D) (t) + vaja(a:;t(t))Q = u(‘)"ax+(t) t e (0,7), (1)
x; (0) = x?{w

we obtain

Also, by and 7 we get

diam(Dya(t))" = (1) (t) — (=)' (t

= ug 7] ,
= 33?_@)(“3_1 90,15”?_(15)) =z () (ugy — v 127 (1))
= o ()yy () — a7 (y; (1)

zdiam(a:Qy )1>O.
(1

Therefore, by Theorem the function z is )-differentiable on (0,7) and Dyz(t) = ((z7)'(¢), (z*)'(t)). Finally,
since z, (t) and x}(t) satisfy the equations and (L), then for fixed arbitrary ¢ € (0,7), we have

D(Dyx(t) & vo © 22(t), up © a(t))

= s max {1/ (0) + 0 (0 — s (O 1) () + 05 (00 = o 0]}

=0.
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Considering t is arbitrary, then
D* (Dlx B vy ® a2, uy ® x) =0.

Consequently, x is satisfies the equation , and this completes the proof. O
Example 4.2. Consider the following problem

{ Diz(t)®to2?(t)=(1,1,3)0z), t>0, (12)

2(0) = (1,2,3).

Here xg = (1,2,3), uo = (3,3, 2) and vo = 5. From (§)), it is easy to observe that c; = cf =8, Yo € [0,1]. So, by (6],
we get

1+«
- t =
Ya (1) PR
and 3
+ —
t =
ya() 4+46(32u)t

for each oo € [0,1]. We look for 7 > 0 such that y(t) with [y(t)]la = [ya (t),yi(t)], Va € [0,1], be a positive truly
fuzzy-number-valued function defined on the interval [0,7]. For this, we check the conditions introduced by Remark ,
It can be observed that

diam(y(t))" = yi (t) — yy (t) = 0.
We then should have

(A=)t
ev 4 14+
Sys(t) = —————— (4 —t(1 + o) + 4e~ T > 0,
Yo (1) (4+4€(1+Ta)t)2( ( ) )
and
5 +( ) 6(37Ta)t (4 t(g ) 4 (S—Q)t) < O
Yo t)=——F——= (4 — —a)+4e 7)) <0,
(4 + 4e*52))°
which imply that
14+
4—t(1+a)+ e~ ED >0, (13)
and .
4—t(3—a)+4e Tt >0, (14)

Since, for fixred t > 0, we have

min {4 t(1+a)+ 4o~ (Y — 4 —2p 4 e 3,
ael0,1

and ,
min {4 —t(3—a)+ 46_(377@)t} =4 — 3t +4e 3t
a€l0,1]
So, it is sufficient that inequalities 4 — 2t + 4e=2t > 0 and 4 — 3t + de— 1t > 0 hold simultaneously. By the Matlab
software, it follows that 0 < t < 1.7. Consequently, we set T = 1.7, and the problem has (1)-solution on the interval
[0,1.7] given as follows:
2(1+ ) 2(3 — a)

t a — 5 —
[l'( )] 1+€7(1«Za)t 1+€7(37a)t

, Yae|0,1].

The graphic of this solution is given in Figure 2, which confirms the behavior of a (1)-differentiable function, because
its dimension increases with respect to time.

The following example shows that the conditions of Theorem do not hold for a simple family of problems in
which only the initial value is a non-real fuzzy number.

Example 4.3. Suppose that p,q > 0 are two real numbers and xy € R;?T is a non-real fuzzy number. Consider the
following problem
{ Diz(t) ®p®2®(t) =qoz(t), t>0,

z(0) = xo. (15)
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Figure 2: The solution function z(t) of Example 12| where the diagonal lines represent function z_ (¢) and the coloured
graph represent function x} (¢).

