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Abstract

Genetic Regulatory Networks (GRNs) constitute a key framework for understanding the development and evolutionary
dynamics of biological systems. With the rapid progress of DNA microarray technologies, large-scale genome-wide
analysis of GRNs has become feasible. In this work, we investigate the passivity and dissipativity of Fractional-
Order Discrete-Time Fuzzy Genetic Regulatory Networks (FODTFGRNs). Embedding fractional-order operators in
the discrete-time formulation allows the model to capture memory-dependent and hereditary features of gene regulatory
dynamics. Meanwhile, fuzzy logic techniques are introduced to handle parameter ambiguities and nonlinear gene inter-
actions. This integrated modeling strategy leads to a more accurate and practical representation of genetic regulation
phenomena encountered in real biological and medical applications. Moreover, a novel passivity lemma tailored to the
considered systems is developed through the construction of a suitable Lyapunov functional. Several sufficient criteria
guaranteeing passivity and dissipativity are established by combining the Linear Matrix Inequalities (LMIs) framework
with Lyapunov functional analysis, the comparison principle, contradiction arguments, various inequality techniques,
and the newly developed passivity lemma. Finally, two simulation examples are presented to validate and illustrate the
effectiveness of the proposed theoretical results.
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1 Introduction

Genetic regulatory networks (GRNs) represent intricate biological systems in which DNA, RNA, proteins, and other
biomolecules interact to control gene expression. These mechanisms are fundamental to numerous cellular processes,
including development, differentiation, and adaptation to environmental stimuli. The proper functioning of GRNs is
essential for cellular homeostasis, and disruptions in their dynamics are often associated with severe pathologies, such
as cancer and genetic disorders. To better understand these complex regulatory interactions, mathematical modeling
has become an indispensable tool. Different approaches have been proposed, including ordinary differential equations
[1], difference equations [31], and Boolean logic frameworks [29].

A key challenge in GRN modeling lies in accounting for biological delays caused by transcription, translation, and
regulatory feedback mechanisms. These time delays are inherent to gene expression and must be considered to accurately
capture the temporal dynamics of the system. Over the past decades, several models have been designed to investigate
the dynamic behavior of mRNA and protein concentrations [4], providing valuable insights for both theoretical biology
and medical applications. As research in this area progresses, it becomes increasingly necessary to adopt modeling
strategies capable of incorporating such delays while reflecting the inherent complexity of gene regulation.
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In this context, fractional-order systems have recently gained attention as powerful tools for modeling dynamical
processes with memory and hereditary effects. In contrast to traditional integer-order models, they incorporate nonlocal
effects, where the current behavior is influenced by past states. This property is particularly relevant in biology [24],
where memory effects and delays are intrinsic to processes such as gene regulation. Although initially underexplored
due to limited theoretical foundations, fractional calculus has since been widely adopted as an effective framework
for representing natural phenomena with fractional-dimensional characteristics. Consequently, the fractional-order
modeling has been successfully applied to areas such as neural networks [7, [I8] and biological regulatory systems [8], [13],
thereby offering a promising avenue for advancing GRN studies.

Complementary to this, fuzzy logic has been introduced to address the uncertainty and imprecision that are in-
herent to biological systems. Traditional mathematical models often require precise parameters and initial conditions,
which are difficult to obtain due to biological variability and experimental limitations. Fuzzy systems overcome this
limitation by describing regulatory interactions using fuzzy sets and linguistic rules [I9]. This approach allows for the
representation of graded responses and partial activations frequently observed in genetic interactions, offering a more
realistic depiction than binary logic models [32]. Furthermore, integrating fuzzy logic with a fractional-order models
enables researchers to simultaneously account for uncertainties and memory effects, resulting in models with improved
accuracy and robustness.

Beyond uncertainty and memory, another crucial aspect of GRN analysis is the system’s energy-based behavior,
often studied through the concepts of passivity and dissipativity. These notions have been extensively investigated in
nonlinear systems with memory and delays, primarily in continuous-time frameworks [I5]. However, their extension
to discrete-time fractional-order systems, especially fuzzy GRNs, remains relatively recent and still under development
[25]. Passivity provides a rigorous framework for ensuring internal stability by constraining how the system exchanges
energy with its environment [23]. Dissipativity generalizes this idea by introducing supply functions that describe
whether the system stores or dissipates energy, depending on its input—output behavior [28].

Nonlinear control theory provides a broad range of methodologies for regulating complex dynamical systems, among
which fuzzy control has proven highly effective in handling nonlinearities and uncertainties across various engineering
applications. A recent comprehensive survey emphasizes the expanding practical relevance of fuzzy control in modern
systems, particularly in mechatronics, where rigorous stability, robustness, and performance guarantees are system-
atically developed [20]. Beyond controller synthesis, structural properties such as stability and sensitivity analysis of
fuzzy systems have been investigated using advanced tools including Popov’s hyperstability theory, with experimental
validation on mechatronic servo systems [2I]. In autonomous robotics, fuzzy logic has enabled efficient shortest-path
planning and obstacle avoidance in static and dynamic indoor environments [12], while adaptive fuzzy-enhanced model-
free global sliding mode control schemes have been proposed to address input saturation and mismatched disturbances
in constrained mechatronic systems [I1I]. These studies demonstrate the strong practical impact and robustness of
nonlinear and fuzzy control methodologies in engineering domains. However, their application to genetic regulatory
networks (GRNs) remains relatively limited, especially when discrete-time fractional-order dynamics, intrinsic biological
delays, and energy-based robustness properties must be considered simultaneously. Motivated by these challenges, the
present work proposes a discrete-time fractional-order fuzzy GRN framework in which fuzzy MIN/MAX operators are
employed solely to model regulatory uncertainty, while the controller itself is designed as a linear delayed state-feedback
law synthesized via LMI conditions derived from a fractional Lyapunov functional, thereby ensuring passivity and
global controller dissipativity. These energy-based guarantees provide bounded internal energy evolution and robust-
ness against external perturbations, highlighting the potential practical relevance of the proposed theoretical results for
the robust regulation and analysis of uncertain, memory-driven biological networks.

