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Abstract

Long-term multivariate time series forecasting is one of the most challenging problems in machine learning. Among
the proposed solutions, deep learning networks, particularly transformer-based models, have demonstrated superior
performance. However, these models are vulnerable to noise, uncertainty, and abrupt changes, and often lack inter-
pretability. To address these limitations, this study introduces a novel hybrid architecture called FuzzyPE-KAN, which
integrates fuzzy logic into the transformer framework. The proposed architecture incorporates: (1) a learnable Gaussian
noise-based fuzzy attention mechanism that enhances robustness against noise; (2) a learnable fuzzy positional encoding
relying on Gaussian membership functions and multilayer perceptrons to effectively model the inherently vague and
graded nature of time; and (3) complete replacement of feed-forward layers with Kolmogorov-Arnold Networks to dra-
matically reduce the number of parameters and improve interpretability. The proposed architecture was applied to five
state-of-the-art baseline models (Transformer, Informer, PatchTST, Crossformer, and iTransformer) and evaluated on
eight standard benchmark datasets (ETTh1/2, ETTm1/2, Weather, Electricity, Traffic, and Exchange Rate). Results
indicate that the proposed variants achieve an average improvement of 26-49% in Mean Squared Error and 17-29%
in Mean Absolute Error across most scenarios compared to the baseline models. The most substantial gains were ob-
served on the Exchange Rate dataset (78% improvement), Weather (71.28%), ETTh2 (76.41%), and ETTm?2 (78.66%).
This research demonstrates that the simultaneous integration of fuzzy logic and Kolmogorov-Arnold Networks within
a transformer architecture not only enhances accuracy and robustness but also elevates model interpretability to a
significant level, paving the way for real-world applications in the finance, energy, and healthcare domains.

Keywords: Multivariate time series forecasting, fuzzy logic, fuzzy positional encoding, transformer, Kolmogorov-Arnold
networks.

1 Introduction

Multivariate time series, which sequentially track multiple variables over time, pose significant forecasting challenges
[39]. Long-term forecasting is particularly demanding due to random noise, complex nonlinear patterns, temporal and
cross-variable dependencies, sudden structural changes, and inherent uncertainties [9]. These forecasts have critical
applications in finance, energy, healthcare, transportation, and meteorology, supporting strategic decision-making, cost
reduction, and risk mitigation [25].

Despite significant advances, a deep analysis of existing architectures reveals two fundamental unresolved limitations
preventing transformers from reaching their full potential in long-term multivariate time series forecasting.

The first gap concerns positional encoding. Literature on fuzzy positional encoding remains nascent and largely
confined to vision transformers and medical diagnostics. Prior works include ViTAR [I0] and PathoHR [24] (adding
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uniform random noise to position coordinates), AutoLDT [37] (injecting Gaussian noise into positional embeddings),
Morlier et al. (2025) [26] (perturbation and basic fuzzification), and FRPC [12] (fuzzy membership for patch relations).
All existing methods-fixed sinusoidal or learnable vectors-represent each time instant with a static vector, failing to
capture the inherently vague and graded nature of temporal intervals. No leading model has leveraged fuzzy positional
encoding to model this uncertainty.

The second gap pertains to the feed-forward layer, which remains a conventional multilayer perceptron (MLP)
with limitations in parameter efficiency and interpretability. Kolmogorov-Arnold Networks (KANs) offer a promising
alternative [23]. However, prior works are limited: KAT [41] and ViKANformer [32] replace MLPs in ViT with KAN
variants lacking hybrid components; Han et al. (2024) [I3] and Lingyu et al. (2025) [16] substitute FFNs with adaptive
KANSs for multivariate time series forecasting; KAN2.0 [22] and ELKT [29] apply KANs in TFT or LSTM-Transformer
contexts. None systematically integrates KANs into advanced long-term forecasting models.

More critically, no unified framework simultaneously addresses both gaps by re-engineering attention, positional
encoding, and feed-forward layers with fuzzy logic and KAN paradigms.

The main contributions of this paper are summarized as follows:

e We propose a novel fuzzy positional encoding (FuzzyPE) based on Gaussian membership functions and multilayer
perceptrons to explicitly model the vague and graded nature of temporal information in long-term multivariate
time series.

e We introduce a learnable Gaussian noise-based fuzzy attention mechanism that significantly enhances the robust-
ness of the transformer against noise and uncertainty.

e We completely replace the conventional feed-forward networks with Kolmogorov-Arnold Networks (KANs) to
enhance nonlinear expressivity and interpretability while maintaining competitive computational efficiency.

e The proposed FuzzyPE-KAN architecture is systematically integrated into five state-of-the-art transformer-based
models (Transformer, Informer, PatchTST, Crossformer, and iTransformer) and evaluated on eight widely-used
benchmark datasets.

The remainder of this paper is organized as follows. Section [2| provides a comprehensive review of related works
on transformer-based time series forecasting, fuzzy logic applications, and Kolmogorov—Arnold Networks. Section
presents the necessary theoretical preliminaries, including the transformer architecture, fuzzy logic, and Kolmogorov-
Arnold Networks. Section [f] details the proposed FuzzyPE-KAN architecture, describing the dynamic fuzzy attention
mechanism, the novel fuzzy positional encoding module, the replacement of feed-forward layers with hybrid KANs, and
a complexity analysis of the proposed components. Section [5| describes the experimental setup, benchmark datasets,
evaluation metrics, and implementation details, followed by quantitative results, statistical tests, and visualizations for
all baseline models, as well as a comparison with classical time series methods (ARIMA, GARCH, and splines). Finally,
Section [] concludes the paper and outlines directions for future research.

2 Related work

The evolution of forecasting methods began with classical statistical models like ARIMA, VAR, and exponential smooth-
ing, which assumed linearity and stationarity. While adequate for simple, short-term series, they proved ineffective
against nonlinear relationships, noise, and complex dependencies [II, [I7, [I8], 28, [34]. To address these, recurrent neural
networks (RNNs) emerged [0]. Variants like LSTM (1997) and GRU (2014) mitigated vanishing gradients through
memory gates, improving medium-range accuracy [3} [27]. However, sequential processing, limited parallelization, and
O(L) time complexity hindered efficiency for long sequences [38].

Convolutional neural networks (CNNs) have alleviated the limitations of RNN [8]. Architectures such as Temporal
Convolutional Networks (TCNs) employ dilated convolutions to capture long-range dependencies without relying on
sequential processing, thereby enabling parallelization and faster training [6l [I1]. Nonetheless, they struggled with
arbitrary dependencies and complex cross-variable relationships in high-dimensional multivariate series [42].