Here ug = q and vo = p are positive real numbers. From , we get

+
e (- wy
q—Pry g—Ppxy

So, if g — px(‘{l < 0, then ¢ does not define a fuzzy number. Let us assume that g — px&l > 0. Then we have 0 <

—_ . . _ . _ . dxy
q—pxa'l < q—pxy 4. Using this and that 0 < x5, < xa'l, it follows that ¢; < ¢f. Moreover, since dc;, = (qq;% >0
, . , , “pzy.0
Sxd . .
and dct = (qz:ﬁ <0, then c is defined as a positive fuzzy number. However, by @, we have
_ q + q
t)=—— and )= —o
Vo) = T Yo (D) = T
ee
which do not form a fuzzy-number-valued function, because dy, (t) = —(pqeq—&ca); <0.
1+cq pedt

Remark 4.4. The conditions of Theorem |4.1| guarantee the (1)-differentiability of the function x(t) with the product
representation of @) Also, D1x(t) is the truly fuzzy product function because, from the proof of Theorem we get

Dya(t) = x(t) © y(t).

However, according to Emample the function y(t) may not exist. This shortcoming may be fized in the next theorem,
which is a direct result of Theorem [{.1}

Theorem 4.5. Let xg,ug,vo € RY,.. Suppose that T > 0 exists such that x(t) = (z~(t),z™(t)), given by

— — ua t
xO,auO,ae «

— )
Ug o + va’ama’a(e“o,ﬂt -1)

and

+ o+ ud ot
xO,auO,ae 0

N
T, (t) = ; (17)
uafa + vafaxafa(e“ftat —1)

is a truly fuzzy-number-valued function defined on [0, 7] and is (1)-differentiable on (0,7). Then, x(t) is (1)-solution of
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Example 4.6. Consider the problem in the special case p= 0.1, ¢ =1 and xo = (0.01,0.05,0.09). From and
, we get

_ 10(1 + 4a)et
Lo (t) = ’
1000 + (1 + da)(e" — 1)
1 — 4a)et
v () = 0(9 — 4a)e .
1000 4 (9 — 4a)(et — 1)

It is easy to check that x(t) = (z7(t), 2™ (t)) is a truly fuzzy-number-valued function on [0,+00). For checking (1)-
differentiability of x, we use Theorem[2.18 So, we consider the following functions
(=) (t) 10000(1 + 4a)et — 10(1 + 4a)%et
xr =
@ (1000 + (1 + 4a)(et —1))2

~10000(9 — 4a)e! — 10(9 — 4a)2e!

+\/
t) =
(za)' () (1000 + (9 — 4a)(et — 1))2
It can be observed that (z7)'(t) — (z7)(t) = 0, for each t > 0. Also, after simple calculations, we obtain
_ 40000¢!
0(zy) (t) = 000 (3 4a)(@ ~D)F (1000 — (1 4 4)(e’ + 1)),
—40000¢*
580 = o070 = o= Tp (1000 — (9 — 4a)(e* +1)).

Then, we should have simultaneously
1000 — (1 +4a)(e’ +1) >0,

and
1000 — (9 — 4a)(e’ +1) >0,
for all « € [0,1]. Since, fort >0 fized, we have

min {1000 — (1 + 4a)(e’ + 1)} = 1000 — 5(e* + 1),
a€l0,1]

and

m[%nl]{looo — (9 —4a)(e" + 1)} = 1000 — 9(e" + 1).

ac|0,
Therefore, it is sufficient that inequalities 1000 —5(et +1) > 0 and 1000 —9(et + 1) > 0 hold simultaneously, which gives
us 0 <t <4.7. Consequently, x(t) is (1)-differentiability on the interval (0,4.7) and by Theorem |4.4, it is (1)-solution
of the problem. Figure 3, shows the graphic of z(t) in the interval [0,10]. Figure 3 clearly also shows that the obtained
(1)-solution constitutes a part of a truly fuzzy-number-valued function exhibiting logistic behavior.

