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EFFICIENCY IN FUZZY PRODUCTION POSSIBILITY SET

T. ALLAHVIRANLOO, F. HOSSEINZADEH LOTFI AND M. ADABITABARFIROZJA

ABSTRACT. The existing Data Envelopment Analysis models for evaluating
the relative efficiency of a set of decision making units by using various inputs
to produce various outputs are limited to crisp data in crisp production possi-
bility set. In this paper, first of all the production possibility set is extended
to the fuzzy production possibility set by extension principle in constant re-
turn to scale, and then the fuzzy model of Charnes, Cooper and Rhodes in
input oriented is proposed so that it satisfies the initial concepts with crisp
data. Finally, the fuzzy model of Charnes, Cooper and Rhodes for evaluating
decision making units is illustrated by solving two numerical examples.

1. Introduction

The Data Envelopment Analysis (DEA) was suggested by Charnes, Cooper and
Rhodes (CCR) model [6], and built on the idea of Farrell [9] which is concerned with
the estimation of technical efficiency and efficient frontiers. Several models were
introduced for evaluating efficiency regarding to production possibility set (PPS),
[6, 9, 4, 8]. The DEA requires input and output data to be precisely known. In
some cases, we have to use imprecise input and output. To deal quantitatively
with imprecision in decision progress, Bellman et al. [5] introduced the notion of
fuzziness. Since the models basically is a fuzzy linear programming problem, there
are several research about solving fuzzy linear programming problem, [15, 23, 13, 2].
Some researchers have proposed several fuzzy models to evaluate decision making
units (DMUs) with fuzzy data, without access to fuzzy production possibility set
(FPPS), [16, 11, 14, 18, 19, 24, 17, 12, 20]. S. Ramazanzadeh et al. [22] considered
fuzzy random variables for inputs and outputs in DEA. Wang et al. [25] proposed
two new fuzzy DEA models constructed from the perspective of fuzzy arithmetic
to deal with fuzziness in input and output data in DEA. Wen et al. [26] presented
a fuzzy DEA model based on credibility measure and also a method of ranking all
the DMUs and to solve the fuzzy model, designed the hybrid algorithm combined
with fuzzy simulation and genetic algorithm. Liu and Chuang [21] developed a
fuzzy DEA/AR method based on Zadehs extension principle, a pair of two-level
mathematical programs is formulated to calculate the lower and upper bounds of
the fuzzy efficiency score. In this paper, DEA and PPS for crisp data as well as
CCR model are reviewed in section 2. Fuzzy system, extension principle, fuzzy
number and subsequently FPPS with its properties are introduced in section 3.
The fuzzy CCR (FCCR) model is defined by triangular fuzzy numbers data on
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FPPS in section 4. Finally, two numerical examples for illustration of the model is
considered in section 5 and conclusions are drawn in section 6.

2. Data Envelopment Analysis (DEA)

DEA utilizes a technique of mathematical programming to evaluate n DMUs as:
DMU,,DMU,,..., DMU,.

Let the input and output data for DMU; be X; = (21j,...,Zm;) >7# 0 and ¥; =
(Y1, - Ysj) =>F 0, respectively, [6, 7].

2.1. Production Possibility Set (PPS). We will call a pair of input X € R™
and output Y € R® an activity and express them by the notation (X,Y’). The
set of feasible activities is called the PPS and is denoted by P with the following
properties:

1: The observed activities (X;,Y;) € P, j=1,..,n.

2: If (X,Y) € P, then (¢tX,tY) € P for all ¢t > 0.

3: If (X,Y)€e P, X >X (X input) and Y <Y (Y output), then (X,Y) € P.

4: If (X,Y) e Pand (X',Y') € P, then A X +(1—-N)X'",A\Y +(1-N)Y’') € P for
all A € [0,1](X’ is an input and Y is an output).