The transformer architecture (2017) revolutionized sequence modeling using self-attention to capture direct depen-
dencies between time points [35]. Its application to time series (2020) outperformed RNNs and CNNs, but quadratic
O(L?) complexity limited long-horizon use [19]. Informer (2021) reduced complexity to O(L log L) via ProbSparse
attention and distillation, though weak in cross-variable dependencies [46]. PatchTST (2023) improved multivariate
accuracy through patching and channel-independent processing [43]. Crossformer (2023) captured cross-variable depen-
dencies via two-stage attention and segmented embedding, increasing complexity in high dimensions [45]. iTransformer
(2024) enhanced robustness via inverted structure (attention over variables) [21].
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Despite advances, neural network-based methods inadequately handle qualitative uncertainties, leading to sensitivity
to noise and shocks [14]. Fuzzy logic (Zadeh, 1965) addresses this by modeling vagueness through graded membership,
offering interpretability and noise management without rigid assumptions [31l B3] 44]. Early fuzzy models like Fuzzy
Time Series (1993) and Fuzzy-ARIMA integrated fuzziness with statistics [15, [40]. However, they rely on expert
knowledge, limiting scalability for high-dimensional data [2].

Research then shifted to neuro-fuzzy hybrids, combining fuzzy interpretability with neural pattern learning [36].
ANFIS achieved success in short-term noisy forecasting [I5]. More recently, fuzzy integration into transformers has
included replacing softmax with fuzzy functions for noise-resistant attention [30] and dynamic fuzzy attention (FANTF,
2025) for improved accuracy and robustness [7].

Table 1: Comparison of transformer-based models for long-term multivariate time series forecasting.

Model Year Key Innovation Computational Strengths and Limitations
Complexity
Transformer | 2020 Standard scaled O(L?d) Powerful long-range dependency
dot-product self-attention modeling
High memory and computation cost
Informer 2021 ProbSparse Attention + O(LlogL) Efficient for very long sequences
Distillation mechanism Relatively weak in modeling
cross-variate dependencies
PatchTST 2023 Patching mechanism + O(P? x Npatch) High accuracy with low resource
Channel-independent usage
processing Sensitive to patch size choice
Crossformer | 2023 Two-stage attention + ~ O(L x D) Strong cross-variate and multi-scale
Dimension-Segment-Wise modeling
(DSW) embedding Higher complexity in very
high-dimensional data
iTransformer | 2024 Inverted attention O(C? x L) Excellent robustness and accuracy in
(attention over variables multivariate settings
instead of time steps) Requires careful hyperparameter
tuning

L: sequence length, d: model dimension, P: patch size, Npatcn: number of patches, D or C: number of variates (channels).
Complexities are reported approximately per layer.

3 Preliminaries

In this section, we present the essential theoretical foundations for understanding the proposed FuzzyPE-KAN method.
These foundations include a focused overview of the core transformer architecture and its key components relevant to
our modifications, an introduction to fuzzy logic, and the emerging concept of Kolmogorov—Arnold Networks.

3.1 Transformer architecture

The transformer architecture revolutionized sequence modeling by completely eliminating recurrent structures and rely-
ing solely on attention mechanisms. This design significantly enhanced parallel processing capabilities and improved the
capture of long-range dependencies. The model typically employs an encoder-decoder structure, with each component
consisting of stacked identical layers connected via residual connections and layer normalization. At the heart of the
transformer lies the self-attention mechanism, which assesses the relative importance of data points within a sequence.
The standard formulation, known as scaled dot-product attention, is defined as:

. QKT
Attention(Q, K, V) = softmax N V, (1)
where @), K, and V are the query, key, and value matrices, respectively, each with dimensionality di. The scaling
factor v/dy helps prevent gradient vanishing in high-dimensional settings [35]. To enhance expressive power, multi-head
attention (typically h = 8) is employed, performing attention operations in parallel across different projection subspaces
and concatenating the results. Since the attention mechanism is inherently permutation-invariant and lacks inherent
sequential order information, positional encoding is added to the inputs [35]. In the original implementation, sinusoidal
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positional encoding is used:

N pos
PE(pos, 2i) = sin (m> ) (2)
) pOS
PE(pos,2i + 1) = cos (m> ) (3)

which effectively models relative positional relationships and facilitates generalization to longer sequences. Following
the attention block in each layer, a position-wise feed-forward network (FFN) is applied. This consists of a simple
two-layer multilayer perceptron (MLP) with a ReLU activation in between:

FFN(z) = max(0,2W; + by )Wa + ba. (4)

This block introduces additional non-linearity but, as noted in previous literature, suffers from limitations in inter-
pretability and computational efficiency due to its large parameter count and black-box nature. These limitations
motivate its replacement in our proposed architecture.

3.2 Fuzzy logic

Fuzzy logic contrasts with binary logic by modeling vague and qualitative concepts through degrees of membership within
the interval [0,1]. This paradigm primarily employs membership functions (e.g., triangular, trapezoidal, or Gaussian)
to effectively manage uncertainties stemming from noise, abrupt changes, and imprecise relationships, while offering
substantial interpretability. A fuzzy set extends the classical set by assigning each element a degree of membership,
as determined by its membership function. This approach allows for the representation and processing of inherent
uncertainties, which is crucial for robust time series analysis.

3.3 Kolmogorov-Arnold networks

Kolmogorov-Arnold Networks (KANs), introduced in 2024, serve as an elegant and powerful alternative to traditional
multilayer perceptrons. Grounded in the Kolmogorov—Arnold theorem, KANs approximate multivariate functions via
compositions of univariate functions. In contrast to MLPs, which feature fixed activation functions at nodes, KANs
position learnable activation functions (such as B-splines) along edges. This novel design yields superior accuracy
and enables visual interpretability through the analysis of learned functions, rendering it an apt substitute for the
feed-forward blocks in transformer architectures.

4 Proposed method

This section comprehensively describes the proposed FuzzyPE-KAN architecture. This architecture addresses existing
challenges in standard model frameworks through the intelligent integration of three key components: (1) the integration
of a dynamic fuzzy attention mechanism (adapted from [7]) that incorporates controlled Gaussian noise to model
uncertainties in token relationships; (2) the introduction of a learnable fuzzy positional encoding module to represent
positional information in a graded and qualitative manner; and (3) the complete replacement of feed-forward layers
with Kolmogorov—Arnold Networks to enhance expressiveness and improve interpretability.

These modifications yield a unified hybrid framework named FuzzyPE-KAN that enhances accuracy, noise robust-
ness, and explainability, while intelligently modeling temporal uncertainties and elevating the capacity for nonlinear
feature transformations, without altering the underlying transformer workflow. Each module described in detail in the
following subsections.