Motivated by the preceding discussion, in this manuscript, we bridge this gap by establishing new passivity and
dissipativity criteria for a class of FODTFGRNs. First, we formulate a discrete-time fuzzy model that incorporates
both the hereditary nature of fractional-order operators and the linguistic uncertainty of gene regulatory mechanisms.
Then, by constructing suitable discrete fractional Lyapunov functions and applying LMIs techniques, we derive novel
requirements ensuring the passivity and dissipativity of the developed framework. Compared to existing works, our
approach handles more realistic features: it considers time delays, captures long-term memory effects, and integrates
fuzzy logic to reflect biological ambiguity. The primary contributions are outlined below:

1. The framework presented in this study combines simultaneously discrete fractional-order dynamics, fuzzy logic
rules, genetic regulatory networks, and discrete-time delays, thereby significantly broadening the scope of previous
models in the literature.

2. This work introduces an original passive lemma tailored to fractional-order discrete-time fuzzy genetic regulatory
networks, thereby bridging the current gap in passivity analysis for such systems.
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3. Using fractional Lyapunov functionals, LMI-based techniques, Laplace transform arguments, and inequalities from
fractional calculus, sufficient requirements are provided to ensure the passivity and dissipativity of the proposed
framework, which are achieved through a delayed state-feedback controller.

4. Numerical examples to validate the theoretical findings.

This manuscript is organized in the following manner: Section [2| reviews the fundamentals of fractional calculus and
presents a detailed formulation of the proposed model. Section [3] establishes its passivity and dissipativity. Section []
reports numerical simulations for validation. Section [p| provides concluding observations.

2 Preliminaries

Notations: Let ZT denote the set of positive integers. The notation N, refers to the sequence beginning at x with
unit increments.
For any x € R, define T(z) =x — 1, and

N, ={z, z4+1,2+2,--}, N ={z, o+1,2+2,--, €},
where € — x = k with k£ € N;. For ¢ € N1, the nabla difference of a function f is given by
Vi(t) = f(t) — f(t — 1).

In matrix formulations, the symbol x indicates the transposed block ensuring symmetry.
We begin by recalling key definitions and lemmas concerning fractional-order differences.

Definition 2.1. [I0] The s-th order rising function is defined as

_ T _
t"i:7(t+’{)70fi:0,
I(t)

where k € R\ {---,—2,—1} and t € Ny.
Definition 2.2. [I0] Let k > 0 and ¢ : N, — R, the nabla x-th order sum of ¢(t) is defined as

—K 71 Hl
Voot = o 2 6(m),

where t € Ny4.

Definition 2.3. [I0] For x > 0 and ¢ : N, — R, the nabla k-th order Caputo difference of ¢(t) is defined as

t
VR = VLIV = g B (=TT ok,
where ¢ € R, t € Nyy1, 6 = [k] + 1 and [K] is the largest integer less than k.
According to definitions [2.2] and 2.3] we have the following properties:
1. “VEh =0, Vh e R,
2. VRV m(h) = Vi g (h),

3. V& CV5(h) = ¢(h) — $(0), 5 € (0, 1).
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In this work, we concentrate on analyzing the passivity and global dissipativity of the FODTFGRNs described below:

n n
CEX) = —boxalt) + 3 Bafy 1yt — 00)) + N\ a1y (¢ — )
y=1 y=1
+ V @ayby(y(t = 1)) + 00 (1) + La(0),
y=1
OVENL(t) = —aune(t) + Yoxa(t — 02) + N\ Gayxy(t — a2) (1)
y=1
+ \/ @zyXy(t - 012) + JZm(t) + Ja:(t)a
y=1
Yiz (t) = hlmxx (t) + @hﬂlx(t),
Y2z (t) = hQIT]m (t) + §22202¢ (t)a
where
x xeNXN={1, 2,--- ,n}, V", is the Caputo fractional nabla operator of order & (0<k<1);

* Xz (+) specifies the mRNA concentration, while 7, (-) specifies the protein concentration for the z** node.
x a, characterizes the rate at wich protein degrades, whereas, b, corresponds to the degradation of mRNA.

* The nonlinear monotonic function f(-) used to describe protein feedback regulation, is generally expressed as a Hill
function:

fy(&) = — v (2)
+

where H, being the Hill coefficient and 7, > 0.
* «ap and ao are the time delays.
* 1), represents the translation rate.

* Ogy, Ozy Tepresent entries of the fuzzy feedback MIN template. ¢.y, @uy are associated with the MAX template.
* /\ is linked to the fuzzy conjunction (AND). \/ represents the fuzzy disjunction (OR).