We show a set with the above properties as follows [7]:
t n t ot n t
P={XY)| X 2> NX; Y <> NY; A >0,j=1,..,n} (1)
j=1 j=1
2.2. The CCR Model. The CCR model proposed by Charnes et al. [6] is as
follows:

min 6
t n t
s.t QXO > Z)‘jXJ
i=1
t Tu
Yoo < XNY
j=1
N> 0 ji=1,..n (2)

The construction of CCR model require the activity (0Xo,Yy) € P, when the
objective is to seek the min 6 that reduces the input vector X radially to #.Xy while
remaining in P. In CCR model, we are looking for an activity in P that guarantees
at least the output level Yy of DMUj in all components, while reducing the input
vector Xy proportionally (radially) to a value as small as possible.

3. Fuzzy Systems
Let U be a nonempty set. A fuzzy set A in U is characterized by its membership
function pz : t — [0,1] and p4(t) is interpreted as the degree of membership of

element ¢ in fuzzy set A for each t € U. A fuzzy set A is completely determined by
the set of tuples A = {(¢,u4(t)) |t € U}, [5, 10, 27].
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3.1. Extension PNringiple. ~Let U be a cartesian product of universes U = Uy X
Uy x ... x U, and Ay, As, ..., A, be r fuzzy sets in Uy Us, ..., Uy, respectively. f is a
mapping from U to a universe W, w = f(t1,...,t.). Then the extension principle

allows us to define a fuzzy set B in W by:

B={(w,uzw)) | w=f(ts, . tr), (t1,...,t,) €U} (3)
where
{ sup min{p 5 (t1), oz (t)} if f7H(w) #0
ppw) =19 (ttr)€ F71(w)
0 otherwise (4)

f~1is the inverse of f.

Remark 3.1. Let U, Us,...Ur CR and A, Ay, ..., A, be r fuzzy sets in Uy Ua, ..., U,
respectively, so that A; = {(t“,u& (t:)) | t; € U}, for i =1,...,r. Then

R={((t1, . ty), pa(ts, s ty)) | (t1,.certy) € Ur x Uz X ... x Uy} (5)

is a fuzzy relation on A;, A, ..., A, if:
Pty ... ty) = min {ugl(tl),...,pgr(tr)} (6)

3.2. Fuzzy Number. A fuzzy number A is a fuzzy set of the real line with a
normal, (fuzzy) convex and continuous membership function of bounded support.

Remark 3.2. Let A be a fuzzy number. The a—level set of A is the set [A]* as
A = {t € R pug(t) > a}.

Remark 3.3. LetA = (a',a™,a") be a triangular fuzzy number so that a',a™, a”

are the left, the mean and the right values on A, respectively. If y1 ;(t) = a, then

_ aad™ + (1 —a)d if o <t<a™
Tl aa™ 4+ (1—a)a” if a™m<t<a" (7)

3.3. Comparison of Two Fuzzy Numbers. Regarding this property in PPS,
where 7if (X,Y) € P, then (X,Y) € Pif X > X and Y < Y” we need some
ranking function about fuzzy numbers for comparison. It is evident that there
are many different methods for comparison of fuzzy numbers to apply in PPS by
fuzzy data. One of the easiest ranking function that satisfies in PPS properties is
as follows. Adamo [1] used the concept of a—level set to obtain an a—preference
index which is given by

Fo(A;) = maxft [ug (t) > a} (8)
Now we define
Go(Ai) = min{t |z (t) > a} 9)
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for a given threshold « € [0,1] and then use the following ranking method for this
task.

Ai-</fj(:>{ Fo(A3) 1
Ga(4;) (10)

for all « € [0, 1].

4. Fuzzy Production Possibility Set and Fuzzy CCR Model

In this section, we are going to define the FPPS by using Zadeh’s extension
principle in constant return to scale. Also, the FCCR model is introduced in input
oriented.

4.1. FPPS. Let the input and output data for DMU; (j = 1,..,n) are X; =
(Z1j, .. Tmy) and ?J = (91j,-.-»Jsj), respectively, where Z;; (i = 1,..,m) and
grj (r=1,...,8), for j = 1,...,n are m + s fuzzy numbers. We call the set of
feasible activities with fuzzy data FPPS and denote it by P.