4.1 Dynamic fuzzy attention mechanism

In standard transformers, the attention mechanism relies on deterministic score computations, modeling relationships
between tokens without explicitly accounting for inherent uncertainty or noise. This limitation severely constrains
performance on real-world time series data, which are frequently noisy, subject to sudden fluctuations, and character-
ized by qualitative uncertainties. Consequently, the model may assign disproportionate attention to outliers or noisy
observations.

To mitigate this limitation, the fuzzy attention module proposed by Liu et al. (2025) in the FANTF paper [7] is
employed. This module facilitates dynamic uncertainty modeling by adding learnable Gaussian noise to the attention
score matrix. In contrast to static fuzzy methods (e.g., those using Gaussian or scaled sigmoid membership functions
with fixed predefined parameters), the noise variance o is here a learnable parameter optimized during training. Figure



Integrating fuzzy logic into transformer-based models for long-term multivariate time series forecasting . . . 5

shows the evolution of o for all five backbones (from top to bottom: iTransformer, Transformer, Informer, PatchTST,
Crossformer). In all cases, o decreases rapidly in the initial epochs and converges to a stable value, indicating that the
model learns to reduce uncertainty as it fits the training data.
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Figure 1: Evolution of ¢ during training for five backbone models on ETTh1.

The module operates in the following step-by-step manner: Linear projection of inputs: The input sequence X is
mapped to query (@), key (K), and value (V') matrices:

Q=XWwWe, (5)
K=XW¥K, (6)
V=XxWV, (7)

where WQ, WX and WV are learnable weight matrices.

Fuzzy attention score computation: The standard attention score is first calculated, then learnable Gaussian noise
is added:

Score = Cf/lg +0-N(0,1), (8)

where o € RT is a learnable parameter, and N(0, 1) denotes standard Gaussian noise with zero mean and unit variance.
Normalization and output computation: The fuzzy scores are normalized using the softmax function, then multiplied
by the value matrix, yielding the attention output:

Attention = softmax(Score) V. (9)
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Multi-head attention: The operations detailed above are performed in parallel across H attention heads. The
individual head outputs are then concatenated and linearly projected:

MultiHead = Concat(heady, ..., heady) W©°. (10)

This mechanism transforms attention from a deterministic process into a fuzzy one, enabling the model to dynami-
cally adjust uncertainty levels in accordance with data characteristics. The parameter ¢ is updated via backpropagation,
granting the model adaptability to varying noise levels across different datasets.

The advantages of this module include enhanced prediction accuracy, and greater robustness, greater interpretability
(as the learned o indicates the degree of uncertainty in attention distributions), and negligible additional computational
cost, preserving the O(L?D) complexity of standard attention (where L is sequence length and D is model dimension).

4.2 Fuzzy positional encoding module

In standard transformer models, positional encoding is typically implemented using fixed sinusoidal functions or learn-
able vectors. While effective, these approaches represent positions in a rigid, deterministic manner and fail to capture
the inherently vague, graded, and qualitative nature of time in real-world scenarios.

To overcome this fundamental limitation, a novel fuzzy positional encoding module is proposed. Rather than a
static additive component, our proposed module acts as an adaptive framework.

The proposed module modulates the standard positional encoding with learnable fuzzy weights. A small multilayer
perceptron is employed to generate parameters for Gaussian fuzzy sets, ultimately learning softer positional relationships
that are more robust to noise and sensitive to qualitative uncertainties. The module operates step-by-step as follows:

Position normalization: Each position pos (e.g., time step ¢ in a time series) is normalized to the range [0,1] to
achieve sequence-length independence:

POS — POSmin

POSmax — POSmin

POSporm = (11)
Fuzzy parameter generation: A small multilayer perceptron (with output dimension 2K) produces centers (uj) and
widths (oy) for K Gaussian fuzzy sets for each normalized position:

(1,01, - b, 0k ) = MLP(pospnorm)- (12)
Membership degree computation: The membership degree of the position in each fuzzy set is calculated using the
Gaussian function: )
(posnorm - /Jfk) >

20,% (13)

pik(pos) = exp (—

Fuzzy weight extraction: A scalar fuzzy weight (in the range [0,1]) is obtained by averaging the membership degrees:

1 K
w= 2> i (pos). (14)
k=1

Positional encoding modulation: The fuzzy weight is applied to the standard positional encoding as follows:
PEfuzzy = (1 +a- w) : PEstandard; (15)

where « is a learnable scalar parameter. It is initialized to 1.0 for the standard transformer and Informer models, to
3.0 for the PatchTST variant, and to 2.0 for the Crossformer segment-based variant. The parameter « is optimized
during training through backpropagation.

The fuzzy weight w (computed via (I4)) is a scalar value for each time step (or patch/segment). This scalar weight
is then broadcast across the entire embedding dimension d,0qc1. This design ensures minimal computational overhead
while allowing the model to dynamically modulate the positional influence of each temporal unit according to its fuzzy
membership strength. Finally, PEy,.., is added to the input embeddings.

In Transformer and Informer (which process full sequences), the module is directly applied to the embedding vectors,
modulating the standard sinusoidal encoding with fuzzy weights for each time step.

In PatchTST (patch-based tokenization), the fuzzy weight is generated as a one-dimensional vector and aligned with
the patching structure to perform modulation at the patch level.

In Crossformer (segment-based processing), fuzzy encodings are computed per segment (rather than per time point)
and matched to the input dimensions to target inter-segment relationships.

In iTransformer, the module was not applied, as its inverted structure focuses attention on cross-variable relationships
and eliminates explicit reliance on temporal order; introducing any form of positional encoding (even fuzzy) could
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interfere with the model’s core philosophy.

This modular and adaptive design represents a key strength of the study, demonstrating that a single concept (fuzzy
positional modulation) can be effectively and consistently implemented across varied architectures through a deep
understanding of their differences. No prior work has proposed the exact approach presented here—namely, generating
learnable Gaussian fuzzy sets via a multilayer perceptron, averaging membership degrees to derive a scalar weight, and
directly modulating the standard encoding without altering the underlying structure.

The module’s advantages include soft and continuous positional weighting, reduced sensitivity to noise, strong
generalization to long and noisy series, and capturing temporal ambiguity, all at minimal computational cost.

4.3 Replacement of the feed-forward block with Kolmogorov-Arnold networks

The proposed approach fully substitutes the feed-forward block with a Kolmogorov—Arnold Network (KAN). Rooted in
the Kolmogorov—Arnold theorem, this network diverges from MLPs—where fixed activations reside on nodes—by instead
positioning learnable univariate functions (parameterized via B-splines) along edges. The hybrid variant introduced here
incorporates a straightforward linear pathway with SiLU activation to strike a balance between nonlinear expressivity
and training stability.