* Bry is given by:
B when transcription factor y acts as an activator of gene x,
Y
i =1 0 when no regulatory interaction exists from y to x,
J _ g y y
—Bzy, when transcription factor y represses gene x.

x 01(-) and o9(-) are the external imputs;

*

I(-) and J(-) represent the control input;

*

y1(-) and yo(-) represent the outputs of the system, while hy, ks, p1, and g, denote constant matrices.
Throughout this work, it will be assume that:
Assumption 1. There exist two nonnegative numbers 61 and &2 such that |o1(t)| < &1 and |o2(t)] < &9.

Assumption 2. Assume that for each y € R, one can find a constant k; > 0 with the property that f,(-) fulfills

0< fy (1) — fy(r2)

< Sk;,yEN,
L — T2

for all 7,79 €R, 11 # 9. Denote, KT = diag{kf,k;,--- g
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The initial conditions for model are given by:

X@(ﬁ) 333(19)5 T € Na v e [71/’ 7V+17"' 70]7 (3)
nm(’ﬁ) = —lz(’&), S Na J S [7’/7 7V+]—7"’ a0]7

where 3, = (31, Ja,---,3)T € R, T = (Ty, To, -+, W) € R, v = max{ay, as}.

Remark 2.4. In system (1)), the fuzzy operators AND (\) and OR (\/) are specified as the minimum and mazimum
of the weighted functions, respectively:

=

wafy(ny((t - al)) = min {Qa:yfy(ny((t - 041)))},

<
Il
—

<=z

Sozyfy(ny<t — 1)) = max {‘Pmy](y(ny(t - 041))}'

Y

It should be noted that this formulation does not involve a classical fuzzy inference system with membership functions,
rule bases, or defuzzification. Instead, the MIN/MAX operators directly model the uncertain aggregation of multiple
requlatory signals, which is a standard approach in fuzzy genetic regulatory network modeling [, 19]. This allows the
system to capture graded regulatory interactions while remaining analytically tractable for Lyapunov-based analysis.

Definition 2.5. [16] System is passive provided that there exists 0 > 0 satisfying

2 (o1 () (s) + 03 ()y2()] = =0 [0 ()a1(s) + 03 (S)o2(s)], (4)
s=0 s=0

for all vt > 0.
Lemma 2.6. For a positive function W (<), if the condition
oVEW(S) < 01 (9)ar(s) + a3 ()oa(s), (5)
is satisfied, then model 1s regarded as passive.
Proof. Tt follows from that
=2 [0 (€)1(<) + 03 () 2(c)] < =20 VIW(S). (6)

Taking (V! on both sides of @), one has

—20V ! |oT ()or(s) + 05 (oa(e)| < —20VVEW ()

-
= 2w (Wi - W)
= 209
< 0

Since

V;l [01 (S)or(s) + U?(QUQ(C)} = Z[U{(g)yl(g) + o ()2 (9)],
s=0
and

S 107 (<)o1(c) + 05 (<)oz(c)] = 0 for any ¢ >0,
=0
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thus
2> [o] (ya(s) + 05 ()p2(6)] = 0= = [o1()a1(s) + 07 ()or2(s)],
¢=0 s=0
namely
2> (07 (9)y(s) + 08 ()y2(9)] = =D _[07 ()1 (s) + 03 (S)ra(s)].
<=0 s=0
Therefore, according to Definition model is passive when 6 = 1. O

Definition 2.7. [] System is globally dissipative if there is a compact set Q C R, and for every initial state
(3T(s), T(s))T € R*™\Q, s € [-v, —v +1,---,0], there exists a time T(3,71) > to with the property that, for all
t > T(3,7), the solution (xT(to, t, 3), n'(to, t, 1))T of model starting from (3(s), 1(s))T at time to satisfies
(xT(to, t, 3), n7(to, t, 1)T C Q. The set Q is referred to as a globally attractive set.

Definition 2.8. [I0] For y : N, 1 — R, the nabla Laplace transform of z(t) is defined by
Np{z(t) Z 1—8)Y7" 2(z +y).
y=1

In what follows, the nabla Laplace transform is applied to both the Caputo fractional difference and the classical
integer-order difference operators to obtain the stated results.

Lemma 2.9. [I0] For 0 < x <1 and z : N, — R, the nabla Laplace transform of ©Vz(t) is described by

N AOVER(D } (5) = N {20} () = 577 2(@),
for |1 —s| < 1.
Lemma 2.10. [I0] Let h(-) be a function and W a positive definite matriz. Then, one obtains
Ve AT (s)Wh(s)] < BT (s)W “VIR(s).

Lemma 2.11. [] For continuous functions ¥, : R — R and real numbers (y,&y, flay, Vay with x, y = 1,...,n, the
following bounds hold:

’ /\ HayPy(Cy) — /\ /‘wyﬁy(gy)‘ < Z |1y |[9y(Cy) — Dy (&)l
y=1 = y=1
[V vy \/ VayBy (6)] € D [wpalldy (Gy) = 9y (&)
y=1 y=1 y=1

Lemma 2.12. [4] Let ¢,q5 € R"™ and let R be a positive definite matriz of appropriate dimension. Then, the following
inequality holds:

2076 < 0TR™'6 + 6T R,
Lemma 2.13. [10] Assume that F (t) and g(t) satisfy

{ CVEF(t) =cF (1),
CVEX(t) < ox(t).