We define the FPPS as follows:

P={((X,Y),np(X,Y)) | X € R™Y € R*} (11)
Where
X = (21, e0s@m) , (@i, pz,(z)) €ET,i=1,...;m (12)
Y = (y17"’7ys) ’ (yraujr(yr)) € gr r=1,..,s (13)
and

pp(X,Y)) = max min {tar, (@15), oo by (T )y s, (Y15)s oon bz, (W) }
J

t n t
s.t X > Z)‘ij

such as (X;,Y;) (j = 1,2,...,n) is considered to be activities.
We postulate that the claimed properties of P must be hold for P

Claimed Properties :
1: The observed activities (ij/j) eP, (j=1,2,..,n).

Proof. 1t is sufficient to show that p5(X;,Y;) > 0, for any
((Xja}/j)hu()fj)}a)(XwYV])) € (Xj7)/})7 where Xj = (x1j7$2j7"'7xmj) and
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Y = (Y15, Y255 - Ysj)-
pp(Xg Yy) = maz min {ai, (21k), s i (Tmk)s Ly (Y1k), -0 iy (Ysk)}
¢ n ¢
s.t Xj > Z A Xk
t kil t
Y; < > AYi
-
Me >0, k=1,...,n

pp(X;,Y;) is positive, because (Xj,f/j) is the observed activities and if A\, = 1
(j=k)and A\y =0 (j # k), then A = (A1, ..., A,) is a feasible. O

2: If an activity(X , Y) € P, then the activity (tX,tY) € P for all ¢ > 0.

Proof. 1t is sufficient to show that yu5(tX,tY") >0 forany ((X,Y), 5 (X, Y)) €
(X,Y).

pp(tX,tY)) = maz min {2, (15), s By (T )s iy (U15)s s 1z, (Uss) }
J
t n t
j=1
t n t
tY < 3. NY;
j=1
)\j > 07j = 17...7n
pp(X,Y)) = max min {pa, (21)), e o @mg)s oz, (915)s o0z, (0e) }
! t no, ot
st X > Y NX;
j=1
t no,t
Y < SN
J
A 1,..,n

Proof. 1t is sufficient to show that pp(X,Y) > 0, for any ((X, ),u():(i)()z, Y)) e

(X,Y)
/LP(Xay)) mazr g\ni% {Nmij(zlj)a~-~7fon,j(xmj)a:uyi_;’(ylj)v~-~7Ny§_7‘(ysj)}
! t n t
s.t X Z Z)\ij
=1
2 Jn t
Y < 3 AY
j=
Aj>0,i=1,...,n (15)
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But, regarding (10), for any (X,Y) € supp():(, }:/) there is (X,Y) € supp(X,Y)
such that X > X and Y <Y therefor with 1 5(X,Y) > 0, where

/’[/}S(X) Y)) = maxr §nl>,% {MwL(xlj)77/’('w7~yu(xm])a/j/uij<y1j)77/’['1/;J(y8])}
J

s.t A

’
. J

><:H
Y2
M=

<
I
L
- e
.

A

’
. J

&<

AV
IN
NE

=
L e

(16)

pp(X,Y) > 0, because if A\ = ()\/1, ey )\;L) is one of the feasible solutions of (16),
then A" = (A}, ..., \,) is a feasible solution of (15). O

4: If activities (X , V), (X' ,Y") € P, then (6X+(1—0)X ,0Y +(1-86)Y') e P
for any ¢ € [0,1].

Proof. Tt is sufficient to show that
pp(6X + (1= 86X, 6V + (1 -8)Y') > 0.

pp(6X +(1=8)X 0y +(1-0)Y)) =
maz  min {123, (@15)5 s g (Tmg) s s (W15)s os gy (Ys)

¢ ¢, n t
5.t 0X + (10X > LNX;
j=1
¢ L om ot
5Y 4+ (1-0)Y < SAY,
j=1
/\j > O,j = 1, . n (17)
/”'15(Xa Y)) = max g\ng% {l’éxij(xlj)7"'7/’(’$;Lj(xmj)7/'l/y1j(y1j)7"'7/’Ly;j(y8j)}
J
t n t
j=1
t n t
<Ay,
j=
A 20,5 =1,m