Case 2: (2)-solution when ug,vo € R,
Theorem 4.7. Suppose that xq € RJFFT and ug, vy € Ry, are such that d = (d~,d"), given by
xl Ty
dy = —>%—— and df = —%—— (18)

@ — - .+ + + =
Up,a — V0,620, Up,a — Y0,a%0,0

is defined as a negative fuzzy number. Suppose that there is T > 0, such that z(t) = (27 (t), 27 (t)), given by
— +
— Uo, o U0, o
2 (t)= —>—— and zf(t) = ——F——, (19)
“ 1+ dgvg e’ ° 1+ d;tv(‘{aeuaiat
and w(t) = (w=(t),w(t)), given by
w, (t) =z, (et and w}(t) = z;f(t)e“‘tat, (20)

are truly fuzzy-number-valued functions defined on interval I = [0,7]. Then the problem has the positive (2)-solution,
given by
z(t) =dow(t), Vtel. (21)
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Figure 3: The function z, (t) is denoted by diagonal lines and the function z (¢) is denoted by colouring from Example

Proof. Similar to the proof of Theorem we first note that, the assumptions z(y € RJ}?T, ug,vg € Ry, and d € R,
imply that d € Ry, and z(t), w(t) € Ry, for all t € I. So, by ([21)), z(t) € R}, for all ¢ € I, whose the branches are

— d+u0 ozeug—’at
z, (t) = ma (22)
(¢ Oa '
d-uy _eto.at
ab(t) = —2%0 (23)

— = LUg ot
1+ davg e

It is easy to observe that z (0) =z, and z£(0) = :z:o ., that means z(0) = zp. We show that z(¢) is (2)-differentiable
on the interval (0, 7). Frorn and 1), we conclude that the H-difference ug © vo © z(t) exists and equals z(t), for
each t € I. Using this and that for each a € [0,1], the function z (¢) given in (22), is the solution of the following
logistic differential equation:

(22) (6) + v a7 (1) = w7 (1), t€ (0,7), -
(; (0) xO a’
we obtain
Sag ) (t) = w5 (D0ug o + g o074 (1) = (24 (1)) *dug, — 208 425 ()02, (1)
= 15 (1)0(ug o — Vg 0T (1) + (ug o — V0 ,0%q ()02 (1)
=25 ()3 ((uo ©vo ©® 2(t)F) + (Uo S o O a(t))§ 25 (1)
= 4 ()02 (1) + 24 (t)d7, (1)
— 3@ © )5 () <0
Similarly, since the function 7 (¢) in (23)), is the solution of the following logistic differential equation:
(@3)'(t) + v o (25 (1)* = ug 0 2% (1), t € (0,7),
75 0) = i, | 29)

it follows that
5z ) (t) = 6(x © 2), (t) > 0.

Also, by and , we get

(z1)(t) = (z7)'(t) = diam((z © z)(t))1 >0, Vte(0,7).
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Therefore, Doz (t) = ((21)/(t), (z7)/(¢)) is defined as a truly fuzzy-number-valued function on (0,7). Finally, similar
to the proof of Theorem we infer that

D* (Dgsc D vy ® xQ,uo ® l’) =0,
which finishes the proof. O
Example 4.8. Consider the following problem
{x/(t)@(%)@x?(t)<i,é,i>®x<t>, £>0, 26)

Here o = (1,2,3), ugp = (f%,f%,f%) and vy = f%, Then, from , we get d, = dY = —8, for all « € [0,1]. By
replacing into , we get

-3+«
(- 3ta
Za() 4+46(%)t’
and )
25 (1) -

frnd 44 + 46(7147a)t’

which are defined as the lower and upper branches of a negative truly fuzzy-number-valued function z(t), for each t > 0.
Therefore, we check the existence of function w(t), given in . We obtain

wi (£) —wy (1) = 2 (e 2" — 27 (e~ 2" = 0.

We then should have

(=5t
e 4 —3+a
Sw (t) = 4+t(—=3+a)+4el 7T ) >0,
" (4+4e<*3r")t)2( ( ) )z
and
e~ (FE)t 1+a
Swh(t) = — 4—t(1+a)+4e” 5 <o,

(4+4e<*”T">t)2(

These inequalities require the same inequalities as and . Consequently, we get T = 1.7 and the problem
has (2)-solution on interval [0,1.75], given as follows:

(o), — [ 2040 2B-a)

= , |, Yaelo1].
o Ty o T s 0]

The graphic of this solution is given in Figure 4, which confirms the behavior of a (2)-differentiable function, because
its dimension decreases with time.