Then, under the condition k € (0, 1), ¢ <1 and x(z) = F (x) > 0, it follows that x(t) < F(t) for all t € Ny4q.
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3 Main results

The current section addresses the investigation of passivity and dissipativity in system .
The control input is constructed as

I(t) = —Rix(t) — Ran(t — an), J(t) = —Ran(t) — Rax(t — a2). (7)
We begin by analyzing the following theorem, which establishes the criterion for passivity.

Theorem 3.1. Under Assumption[d, let P, Q, S1, and Sy be positive definite diagonal matrices satisfying the following
LMIs:

Qn Qs 0 0 —KT 0
* =51 0 0 0 0
| x Q33 Qs 0 —hg
I'= * * * =8 0 0 <0, ®)
* * * * P —2p 0
* * * * * Q — 20
where,
Q1 = —2PB—2PR; + P+ (as +1)Ss, Qip = P(W +o+ KT - 32>v
Q33 = —2QA—2R3+Q+ (g +1)Sy, Q34 = Q<[w+ o+ ¢l R4)~

As a result, system is passive when subjected to the control input (@

Proof. The Lyapunov functional associated with the model is given as follows:

Z Xz (t)mer (t) + Z Nz (t)qgcnz (t)

4 Z[ Z (8)S127m2(8) + Z X (8) S22 X (8) |-

s=t—ay s=t—aq

According to Lemma 2.10] and Assumption [2] it follows that
VW) < 23 xa(Ope “VEx() +2 Z na(t)az V(1)

+ (e + 1) 1) S1ans(t) Z (t = @1)S1ama (t — )

= o

+ (ap+1) i £)Sa Xz (1) Zn: (t — 03) S0 Xa (t — 2)

_ 2i:1><x(t)pz{ Cbe) i Banfy 1y (¢ — ) + /"\1 eyt — 1))
= y=1 v

+ \n/1 Payfy 1y (t — 1)) + 012(t) + Iz(t)} +2 Z:l nz(t)qx{ — agnz(t)

+ Yaxa(t — /n\ OayXy(t — a2) + \n/1 PayXy(t — a2) + 02, () + Jx(t)}

Y=l e
+ (aa+1) En:l (t)S1am2(t) — En:lnz(t — a1)S12ma(t — 1)
+ (2 +1) Zn:l (t) Sz X (t) — zn:l Xi(t — @2)Sax X (t — az)
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IN

=2x" () PBx(t) + 2x" (1) P[B + o + @lf(n(t — ar)) + 2x" (1) Por (t) + 2x" (1) PI(t)
— 2" ()QAN(t) + 20" ()Q[Y + 2 + @l (t — az) + 20" (H)Qoa(t) + 20" (H)QJ (1)

(ar + D" (£)S1n(t) — 0" (t — a1)Sin(t — aq)

(a2 + Dx" () S2x(t) — X" (t — az)Sax(t — )

—2xT(t)[-2PB — 2PR; + (a2 + 1)Sa]x(t) + QXT(t)P<[5 +o+olKT - Rz)ﬁ(t —ai)

IN -+ +

+

2x7 (t)Poy (t) + 07 (¢)[-2QA — 2R3 + (ay + 1)S1]n(t) + 2nT(t>Q([w +o+¢] - R4> X(t — az)

+ 297 ()Qaa(t) — 0" (t — a1)Sin(t — 1) — X (t — az)Sax(t — az).

Invoking Lemma |2.12] it can be shown that

2" (1) Por(t) < X" ()Px(t) + of (t) Po (1),
27 (1)Qo2(t) < 0" ()Qn(t) + 03 (1)Qo2(t).

from which it follows that

OVEW () < xT(t)[-2PB —2PRy + P + (a4 1)S5]x(t) + QXT(t)P<[ﬂ +o+ KT — RQ)n(t — 1)
nT (t)[-2QA — 2R3 + Q + (a1 + 1)S1]n(t) + ol (t)Poy (t)
2t (@10 + 2+ - Ra )t - )

+ 03 (1)Qoa(t) — 0" (t — 1) Sin(t — ar) — X7 (t — a2) Sax(t — az).

_|_

_|_

So
CVEW () — 20Ty (t) — 20T (B)ya(t) < XT(1)[-2PB — 2PRy + P + (s + 1)Sa]x(¢)

+ 2xT(t>P([5 +o+ @Kt — Rz)n(t — o) + 0" (t)[-2QA — 2R3 + Q + (a1 + 1)S1]n(t)

o Q ([w fotdl- R4) Wt — as) + 0T (1) Poy (1) + 0T (1)Qoa()

— Tt = an)Sin(t — ar) = xT(t = a2)Sax(t — az) — 201 () x(t) — 207 (H)pr01(t)
— 205 ()han(t) — 203 (t)p202(t)
< ENHTEE),
where 2(t) = [ x(t) n(t—o1) n(t) x(t—az) o1(t) oa(t) ]T. From the condition I' < 0, we obtain
CVEW () < 201 () (1) + 203 (1)y2(0)-
Consequently, according to Lemma system satisfies the passivity property. O
Next, we examine the following theorem, which provides the criterion for dissipativity.