In our implementation, we use B-splines of order 3 (spline_order = 3) with a grid size of 5 (grid_size = 5). This
configuration results in G + k = 8 learnable coefficients per spline function, where G is the grid size and k is the spline
order. The KAN layer operates in the following step-by-step manner:

Input normalization: The input z is scaled to the interval [0, grid_size] (default value: 5) to ensure scale-invariant
basis computations. B_spline basis computation: For each input element, spline bases of degree 3 (spline_order = 3) are
generated, forming a matrix of localized curvature functions. Application of spline weights: These bases are multiplied
by learnable spline weights, producing the nonlinear component yspiine. Hybrid component: A parallel linear path,
incorporating SiLLU activation and a base weight, is computed to yield ypase. Layer output: The final output is the sum
of the two components:

Y = Yspline T Ybase- (16)
The overarching formulation of the proposed layer is:
y= Z bij(w) - wi,; + SILU(2 - Whase), (17)
2]

where ¢, ; denote the learnable B-spline functions positioned on the edges.

This architecture reimagines the FFN as an intelligent operator. Although the hybrid KAN layer may have a similar
or larger parameter count than an MLP for the same hidden dimension, its unique spline-based structure provides
superior approximation capacity and interpretability per parameter. This allows for more aggressive dimensionality
reduction, potentially leading to smaller overall models while maintaining or improving accuracy.

4.4 FuzzyPE-KAN

The FuzzyPE-KAN architecture seamlessly integrates the three proposed modules into the standard transformer frame-
work, strategically enhancing its core blocks. The data processing pipeline is outlined as follows:

Input Embedding: The multivariate time series is initially projected into a fixed-dimensional feature space through
a linear layer.

Fuzzy Positional Encoding: The proposed module (detailed in the previous section) is added to the embeddings to
model temporal ordering while incorporating its inherently graded and qualitative aspects.

Attention Layers: The dynamic fuzzy attention mechanism (featuring learnable Gaussian noise) is applied to capture
temporal and cross-variable dependencies, accounting for inherent uncertainties.

KAN-Based Feed-Forward Layer: Features are processed via the Kolmogorov—Arnold Network to achieve a more
efficient, parameter-frugal, and interpretable nonlinear transformation.

Normalization and Residual Connections: The output of each sublayer is added to its input, followed by a layer
normalization, to maintain stable gradient propagation.

Final Output: After passing through N modified transformer blocks, a linear layer maps the representations to the
target prediction dimensions (forecast horizon and number of variables).

This modular design serves as an extension applicable to the baseline models (Informer, PatchTST, Crossformer,
and iTransformer), with the primary variation being the adaptation of the fuzzy positional encoding module to align
with each model’s tokenization scheme (as previously described).
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Figure [2] illustrates the overall data flow of the proposed FuzzyPE-KAN architecture. The pipeline proceeds as
follows: (1) the raw multivariate time series is input, (2) it undergoes initial embedding and linear projection to the fea-
ture space, (3) fuzzy positional encoding is added to incorporate graded temporal information, (4) the sequence passes
through N modified transformer blocks where dynamic fuzzy attention captures dependencies while explicitly modeling
uncertainty, (5) the KAN-based feed-forward layers perform efficient and interpretable nonlinear transformations, and
(6) a final linear layer maps the representations to the target forecast horizon and variables. The two primary innova-
tions—learnable fuzzy positional encoding and replacement of feed-forward layers with hybrid KANs—are introduced
at steps 3 and 5, respectively. Figure [3| provides a schematic overview of the complete FuzzyPE-KAN architecture,
clearly showing the unified integration of the dynamic fuzzy attention mechanism, fuzzy positional encoding module,
and KAN feed-forward blocks within the standard transformer structure. This cohesive and modular design simultane-
ously improves forecasting accuracy, robustness to noise, computational efficiency, and model interpretability, all while
preserving the core transformer workflow and ensuring broad compatibility with existing architectures.

Pre-Processing and
Normalization Transformer Blocks Output

I | I
»BIE Y0 »B|E Y= »BIE D=

Input Output Layer

Fuzzy Positional Encoding

Figure 2: Overall data flow of the proposed FuzzyPE-KAN architecture, illustrating the step-by-step processing pipeline
from raw input to final forecast (steps 1-6).
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Figure 3: Schematic diagram of the FuzzyPE-KAN architecture, highlighting the integration of dynamic fuzzy attention,
learnable fuzzy positional encoding, and hybrid KAN feed-forward blocks within the transformer structure.

4.5 Complexity analysis

To address the claim of negligible computational overhead and provide a transparent comparison, we analyze both
theoretical complexity and empirical training time of the proposed FuzzyPE-KAN architecture.

The dominant computational cost in transformer-based models remains the self-attention mechanism with O(L?d)
complexity per layer, which is unchanged in our approach. The fuzzy positional encoding module introduces a small
MLP with linear complexity O(L - dypp), which is negligible compared to attention.

The main modification lies in the feed-forward network. We replace the standard MLP with a hybrid KAN layer.
Table [2| compares the feed-forward blocks.

To provide a more concrete measure of computational cost, we estimate the floating point operations (FLOPs) per
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Table 2: Comparison of the feed-forward block between standard MLP and hybrid KAN (dyodel = 128, dg = 256).

Component Parameters Complexity (per layer)
Standard MLP (FFN) 65,536 O(L - d - 2dg)
Hybrid KAN (ours) 393,216 O(L-d-15)

layer for a sequence length of L = 96. For the standard MLP, the computational cost is approximately:
FLOPsyrp = 2 X L X dmodel X dg & 2 X 96 x 128 x 256 = 6.29 x 109,
For the hybrid KAN, the cost includes spline basis evaluation and linear projection:
FLOPskgaAN &~ L X dmodel X (dg X (G+ k) X 2+ dg) ~ 96 x 128 x (256 x 8 X 2 4 256) ~ 15.7 x 106.

Thus, the proposed KAN layer incurs approximately 2.5x higher computational cost than the standard MLP for this
configuration, which is offset by the significant gains in forecasting accuracy reported in Section

As discussed in Section the hybrid KAN offers superior approximation capacity and interpretability per param-
eter despite its larger parameter count.

From the empirical perspective, Table [3] reports the average training time per epoch on the Exchange Rate dataset
using the Transformer backbone.

Table 3: Empirical training time per epoch (seconds) on Exchange Rate dataset (Transformer backbone).