(18)
/‘P(X/vy/)): max /7\m>% {ruxij(wlj)v~~~a“z7%j(xﬂ%j)»/v‘yij(y1j)’"'wuylj(ij)}

t/ n t
Jj=1

t/ n t

Y < SAY,

I
—

>
<.
AV
\'O
S.o
I
—_
S
—~
[—
e
~—
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t t

t n t t n t
Let X > > 0X; Y< 3 AY;, and X > Z/\ XJ , Y < Z,\ Y],then
j=1 Jj=1 j=1 Jj=

t n
SX +(1-68)X Z((S)\—i- )\)X
similarly, . t e
§Y +(1=08)Y <D (6) + (1 =8)N))Y;

j=1

Aj+X; >0 if and only if 6A; + (1 — 5))\;- > 0. Hence, for any feasible \' = (A}, ..., \,,)
and A = (A1,..., A,) from (18) and (19) then 6A; + (1 — 5))\; is a feasible A on (17),
hence the proof is completed. O

4.2. Fuzzy CCR Model (FCCR). Let us consider the DMUy. In CCR model
with fuzzy data, the objective function seeks the minimum value of 8 when the
activity (0X,,Y) is belong to P.

While (Xo, 15, (Xo0)) € X, any input vector Xy reduces radially to 6Xo. Hence
FCCR model proposes the following model:

max min [
(Xo,Yo) s.t ,uﬁ,(eXo,Yo) >0 (20)
But
np(0Xo, Yo) > 0
s.t 0Xy > f‘, Aj}éj
t ]Tll t
Yo < >N Y
j=1
PO 0 o
ji=1,..,n (X;,Y;) € supp(X;,Y;) (21)
and FCCR can be extended as follows:
0" = mazx min /]
(%o, Yo) st 0Xo > SAX;
t ]T'Ll t
Yo = > AjY;
j=1
N> o o
i=1,...,n (X;,Y;) € supp(X;,Yy) (22)

We introduce the following LP model for triangular fuzzy data:

min 7
t n ¢
s.t 0Xy > ‘Z Aj X
j=1
OX5" > X NX]
j=1
L. n t
0Xy > XA XT
=1
¢ n ¢
Yy < Y
j=1
n t
YJ" S z A] ij
i=1
t n t
g < > A Y]
j=1
0< Xj
j=1,..,n (23)
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l m T l m T (5 —
where X3, X7, X7, Y/, Y/ and Y (j = 1,...,n) are the left, the mean and the

right values of triangular fuzzy numbers X ; and ffj, respectively.

Theorem 4.1. 0* is an optimal solution of model (23), if and only if 0* is an
optimal solution of model (22).

Proof. If 6* is an optimal solution of model (22), then it is evident that 6* is a
feasible solution of model (23). Hence, it is sufficient to show that the optimal
solution of model (23) is a feasible solution of model (22).

Let, A\j(j = 1,...,n) and #* be the optimal solution of (23). For any (Xo,Yp)
supp(Xo,Yp) so that Xo = (710, ..., Zmo) € [X§, X5] and Yo = (Y10, -+, ¥s0)
[Y¢, Y]] we can consider:

S
S

! rm ¢ T
XO = (xllov"'vilmo)a XO = (:E%,...,Iﬁo), XO = (1‘71"07"'71':;7,0)&

t t t t t t
A Xg =TXP + (I, — D)X} or Xo=TX§" + (I, — D)X}

so that
1 0 0 1 0 0
0 e 0 0 1 0
= . . 5 Im -
0 0
0 O Ym 0 0 1
vi € (0,1] fori=1,...m MXO(XO):min{'yl,...,fym}
also,
! l l tm t 7
YO = (yl(]ﬂ ~~~,y50), YO = (y?(lh "'7yg(l))v YO = (yIm "'7y§0)7
t t t t t t
AN Yo = AY]" + (I — A)Yol or Yo=AY]" + (I, — A)Y]
so that
01 O .0 1 0 0
0 6 ... O 0 1 0
A= . . . 3 Is - .
: : 0 B 0
0 0 ... & 0 0 1

or € (0,1] forr=1,....,s MYO(YO) = min{dy,...,ds}
hence, pp(Xo,Yo) =min{v1,...,¥m,01,...,05} > 0.