Theorem 3.2. Under Assumption[d let P, Q, My and My be positive definite diagonal matrices satisfying the following
LMIs:

== = . <0, (9)
* * =33 =34
* * * =My
where,
En = —2PB-2PRi+(1+&P+ (a2 +1)Ma, E1p = P([/@ +o+ oKt — R2>,

Ea3

—2QA - 2R3+ (1+€)Q + (aq + 1)My, 34 = Q([w+ o+ ¢ —R4)-
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As a result, system exhibits global dissipativity, with

0 - {(xT, nT)TERQ"'IXHﬁInIIl_g}

acting both as a positively invariant and globally attracting region, where € > 0 and { > 0.

Proof. The Lyapunov functional associated with the model is given as follows:

W) = Y xe(Opaxalt +an Gt (t

r=1
+ Z[ PIRACILENCRSD R ECLISL

According to Lemma [2.10] and Assumption [2] it follows that
n n
CVEW(t) < 2 Z Xa ()P CVEX(2) + 2 Z 12 (). € Vin(t)

+ (051+1 an Ml:cna: an t_al)Mlxnx(t_al)
z=1 x=1

+ (az+1) Zxx )Mo X (1) sz (t — o) Moz xa(t — a2)

=1 r=1

= 2 ZXm(t)p:r{ — baXa(t) + Zﬁxyfy(ny(t —o)) + /\ Owyfy(ny(t — 1))

y=1 y=1

+ \/ Qoacyfy(")y(t - 041)) + le(t) + Ix(t)} + 22 nx(t)%c{ - aacnx(t)

y=1

+ waz(t_ 042 + /\ szXy + \/ (Pa:yXy t )U2x( >+ Ja:(t)}
y=1

—+ (041 + 1 an Mlznm an t - Oél)Mlznx( )

=1 z=1
+ (az+1 Z Xz (t) Moz Xz (t) sz t = a2)Maaxa(t — az)
=1 r=1

IN

X" (t)[~2PB — 2PR; + (as + 1)Ma]x(t) + 2xT(t)P([ﬂ +o+y]KT - Rz)ﬁ(t —ay)

+ 2" () Por(t) + 0" (1)[-2QA — 2R + (o + 1)Mi]n(t) + 27" ()Q ([w +o+¢] - R4>x(t — )

+ 207 ()Qo2(t) — 0" (t — ar) Min(t — an) — x" (t — o) Max(t — a2).

By employing the Lemma we get

43
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which imply,

OvEw(t) < XT(t)[-2PB —2PR; + P + (aa + 1) Ma]x(t) + 2XT(t)P([ﬂ +o+ KT - Rg)n(t —a)
+ 0" (H)[-2QA —2Rs + Q + (a1 + 1)Mi]n(t) + of (t)Poi(t)
+ 2 Q10+ 246l - R (e - )
— " (t—a)Min(t —ar) — X" (t — ag) Max(t — aa) + o3 (£)Qoa (1)
< XxT(t)[-2PB —2PR; + (1 + &)P + (a2 + 1) Ma]x(t) + 2XT(t)P([B +o+¢lKt— Rg) n(t — ay)

+ 7 (t)[-2QA - 2R3+ (1 +£)Q + (o1 + 1) Miln(t) + 21" (1)Q ([w +0+ ¢ - R4) X(t — o)

— Tt - al)Mln(t —ay) — X7 (t — ag) Max(t — ag) + of (t)Poi(t) + o3 (£)Qoa(t)
— & (OPx(t) —&n" (1)Qn(t)
ZT( HEX(E) — 5 T Px(t) = &n" ()Qn(t) + &1 PGy + 63 QF,

IN

where S(t) = [ x(t) n(t—a1) n(t) x(— o) ]T. From the condition = < 0, we get
CVEW() < e (OPx(t) - & (1)Qn(t) + 51 Pay + 55 Qb
< —EW(t) + 61 Poy + 62 Q.
Let us analyze the system below
VEF(t) = —¢r(t)+¢, (10)

where ( = 61 PGy + 62 Q62 and F (t) has same initial condition with W (¢) and assume F (t) > 0. Then, by using
Lemma one has 0 < W(t) < F (¢). Based on Caputo fractional-order derivative properties, equation can be
written as

V() = =&, (11)
where (F*(t) = F(t) — ¢*) and ¢* = C
Applying the discrete Laplace transform to equation (|11)) yields:
LLOVEF ()} (s) = —LLEF (D)} (),

more exactly
S (s) = T (0) = =8 (o),
A(s)F*(s) = L(s),

where A(s) = s® + &, £(s) = s*"1F*(0).
We now aim to prove that the characteristic equation det(A(s)) = 0 admits no purely imaginary roots. Suppose, for
the sake of contradiction, that det(A(s)) = 0 does indeed possess purely imaginary roots; in other words,

s =iw = || (COS (2) + isin (ig))7 for w € R.