Model Time per epoch (s)
Transformer (baseline) 56.5
+ Fuzzy PE only 55.5
+ KAN only 72.5
+ FuzzyPE-KAN (proposed) 71.0

The integration of the hybrid KAN increases the training time by approximately 26%, primarily due to the evaluation
of B-spline basis functions. However, the fuzzy positional encoding module adds almost no computational overhead.
Given the substantial improvements in forecasting accuracy (up to 78% reduction in MSE on some datasets), this
moderate increase in computational cost is considered acceptable.

5 Experimental results

The proposed FuzzyPE-KAN framework was evaluated on eight standard multivariate long-term time series forecasting
benchmarks: ETThl, ETTh2, ETTml, ETTm2, Weather, Electricity, Traffic, and Exchange Rate. These real-world
datasets span energy, meteorology, traffic, and finance domains and feature natural noise, complex seasonality, and
abrupt changes that test model robustness. Performance was measured using Mean Squared Error (MSE), sensitive to
large errors and suitable for peak-sensitive applications, and Mean Absolute Error (MAE), robust and interpretable on
the original scale.

The framework was applied to five state-of-the-art transformer baselines: Transformer, Informer, PatchTST, Cross-
former, and iTransformer. Experiments used sequential non-overlapping splits to prevent leakage, input/prediction
length of 96 steps, MSE loss, Adam optimizer (Ir=0.0001), batch size 4 (due to GPU memory limits), max 100 epochs,
and early stopping (patience=3). Implementation was in PyTorch on two NVIDIA Tesla T4 GPUs with mixed-precision
and DataParallel. Final metrics are average MSE/MAE across all variables and test samples.

Statistical significance was assessed with the non-parametric Friedman test on MAE ranks. When significant (p <
0.05), post-hoc Li test identified pairwise differences [4].

Results are presented separately for each baseline model. For every baseline, we report the MSE and MAE tables
(with percentage improvements), Friedman test mean ranks, post-hoc Li test results, and visualizations including scatter
plots (with R? and adjusted R2), error heatmaps, and actual-vs-predicted time series comparisons.

The ablation study includes four variants. The first variant incorporates only the dynamic fuzzy attention mechanism
from (FANTF, [7]). Adding the learnable fuzzy positional encoding produces the Fuzzy PE variant. Replacing the
feed-forward layers with Kolmogorov—Arnold Networks produces the KAN variant. The full integration of all three
components constitutes the proposed FuzzyPE-KAN. This stepwise design allows transparent assessment of individual
and combined effects.

We also compare the proposed variants with classical methods (ARIMA, GARCH, and splines) in Subsection
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5.1 Transformer model

Table [4] presents the MSE and MAE values for the baseline Transformer model and its enhanced variants. FuzzyPE-
KAN yields average improvements of 38% in MSE and 25% in MAE across all datasets. KAN achieves > 60% gains
on ETTh2 and ETTm?2, demonstrating its enhanced nonlinear capacity. Fuzzy PE reaches up to 89.58% improvement
on ETTm2, highlighting its robustness to seasonal patterns. Degradations on Electricity and Traffic are attributed to
the curse of dimensionality, noisy gradients from small batch size, and potential overfitting of the Fuzzy PE MLP in
high-dimensional settings.

Table 4: Results of the Proposed Modules on the Transformer Model

Dataset Metric Value Improvement (%) vs. Baseline
Baseline Transformer [ Fuzzy PE [ KAN [ FuzzyPE-KAN [ Fuzzy PE | KAN [ FuzzyPE-KAN
ETThl MSE 0.96 0.59 0.89 0.89 38.28 6.79 6.86
MAE 0.78 0.57 0.76 0.77 27.42 3.05 1.15
ETTh2 MSE 4.49 1.42 1.70 2.19 68.35 62.18 51.31
MAE 1.68 0.93 1.05 1.17 44.89 37.24 30.33
ETTml MSE 0.95 0.43 0.62 0.56 54.53 35.12 41.39
MAE 0.74 0.46 0.57 0.52 38.19 23.13 29.79
ETTm2 MSE 1.51 0.16 0.51 0.32 89.58 66.30 78.66
MAE 0.88 0.24 0.53 0.43 72.69 39.00 51.29
Weather MSE 0.61 0.16 0.35 0.19 74.05 41.28 68.73
MAE 0.56 0.24 0.40 0.26 57.10 27.35 53.24
Electricity MSE 0.27 0.29 0.26 0.27 —7.92 1.31 —2.47
MAE 0.36 0.38 0.35 0.35 —3.78 2.53 2.09
Traffic MSE 0.67 0.66 0.67 0.66 1.07 0.00 1.47
MAE 0.36 0.37 0.36 0.36 —0.55 1.49 2.08
ExchangeRate | MSE 1.35 0.71 0.87 0.61 47.34 35.62 55.11
MAE 0.89 0.67 0.76 0.62 24.39 13.81 29.84

Friedman test ranks (Table[5]) place Fuzzy PE first (1.875), followed by FuzzyPE-KAN (2.0625), KAN (2.4375), and
baseline last (3.625). The post-hoc Li test (Table [6) confirms that the baseline is significantly worse than all variants
(p < 0.05), while no significant differences exist among the enhanced variants (p > 0.05).

Table 5: Mean Ranking of Transformer Models Based on the Friedman Test

Model | Mean Rank
Baseline 3.625
Fuzzy PE 1.875
KAN 2.4375
FuzzyPE-KAN 2.0625

Table 6: Post-Hoc Comparison Results for Transformer Algorithms

Model | Z = (Rank Difference)/SE | p-value | Li

Baseline 2.711088 0.006 706 | 0.012029
KAN 0.871421 0.383524 | 0.012029
FuzzyPE-KAN 0.290474 0.771454 | 0.050000

Visualizations on the Weather dataset (representative for complex multivariate cases) provide deeper insight:

The scatter plot (Figure [4) shows tight clustering around the y = z line with adjusted R? = 0.7274, indicating that
the model explains approximately 73% of the variance.

The error heatmap (Figure [5)) exhibits no recurring vertical bands across the prediction horizon, confirming the
absence of systematic seasonal or periodic errors. Rows in yellow, orange, or light green indicate near-zero errors for
variables with regular patterns; green-dominated rows suggest systematic negative bias (consistent underestimation);
and red or orange rows indicate positive bias (consistent overestimation).

The actual-vs-predicted plot (Figure @ demonstrates close alignment between predicted and actual curves, particu-
larly during rapid changes and peaks. The model adopts a conservative approach at extremes—slightly underestimating
high peaks and overestimating deep troughs—which mitigates the impact of outliers.
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Figure 5: Error heatmap for Fuzzy PE on Weather.
Figure 4: Scatter plot for Fuzzy PE on Weather
(adj. R = 0.7274).
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Figure 6: Actual vs. predicted time series for Fuzzy PE on Weather.