Theorem 4.9. Let zo € R}, ug,vo € Ry,.. Suppose that 7 > 0 ezists such that x(t) = (ac_(t),m"’(t)), given by

— 4 ud ot
_ Zg o Ug,a€ O™
ra(t) = ———oaat T (27)
uO,a - UO,axO,a(l —e 0 )

and

al(t) = x({auaaeuo’at (28)
T —um (1 — etat)
uO,a vO,axO,a( e )

is a truly fuzzy-number-valued function defined on [0, 7] and is (2)-differentiable on (0,7). Then, x(t) is (2)-solution of
(14)-

Remark 4.10. Case ug € R;C and vg € R, (or ug € Ry and vg € R;C) excludes problem from the real world. To
illustrate, since the solution of the fuzzy case is expected to reproduce the behavior of the crisp solution, let us consider
the following corresponding crisp problems:

{ 2/ (t) + ba?(t) = ax(t),
z(0) =¢> 0,
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Figure 4: The solution function z(t) of Example The diagonal lines represent function z, (t) and the coloured graph
represents function x} (¢).

where a € [ugl1, b € [vol1 and ¢ € [xo)1. If, for example, uy € R; and vo € Ry, then a > 0 and b < 0, which
implies that the positive solution © satisfies the inequality x'(t) > 0, for all t > 0. This means that x increases without
bound, and since z'(t) = ax(t) — bax’(t), then, as x becomes larger, the rate of this increase is greater. This behavior
is incompatible with biological reality because, typically, constraints such as limited resources, space, or environmental
factors exist, which cause subjects like populations or concentrations to reach an equilibrium. Furthermore, examining
the problem for these cases is challenging from a theoretical point of view. In fact, we have observed that when ug and
vo have the same sign, it is possible to obtain separate equations in terms of x,, and x}, as given , , and
, for which analytical solutions are available. However, when ug and vy have opposite signs, the resulting crisp
systems consist of coupled logistic differential equations whose the analytical solutions are generally not available (see

[19, 29, B3], for example).

Remark 4.11. In the present section, we have obtained the values of T such that the FLDE @ has (1)-solution when
Uug, Vg € R; and (2)-solution when ug,vo € Ry, on the interval [0, 7). Therefore, there is no point within this interval
at which the derivative of x changes from (1)-differentiability to (2)-differentiability (or vice versa), meaning that no
switching points exist. Accordingly, to find the solution that has a switching point at t = T, we need to solve the problems

Dox(t) Dvg ® 2%(t) = up ® z(t), t>7, wug,vo € RY,
x(1) = 2,

where v, = (z7 (1), 27 (7)) and x~(t) and, ™ (t) are described by and ([17), and

Dyz(t) ®vg ® 2%(t) = ug ® x(t), t>7, wug,vy € Ry,
x(1) = zr,

where x. = (x7(7),2% (7)) and x7(t) and, x*(t) are described by and ([28). If these equations have analytical
solutions, then the upper and lower branches of those solutions respectively satisfy the following crisp systems:

() (1) + vy (1)* = ug o (1),
(2 )/ (1) + v (@ (1)? = 5 ot (1),
x‘r,a - SL‘; (T)a
x‘r,a = x;r(,r)7
and
(2)/(8) + v a2 ()2 = uguzf (1),
23) (1) 4 v (a0 (1) = g o (1),
N
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However, due to the nonlinear and coupled nature of these systems, the variables cannot be separated; consequently,
as mentioned in Remark the analytical solutions to these systems are not generally available.

5 Conclusion and future researche

In this work, the well-known Pielou logistic differential equation along with fuzzy initial value and fuzzy coefficients
is studied from the perspective of the generalized Hukuhara differentiability. The conditions for the uniqueness of
positive or negative solutions are provided, and the structure of the positive solutions is explained with illustrative
examples.

For future researche, we suggest the use of numerical methods to find approximate solutions to fuzzy logistic
differential equations under the gH-derivative on intervals containing the switch points. It can also be interesting to
study the problem from the perspective of other concepts of derivative such as fuzzy differential inclusions. Extending
analytical results to more complex structures of the problem, such as delay fuzzy logistic differential equation and fuzzy
logistic differential equation with variable growth coefficient, could be other topics for research.
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