If w >0,

»
Il
-
g
|
a
—
o
@}
7
—

or if w < 0,

)
o=t = on (2) 550 (2)

then substituting s = iw = || (cos (2) + isin (£2)) into det(A(s)) = 0, it follows

|| (cos ('Z ) + isin (:I:%)) +£=0. (12)
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Decomposing into real and imaginary components, we get
|| cos (51) + & =0,
|| sin (£51) = 0.
Thus
| |?* + 2¢|w|” cos (%) +¢&2=0. (13)

Based on the previous equation, one finds that

2

A= [25 cos (%)} 42 = 4¢? [cos2 (%) - 1} <0. (14)
Equation evidently does not admit any purely real solutions, thereby invalidating the hypothesis.
Consequently, the matrix § = —& possesses eigenvalues negative, that is to say that |arg(A(0))| > 4. As a result, the

trivial solution of is globally asymptotically stable in the Lyapunov sense. Hence, F (t) — (* — 0 for ¢ — oo. That
is, for every € > 0, there exists a time T > 0 with the property that F (¢t) < {* 4+ ¢, with F (¢) > 0.

By invoking Lemma we get 0 < W(t) < F(t). Therefore, we observe that W (t) < ¢* + ¢ for t > T, which implies
W(t) < ¢* = (/s for t > %, that is, ||[x(@)||1 + [In(®)|l1 < ¢* for t > T. Accordingly, there exists a time T > 0 with
the property that the trajectory of (xT(to, ¢, J), nT(to, t, 7)) remains within the set Q for any initial condition
(3(s), T(s))T € R?". In conclusion, the system defined in is demonstrated to be dissipative. O

Remark 3.3. The present study establishes a conceptual framework for enhancing the architecture of fractional-order
fuzzy genetic regulatory networks, particularly through the incorporation of template input/output structures and sum-
of-product operations. As a result, the findings not only enrich the analysis of dynamical properties in discrete-time
fractional-order fuzzy GRNs but also extend and unify prior research in this area.

Remark 3.4. Unlike continuous-time formulations [d, 22] or integer-order discrete models [21), the proposed discrete-
time fractional-order GRN framework simultaneously captures the sampled nature of biological data and the long-term
memory effects inherent in genetic regulation, making it more consistent with realistic scenarios. Furthermore, the
derived passivity and dissipativity criteria are established in this fractional discrete setting, which allows our results
to cover a wider class of genetic requlatory networks than previous approaches, many of which are restricted to either
continuous-time or integer-order formulations.

Remark 3.5. Classical nonlinear control strategies, such as sliding mode control [3], adaptive control [IT], intermittent
control [2], event-triggered control [9], and quantized control [6l], have been extensively developed to ensure asymptotic or
practical stability of nonlinear systems, and have demonstrated effectiveness in various engineering contexts. However,
these approaches primarily focus on trajectory stabilization and generally do not provide explicit energy-based perfor-
mance characterizations of the closed-loop dynamics. In this regard, the proposed framework complements existing
methods by guaranteeing passivity and global dissipativity, which offer a quantitative description of the energy exchange
between the system and its environment, thereby ensuring bounded internal energy evolution and enhanced robustness
against external disturbances properties that are particularly meaningful in biological regulatory networks subject to en-
vironmental fluctuations. Moreover, unlike Takagi—Sugeno fuzzy control schemes [B], which depend on heuristic rule
bases, membership function construction, and defuzzification procedures, the proposed method employs fuzzy MIN/MAX
operators solely to model regulatory uncertainties, while the controller itself is constructed as a linear state-feedback
law with delayed terms and synthesized systematically via linear matrix inequalities. This design avoids the structural
complexity of full fuzzy inference systems while still capturing nonlinear regulatory behavior, and provides rigorous,
computationally tractable passivity and dissipativity certificates within a fractional-order discrete-time framework, mak-
ing the proposed approach a theoretically sound and practically implementable complementary tool for the analysis and
control of uncertain, memory-dependent biological networks.

Remark 3.6. Recent studies have extensively investigated the dynamic behavior of genetic requlatory networks (GRNs)
under different modeling paradigms. For example, global dissipativity of continuous-time fuzzy GRNs with mized de-
lays was analyzed in [A] using Lyapunov functional and LMI techniques, while passivity conditions for discrete-time
GRNs with reaction-diffusion coupling and delays were established in [30]. In addition, robust passivity analysis for
stochastic GRNs with time-varying delays was addressed in [I4], and improved stability criteria for discrete-time GRNs
subject to stochastic perturbations were developed in [26]. Although these contributions provide valuable insights, they are
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typically formulated either in continuous-time settings, integer-order discrete-time frameworks, or stochastic environ-
ments without simultaneously accounting for memory effects and fuzzy requlatory uncertainty. In contrast, the present
paper introduces a discrete-time fractional-order fuzzy genetic regulatory network framework that integrates multiple
realistic biological features within a unified structure, namely: (i) memory and hereditary properties modeled through
fractional-order Caputo differences, (ii) regulatory uncertainty captured via fuzzy MIN/MAX operators, (iii) intrinsic
transcription—translation delays, and (iv) robustness characterized from an energy-based perspective through newly de-
rived passivity and global dissipativity criteria. By jointly incorporating these aspects, the proposed framework extends
existing results and provides a more comprehensive and flexible analytical tool for modeling, analysis, and robust control
of complex genetic regulatory mechanisms.

4 Illustrative examples

To illustrate the practical relevance of the theoretical findings, two examples are included.