5.2 Informer model

Table [7| presents the results. FuzzyPE-KAN achieves the highest average improvement (42% MSE, 29% MAE). The
largest reductions occur on Weather (71.28% MSE) and ETTm2 (72.15% MSE). Similar to the Transformer model,
limited improvements on Traffic and Electricity reflect challenges with high-dimensional data.

Friedman test ranks (Table [8) rank FuzzyPE-KAN first (1.75), followed by Fuzzy PE (1.9375), KAN (2.5625),
and baseline last (3.75). The post-hoc Li test (Table E[) confirms the baseline is significantly worse than all variants
(p < 0.05), with no significant differences among the enhanced models.

Visualizations on the Weather dataset show patterns consistent with the Transformer model. The scatter plot(Figure|7))
yields R? = 0.6843, and the heatmap(Figure confirms no systematic periodic errors. The actual-vs-predicted
plot(Figure E[) demonstrates strong alignment with the true series, accurately capturing overall trends and local fluctu-

ations.

Scatter Plot: True vs Predicted (FuzzyPE-KAN)
R? = 0.6843, Adjusted R? = 0.6843
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Figure 7: Scatter plot for FuzzyPE-KAN on
Weather (adj. R2 = 0.6843).
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Table 7: Results of the Proposed Modules on the Informer Model

Dataset Metric Value Improvement (%) vs. Baseline
Baseline Informer | Fuzzy PE [ KAN [ FuzzyPE-KAN | Fuzzy PE | KAN | FuzzyPE-KAN
ETTh1 MSE 0.96 0.65 0.88 0.64 32.27 8.40 33.21
MAE 0.78 0.61 0.75 0.59 21.48 4.32 24.00
ETTh2 MSE 3.25 1.29 1.37 1.90 60.30 57.72 41.39
MAE 1.44 0.91 0.94 1.04 36.79 34.64 27.79
ETTml1 MSE 0.85 0.46 0.60 0.44 45.74 30.30 48.46
MAE 0.70 0.46 0.58 0.46 34.48 18.08 34.64
ETTm?2 MSE 1.55 0.40 0.41 0.43 74.16 73.87 72.15
MAE 0.87 0.46 0.47 0.49 47.26 45.99 44.00
Weather MSE 0.63 0.17 0.30 0.18 73.11 51.90 71.28
MAE 0.55 0.26 0.37 0.26 53.47 32.70 53.37
Electricity MSE 0.28 0.27 0.28 0.28 2.17 —0.90 —1.64
MAE 0.37 0.36 0.36 0.36 2.75 2.59 3.80
Traffic MSE 0.66 0.66 0.68 0.65 —0.74 -3.70 1.82
MAE 0.36 0.37 0.37 0.35 -3.10 —3.47 1.29
ExchangeRate | MSE 1.44 0.68 0.67 0.51 52.96 53.15 64.54
MAE 0.93 0.66 0.64 0.58 28.98 31.58 37.18

Table 8: Mean Ranking of Informer Models Based on the Friedman Test

Model | Mean Rank
Baseline 3.75
Fuzzy PE 1.9375
KAN 2.5625

FuzzyPE-KAN

1.75

Table 9: Post-Hoc Comparison Results for Informer Algorithms

Model | Z = (Rank Difference)/SE | p-value | Li

Baseline 3.098 387 0.001946 | 0.012029
KAN 1.258470 0.208132 | 0.012029
FuzzyPE 0.290474 0.771454 | 0.050000

Actual Model Comparison

vs Predictions -
‘Sample 9480, Feature 11

Figure 9: Actual vs. predicted time series for FuzzyPE-KAN on Weather.

5.3 PatchTST model

Table [I0] presents the results. Improvements are consistent across all datasets, with the highest reductions on Exchange
Rate (78% MSE). Unlike the previous two models, PatchTST shows substantial improvements on Electricity and Traffic.

Friedman test ranks (Table[T1)) rank FuzzyPE-KAN first (1.75), followed by KAN (1.9375), Fuzzy PE (2.3125), and
baseline last (4.00). The post-hoc Li test (Table confirms that all variants significantly outperform the baseline.

Visualizations on the Exchange Rate dataset(Figure shows an extremely high R? = 0.9513 in the scatter plot, and
the heatmap(Figure reveals distinct vertical bands only in the initial prediction steps, indicating rapid adaptation to
shocks. After the midpoint, errors dissipate, confirming the model’s strong recovery capability. The actual-vs-predicted
plot(Figure exhibits substantial overlap between curves.
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Table 10: Results of the Proposed Modules on the PatchTST Model

Dataset Metric Value Improvement (%) vs. Baseline
Baseline PatchTST | Fuzzy PE | KAN [ FuzzyPE-KAN | Fuzzy PE | KAN | FuzzyPE-KAN
ETThl MSE 0.46 0.38 0.39 0.37 17.39 13.51 17.68
MAE 0.45 0.40 0.40 0.40 12.12 10.25 12.14
ETTh2 MSE 0.39 0.30 0.30 0.29 24.35 23.21 25.66
MAE 0.42 0.35 0.35 0.34 16.41 15.72 17.70
ETTml MSE 0.39 0.32 0.33 0.33 17.62 15.81 16.45
MAE 0.41 0.36 0.37 0.36 11.07 9.87 10.20
ETTm?2 MSE 0.29 0.18 0.18 0.18 39.08 35.22 38.86
MAE 0.34 0.26 0.26 0.26 22.42 22.35 22.63
Weather MSE 0.26 0.18 0.17 0.17 31.28 33.81 31.69
MAE 0.28 0.22 0.21 0.22 21.88 23.07 22.02
FElectricity MSE 0.21 0.18 0.18 0.18 12.33 15.55 14.52
MAE 0.30 0.27 0.47 0.48 9.94 10.81 11.08
Traffic MSE 0.54 0.50 0.47 0.48 6.98 12.11 10.89
MAE 0.35 0.33 0.31 0.31 5.92 12.17 10.06
ExchangeRate | MSE 0.38 0.09 0.09 0.08 76.57 77.64 78.00
MAE 0.41 0.21 0.20 0.20 50.18 50.87 50.97

Table 11: Mean Ranking of PatchTST Models Based on the Friedman Test

Model | Mean Rank
Baseline 4

Fuzzy PE 2.3125
KAN 1.9375
FuzzyPE-KAN 1.75

Table 12: Post-Hoc Comparison Results for PatchTST Algorithms

Model | Z = (Rank Difference)/SE | p-value | Li

Baseline 3.485685 0.000491 | 0.012029
FuzzyPE 0.871421 0.383524 | 0.012029
KAN 0.290474 0.771454 | 0.050000

Scatter Plot: True vs Predicted (FuzzyPE-KAN)
R? = 0.9513, Adjusted R? = 0.9513
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Figure 10: Scatter plot for FuzzyPE-KAN on
Exchange Rate (adj. R? = 0.9513).
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5.4 Crossformer model

Table [13| presents the results. Crossformer shows the largest average improvement among all backbones ( 45% MSE),
with peak reductions of 79.87% on ETTh2. This strong performance is attributable to its effective modeling of long-term
dependencies and cross-variable interactions, which synergizes well with proposed modules.

Table 13: Results of the Proposed Modules on the Crossformer Model

Dataset Metric Value Improvement (%) vs. Baseline
Baseline Crossformer [ Fuzzy PE [ KAN | FuzzyPE-KAN [ Fuzzy PE [ KAN [ FuzzyPE-KAN
ETThl MSE 0.55 0.41 0.40 0.43 25.76 26.88 22.83
MAE 0.53 0.44 0.44 0.44 17.81 17.42 16.24
ETTh2 MSE 2.29 0.46 0.62 0.54 79.87 72.96 76.41
MAE 1.19 0.50 0.58 0.57 57.90 51.01 51.66
ETTml MSE 0.66 0.38 0.48 0.44 42.35 27.29 33.60
MAE 0.60 0.41 0.48 0.46 31.67 19.25 22.96
ETTm2 MSE 1.21 0.28 0.25 0.31 76.74 79.64 74.50
MAE 0.73 0.37 0.33 0.40 49.23 54.17 45.60
Weather MSE 0.26 0.16 0.16 0.17 37.97 39.14 35.79
MAE 0.31 0.23 0.23 0.23 25.36 25.64 25.09
Electricity MSE 0.18 0.15 0.15 0.15 17.28 18.64 14.82
MAE 0.28 0.25 0.25 0.26 10.01 12.14 8.32
Traffic MSE 0.56 0.54 0.53 0.53 417 5.08 5.28
MAE 0.31 0.30 0.29 0.29 2.43 4.20 3.80
ExchangeRate | MSE 0.88 0.26 0.25 0.22 70.61 71.69 75.20
MAE 0.72 0.39 0.36 0.35 45.77 49.13 5.89

Friedman test ranks (Table[14) rank Fuzzy PE first (1.9375), followed by KAN (2.00), FuzzyPE-KAN (2.0628), and
baseline last (4.00). The post-hoc Li test(Table confirms the baseline is significantly worse than all variants.

Table 14: Mean Ranking of Crossformer Models Based on the Friedman Test

Model | Mean Rank
Baseline 4

Fuzzy PE 1.9375
KAN 2
FuzzyPE-KAN 2.0628

Table 15: Post-Hoc Comparison Results for Crossformer Algorithms

Model | Z = (Rank Difference)/SE | p-value | Li

Baseline 3.195211 0.001397 | 0.004060
FuzzyPE-KAN 0.193 649 0.846451 | 0.004 060
KAN 0.096 825 0.922866 | 0.050000

Visualizations on the Electricity dataset show a dense scatter plot(Figurewith R? = 0.88 and a heatmap(Figurd14))
with no recurring vertical bands, confirming accurate daily and weekly pattern capture across 321 variables. The actual-
vs-predicted plot(Figurgl5|) shows close tracking of the true series, with minor errors only at extremely sharp peaks.

5.5 1Transformer model

Table presents the results. Note that the fuzzy positional encoding module is incompatible with iTransformer’s
inverted architecture (which focuses on cross-variable relationships without explicit temporal order). Therefore, Fuzzy
PE results match the baseline, and FuzzyPE-KAN results are identical to KAN. The KAN module outperforms the
baseline on 7 out of 8 datasets, with average improvements of 27% MSE and 18% MAE. The largest gain occurs on
Exchange Rate (75.53% MSE). Slight degradation on Traffic (-1.42% MSE) may be due to additional nonlinearity from
KAN disrupting the inverted architecture’s balance on high-dimensional noisy data.

Friedman test ranks (Table rank KAN and FuzzyPE-KAN jointly first (1.75), followed by baseline and Fuzzy
PE (both 3.25). The post-hoc Li test (Table confirms that KAN and FuzzyPE-KAN significantly outperform the
baseline and Fuzzy PE (p < 0.05).

Visualizations on the Exchange Rate dataset show that the scatter plot(Figure exhibits extremely tight clustering



Integrating fuzzy logic into transformer-based models for long-term multivariate time series forecasting . . . 15
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Figure 13: Scatter plot for Fuzzy PE on Elec-
tricity (adj. R? = 0.88).

Actual vs Predictions - Model Comparison

Heatmap of Mean Residuals (PE)
Features (321 Channels) on Y-axis, Prediction Horizon on X-axis

Figure 14: Error heatmap for Fuzzy PE on Electricity.
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Figure 15: Actual vs. predicted time series for Fuzzy PE on Electricity.

Table 16: Results of the Proposed Modules on the iTransformer Model

Dataset Metric Value Improvement (%) vs. Baseline
Baseline iTransformer [ Fuzzy PE | KAN | FuzzyPE-KAN | Fuzzy PE [ KAN | FuzzyPE-KAN
ETThl MSE 0.46 0.46 0.39 0.39 0.00 14.73 14.73
MAE 0.45 0.45 0.41 0.41 0.00 8.50 8.50
ETTh2 MSE 0.39 0.39 0.30 0.30 0.00 23.06 23.06
MAE 0.41 0.41 0.35 0.35 0.00 14.14 14.14
ETTml MSE 0.41 0.41 0.33 0.33 0.00 18.58 18.58
MAE 0.41 0.41 0.37 0.37 0.00 9.58 9.58
ETTm?2 MSE 0.29 0.29 0.18 0.18 0.00 37.28 37.28
MAE 0.33 0.33 0.26 0.26 0.00 21.07 21.07
Weather MSE 0.25 0.25 0.17 0.17 0.00 32.42 32.42
MAE 0.28 0.28 0.21 0.21 0.00 24.45 24.45
Electricity MSE 0.18 0.18 0.16 0.16 0.00 11.31 11.31
MAE 0.27 0.27 0.26 0.26 0.00 6.17 6.17
Traffic MSE 0.44 0.44 0.45 0.45 0.00 —1.42 —1.42
MAE 0.29 0.29 0.31 0.31 0.00 —3.87 —3.87
ExchangeRate | MSE 0.36 0.36 0.09 0.09 0.00 75.53 75.53
MAE 0.40 0.40 0.21 0.21 0.00 48.17 48.17