Example 4.1. Consider the following FODTFGRNs with n = 4

c
VoPxa(t) = —buXa(t) + Zﬂxyfy my(t —a1)) + /\ OayTy (my (£ — 1))
4
+ \/ Payfy(ny(t — 1)) + 012(t) + (1),
y=1 . (15)
c
VS'QS’Ih(t) = _a;cnx( ) + ¢£Xx t - 042 /\ chXy t - O¢2
\ y=1
+ \/ yXy 0‘2) + U2w(t) + Jw(t)a
where
09 0 0 0 1.3 -23 09 -08 —-0.57  0.32 0.4 0.11
B— 0 07 O 0 8= 1.29 -15 1.3 0.7 |1 0.3 0.13 —-0.11 0.23
o 0 0 0.6 o |’”"” (119 —-12 098 —-0.5|" e= —0.1 0.21 0.13 —-04\|"’
0.68 -1.2 09 =07 11 0.11 -0.15 0.2 0.6
O 65 —O 43 0.1 0.2 061 0 0 0 0.6 0 0 0
04 04 A 0 041 O 0 b= 0 13 O 0
02 02”710 0 06 0”7 |0 0 09 o0}°
—0 5 01 0.3 0 0 0 0.7 0 0 0 0.7
—0 19 0.06 —-0.09 -0.16 0.16 —-0.09 0.19 -0.02 0.86 0 0 0
0.03 —0.05 0.05 —-0.04 ___10.06 0.02 —0.1 0.04 Hi — 0 042 0 0
—0.07 0.013 0.08 —0.06]" %7 001 001 -002 0031] "TT| 0 0 04 0 |’
—O 012 0.0l 0.1 —-0.1 0.06 0.08 —0.01 -0.02 0 0 0 0.61
0 0 0.87 0 0 0 1.1 0 0 0
o 075 0 0 1o 0 0 o o 121 0 0
2= 0 0 04 0"*T1o0o o0 o5 0" T 0o 0o 09 o]
0 0 0 0.7 0 0 0 0.6 0 0 0 095
2
G (t
iy (sy (1) = 1;’5)(), a; = 2, ap = 1, 015(t) = sin(t), o2.(t) = cos(t), The function f, is constructed as ({2)
y

with Hy = 2 and 7y = 1, commonly used in genetic regulatory network modeling, and satisfies Assumption @ with
K = diag{0.65, 0.65,0.65, 0.65}. Moreover, since |sin(t)| <1 and |cos(t)| < 1, Assumption[]] holds with &1 = G2 = 1.

1.8 0 0 O 141 0 0 O 1.5 0 0
For the control inputs (1), let Ry = 8 1(')6 105 8 , Ry = 8 1'58 101 8 , Rg = 8 1'512 106
0o o0 o0 17 0 0 0 1.7 0 0 0 14
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1.52 0 0 0
0 134 O 0 . . . . .
and Ry = 0 0 14 0" Solving the LMI via YALMIP yields the valid matrices:
0 0 0 1.7
0.3485 0 0 0 0.1677 0 0 0
p_ 0 0.1377 0 0 0= 0 0.4102 0 0
0 0 0.5143 0 ’ 0 0 0.5120 0 ’
0 0 0 0.7523 0 0 0 0.2864
0.5932  —0.0257 —0.0215 0.0184 0.1545 —0.0518 —0.0395 0.0064
S, = —0.0257 0.7338 —0.0881 0.0271 and Sy = —0.0518 0.0762 —0.0299 0.0626
—0.0215 —0.0881 0.7280 0.0432 —0.0395 —0.0299 0.2674 —0.0003
0.0184 0.0271 0.0432 0.6141 0.0064 0.0626  —0.0003 0.5732

With all conditions of Theorem satisfied, system (@ is confirmed to be passive under the control input @
Figures I and@ display the trajectories of system under control protocol @ with starting conditions

x(¥) = (-2.4,-1.5,1.4,1.85)T and n(¥) = (1.6,2. 75 0.4,1.75)T, for 9 € [-2,—1,0]. Figures @ and |4 I /| refer to the
trajectories of outputs Y12(t) and ya.(t), respectively. Figures@ and@ refer to the trajectories of control input I,(t) and
J(t).
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Time (1) Time (t)

Figure 1: Time evolution of x(¢) in system (L5]).
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Figure 2: Time evolution

150
Time (t)

of n(t)

in system (15| .

Figurelj refers to the trajectories of 2(a¥ (t)y1(t) + ol (t)y2(t)). It can be observed that this quantity remains strictly

positive for all t € Ny.

positive. Consequently, for 6 = 1, the term —0(o7 (t)o

2) (07 (<)
<=0

On the other hand, we have of (t)o

y1(S) + 03 ()y2(s)) >

1(t) + o
1(t) + 03 (t)o

T(t)oa(t) = 4(sin®(t) + cos?(t)) = 4, which is always
2(t)) is always negative. Therefore, the inequality

= (01 (5)o1(s) + 03 (5)oa(s)),

s=0

holds for every t € Ny, which means that system 18 passive. This simulation result is consistent with Theorem .
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Figure 4: Output trajectories ya,(t) for system .
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Figure 5: Time evolution of the control inputs I(t).
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Figure 7: Trajectories of 2(a¥ (t)y1(t) + o (t)ya(t)).

Example 4.2. Consider a FODTFGRNs composed of n = 2 nodes.

2 2
VBN () = —buxa(t) + Z BayFy(ny(t — on)) + /\ Oayfy (1y ((t — 1))
y=1 y=1
2
+ \/ Payfy(y(t — 1)) + 012(t) + Lo (1),
! 2 (16)
CV8.9577$(t) = _awnz( ) + '(/JIXJU - /\ xyXy t_ 042
, y=1
+ \/ PayXy(t — a2) + 02, (1) + o (1),

whereB_{O% o ] 3= [0.02 —0.01] 0= [001 0.018}’(‘0:[0.08 —0.04}14:[0.38 0O }7

0 —0.03 0.05 0.01 —0.05 0.05 0.09 .98
—0.01 _ —0.02 0.05 024 0.02 0.8 0 1.1 0
w‘[ 003} e= [ —0.015 0065} [ —0.05}’H1:[0 0.4}’H2:[0 0.6]’”1:
0.8 0 0.6
[ 0 038 } 2 { 0 ] ’
. . . sy (1) o . ) .
and the nonlinear regulation function f,(s,(t)) = m, which is a Hill-type function. The time delays are set to
Yy

a1 = 3,az =4, and the external inputs are o1, (t) = cos(t), oa,(t) = sin(t). It can be verified that Assumption[q holds
with KT = diag{0.65,0.65}, and its clear that iy = 1 and 1z = 1.



50 1. A. Albouchi, C. Aouiti, F. Touati

The controller gains in are chosen as

03 0 05 0 03 0 044 0
B = [0 0.4}’ e = {0 0.38}’ Rs = [0 0.47]’ = { 0 0.324]'

With £ = 0.6, solving the LMI @ using YALMIP yields the following feasible matrices:

p_ 0.3447 0 0= 0.1030 0 My — 0.1134 0.0024 My — 0.0157 0.0014
n 0 1.0138]" n 0 0.3447]° 17 10.0024 0.1942]° 27 10.0014 0.0842|

Thus, all conditions of Theorem are satisfied, and system under the controller is globally dissipative.
Moreover, the set

Q={(x"n")" eR*: Ixlls + lInll <3},

is a positively invariant and globally attractive set for system . Figures @ and@ depict the time evolution of the
mRNA and protein concentrations and the corresponding chaotic trajectory, respectively. Figure shows the output
trajectories y1,(t) and ya,(t), while Figure displays the control inputs I,(t) and J,(t). Finally, Figure|14 illustrates
the time evolution of ||x|l1 + |nll1, confirming that the state remains inside the attractive set €.
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Figure 8: Time evolution of x(t) and n(t) in system (16).

Remark 4.3. Although the numerical example consider a two-node genetic requlatory network for clarity of presen-
tation, the proposed LMI conditions are formulated in a gemeral form that is valid for an arbitrary number of genes
n. While the dimension of the LMIs naturally increases with n, their mathematical structure and feasibility conditions
remain unchanged. Therefore, the choice n = 2 is only for illustrative purposes and does not restrict the applicability
of the proposed results.

Remark 4.4. The system parameters used in the numerical examples are selected to satisfy the sufficient conditions
of the proposed LMIs and to prove the passivity and dissipativity analysis. These parameter choices are not unique and
are representative of a broader class of admissible configurations for which the theoretical results remain valid.

Remark 4.5. The control gains Ry, Ro, R3, and R4 in are selected to satisfy the linear matriz inequalities (LMIs)
and @ mn Theorems and thereby guaranteeing passivity (or dissipativity). If the LMIs are infeasible, the
gains can be iteratively adjusted and the feasibility problem re-solved until admissible solutions are obtained.

Remark 4.6. In real biological systems, mRNA and protein concentrations are affected by numerous factors, leading
to complex and heterogeneous dynamics. The proposed model adopts a simplified mathematical framework that captures
the essential mRNA-protein interactions, incorporates memory effects via fractional-order operators, includes fuzzy
MIN/MAX regulatory uncertainty, and considers time delays, enabling the derivation of passivity and dissipativity cri-
teria. However, mutations, cell-to-cell variability, spatial heterogeneity, and other biological influences are not explicitly
modeled. Thus, the framework represents a first step toward a rigorous mathematical foundation, with future work aimed
at integrating greater biological complexity.
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Figure 12: Time evolution of |x|; + |n|1 in model under controller (7).

5 Conclusion and future developments

This study has successfully addressed the challenges related to a class of FODTFGRNs. A new discrete-time fractional
passive lemma has been formulated within a Lyapunov functional framework. By combining Lyapunov functionals with
the LMI technique, we have provided novel requirements to secure the passivity and dissipativity of the proposed model.
To validate the theoretical findings, two numerical examples accompanied by simulations were presented, demonstrating
the effectiveness and applicability of the results. As far as we are aware, this work marks the first study tackling the
passivity and dissipativity of FODTFGRNSs, which highlights the originality of the contribution. Future research may
proceed in several promising directions. Extending the present framework to more complex and large-scale network
topologies, including multi-layer genetic regulatory structures, would further enhance its applicability. In addition,
investigating the effects of stochastic disturbances, impulsive dynamics, environmental factors, and parametric uncer-
tainties would improve the robustness and biological realism of the model. Exploring potential applications in medical
diagnosis, biotechnology, and synthetic biology could also strengthen the practical relevance of the proposed method-
ology. Altogether, these perspectives will not only deepen the theoretical development of passivity and dissipativity
analysis for fractional-order discrete-time systems but also broaden their impact in the study and control of complex
nonlinear biological networks.
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