Table 17: Mean Ranking of iTransformer Models Based on the Friedman Test

Model | Mean Rank
Baseline 3.25
Fuzzy PE 3.25
KAN 1.75
FuzzyPE-KAN 1.75

(R? = 0.9490), and the heatmap(Figurd17)) contains no red or green tones, indicating balanced predictions. Limited
vertical patterns appear only in the initial horizon but dissipate rapidly, confirming sustained stability. The actual-vs-
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Table 18: Post-Hoc Comparison Results for iTransformer Algorithms

Model | Z = (Rank Difference)/SE | p-value | Li

Baseline 2.323 790 0.020137 | 0.000 000
FuzzyPE 2.323 790 0.020 137 | 0.000000
KAN 0.000 000 1.000 000 | 0.050 000

Scatter Plot: True vs Predicted (FuzzyPE-KAN &KAN)
R? = 0.9490, Adjusted Rz = 0.9490
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Figure 16: Scatter plot for KAN/FuzzyPE-
KAN on Exchange Rate (adj. R2 = 0.9490).
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Figure 18: Actual vs. predicted time series for KAN/FuzzyPE-KAN on Exchange Rate.
predicted plot(Figure further confirms the strong alignment between predicted and actual values.

5.6 Comparison with classical methods

To provide a comprehensive evaluation, we compare the proposed FuzzyPE-KAN framework against traditional time
series forecasting methods: ARIMA, GARCH(1,1), and a spline-based regression model with B-spline basis functions
and Ridge regularization. All classical models were implemented using the same data preprocessing and train/test split
protocol as our proposed method (70% training, 20% testing) on the Exchange Rate dataset with a prediction horizon
of 96 steps.

Table [19] presents the results. The proposed FuzzyPE-KAN variants consistently and substantially outperform all
classical methods. The best-performing variant (PatchTST-FuzzyPE-KAN) achieves an MSE of 0.08 and MAE of 0.20,
compared to ARIMA (MSE=1.91, MAE=1.24) and Spline (MSE=1.42, MAE=1.05). This represents an improvement
of approximately 95.8% in MSE over ARIMA. The poor performance of GARCH (MSE=7.34) confirms that volatility-
focused models are not suitable for direct point forecasting of multivariate time series. These results validate the
necessity of the proposed hybrid deep learning approach for capturing the complex, nonlinear, and uncertain patterns
inherent in long-term multivariate time series forecasting.
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Table 19: Performance comparison between the proposed FuzzyPE-KAN framework and classical time series forecasting
methods on the Exchange Rate dataset. The prediction horizon is 96 steps.

Model | MSE | MAE
ARIMA 1.914 | 1.240
GARCH(1,1) 7.337 | 2.464
Spline (B-spline 4+ Ridge) 1.418 | 1.055
Transformer-FuzzyPE-KAN 0.61 0.62
Informer-FuzzyPE-KAN 0.51 0.58
PatchTST-FuzzyPE-KAN | 0.08 | 0.20
Crossformer-FuzzyPE-KAN 0.22 0.35
iTransformer-FuzzyPE-KAN 0.09 0.21

6 Conclusions and future work

Long-term multivariate time series forecasting is a highly challenging task due to inherent noise, uncertainty, complex
nonlinear patterns, and intricate temporal and cross-variable dependencies. While transformer-based models and their
variants have established state-of-the-art performance since 2021, they continue to suffer from high sensitivity to noise
and abrupt changes, limited interpretability, and large parameter counts, which restrict their effectiveness in real-world
applications such as finance, energy management, and healthcare.

To address these limitations, this study proposes FuzzyPE-KAN, a novel integrated framework that enhances the
transformer architecture through three complementary components:

e Learnable Fuzzy Positional Encoding: A dynamic module based on Gaussian membership functions and a
small multilayer perceptron that generates adaptive fuzzy weights. This approach models the inherently vague,
graded, and qualitative nature of time, enabling the model to automatically adjust the positional influence of each
time step according to its contextual importance (e.g., proximity to trends, seasonal phases, or abrupt changes).

e Dynamic Fuzzy Attention Mechanism: Adapted from recent advances, this mechanism replaces deterministic
attention scores with scores augmented by learnable Gaussian noise. It allows the model to dynamically capture
and adapt to varying levels of uncertainty, thereby improving robustness against outliers and noisy observations.

e Hybrid Kolmogorov—Arnold Networks (KANs) for Feed-Forward Layers: The conventional position-
wise feed-forward networks are fully replaced with hybrid KAN layers combining learnable B-spline functions and
a parallel SiLU-activated linear path. This substitution enhances nonlinear expressivity and provides exceptional
interpretability through visual analysis of the learned univariate functions.

The proposed framework was systematically applied to five state-of-the-art transformer-based baselines—Transformer,
Informer, PatchTST, Crossformer, and iTransformer—and evaluated on eight widely used multivariate time series bench-
mark datasets (ETThl, ETTh2, ETTml, ETTm2, Weather, Electricity, Traffic, and Exchange Rate) using a 96-step
prediction horizon. Experimental results demonstrate average improvements of 26-49% in Mean Squared Error (MSE)
and 17-29% in Mean Absolute Error (MAE) across most scenarios compared to the respective baselines. The most
significant gains were achieved on datasets exhibiting sharp fluctuations and regular seasonal patterns, such as Exchange
Rate (up to 78% MSE improvement), Weather (71.28%), ETTh2 (76.41%), and ETTm?2 (78.66%). On highly noisy and
high-dimensional datasets (e.g., Traffic and Electricity), performance gains were more modest due to computational
constraints (limited batch size) and the curse of dimensionality, yet the proposed variants consistently outperformed or
matched the baselines.

Beyond accuracy and robustness, the framework offers notable reductions in model parameters and enable the
extraction of human-interpretable insights from the trained KAN functions. These results highlight the value of inte-
grating fuzzy logic principles with Kolmogorov—Arnold representation theory to advance transformer-based forecasting
toward more reliable, efficient, and interpretable solutions for real-world applications.

6.1 Future work

Several promising directions remain for extending this work:

e Developing lighter and faster variants of FuzzyPE-KAN by incorporating recent efficient KAN implementations
such as FastKAN or Efficient-KAN, enabling deployment in real-time systems and resource-constrained edge
devices [20].
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e Integrating the framework with large language models (e.g., Llama-3, Qwen2, or GPT-40) to generate natural
language explanations of predictions, thereby further enhancing interpretability in fuzzy-enhanced deep models.

e Extending the architecture to multimodal forecasting tasks that combine time series with textual (e.g., news) or
visual (e.g., satellite imagery, sensor heatmaps) data, and evaluating its performance in such hybrid settings.

e Applying the proposed fuzzy positional encoding and hybrid KAN components to other domains, including natural
language processing, computer vision, and scientific computing, to explore their broader generalizability.
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