Let
t t

t t t t
Xo=TX + (I, ~D)X} , Yo=AY + (I, — A)Y,



Efficiency in Fuzzy Production Possibility Set 25

Since
t n t t n t
G*Xé > ZAjX]l- , Xg > Z)\jX;—”
=1 =1
t Zz t t 31 t
Vi< Y ANY L < Y
j=1 j=1
then
* 2Sm 1 - 2Sm tl
0" (CXG" + (I = T)X() = > XX + (I, —T)X))
j=1
Similarly,
t t n t t
(AYG" + (I, = A)YF) < Y N (AY]" + (I, — A)Y))
j=1

Now, it is sufficient to show that:

t t t t .
(CX* + (Im — D) XL AY" + (I, — A)Y]) € supp(X;,Y;) , j=1,...n.

Since
t

t
53 (X7 + (Im — F)le») =min{y1,...,Ym}

and
t

¢
py, (AY]" + (I — A)le) = min{d1,...,0m}
hence,
pp(X;,Y;) =min{y,...,vm,01,...,65} >0
(]

The FCCR model (23) with crisp data and CCR model with exact data are the
same. Moreover, the model (23) is feasible and the optimal value is 0 < * < 1.

5. Examples
Here we present two examples to illustrate the proposed method.

Example 5.1. A simple example with fuzzy single input and single output was
introduced by Guo and Tanaka [11]. G.R. Jahanshahloo et al. [14] considered this
example for their method. We will consider this example with its data listed in
Table 1.

In the method proposed by Guo et al. the fuzzy efficiencies of DMUs are triangular
fuzzy numbers such as, (0 — &, 6,0 +n) where 0 is mean and § — £ and 6 + ) are the
left and right values, respectively. In their paper a DMU is called as an efficient
DMU if £ + 71 > 1. The obtained results with the Guo et al. method are listed in
Table 2 where the ranking of these DMUs isas B> D >C > A > E.

For DMU, Jahanshahloo et al. defined fuzzy profit as (§ — ®,6,6 + ¥), and
DMU, is named a fuzzy efficient (very efficient) if |8] < €2 (0 = 0) where &3 is
user-specified as an acceptable tolerance. The results obtained by the method of
Jahanshahloo et. al are listed in Table 3 where the ranking of these DMUs is as
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DMUs | input(left,mean,right) | output(left, mean, right)
A (1.5,2,2.5) (0.7,1,1.3)
B (2.5,3,3.5) (2.3,3,3.7)
C (2.4,3,3.6) (1.6,2,2.4)
D (4,5,6) (3,4,5)
E (4.5,5,5.5) (1.8,2,2.2)

TABLE 1. The Triangular Fuzzy Numbers of Single

Input-Single Output

[e3

A
(6,¢,n)

B e}
(6,€,n) (6, & n)

D
(6,€,m)

E
(6,¢&,m)

0 (0.21, 0.47, 0.35)

(0.32,0.95,0.45)

(0.21,0.63, 0.32)

(0.28,0.76, 0.43)

(0.07, 0.38, 0.08)

0.5 (0.12,0.49,0.15) (0.18,0.97,0.21) (0.12,0.65,0.14)  (0.16,0.78,0.19)  (0.04,0.39,0.04)
0.75  (0.06,0.49,0.07)  (0.09,0.98,0.10) (0.06,0.66,0.07) (0.08,0.79,0.09) (0.02,0.39,0.02)
1 (0.0,0.5,0.0) (0.0, 1.0, 0.0) (0.0, 0.67, 0.0) (0.0, 0.8,0.0) (0.0, 0.4,0.0)
TABLE 2. Guo et al. Results
A B C D E
# —-045 0.0 —-0.31 —-0.20 -0.55

TABLE 3. Jahanshahloo et al. Results

A B C D E
6 0.5856 1.0 0.7246 0.8446 0.498

TABLE 4. Results of Proposed Model(FCCR)

B>D>C>A>E. If we use our proposed model (FCCR) for these DMUs,
Table 4 shows the relative efficiency of all DMUs where the ranking of these DMUs
isas B> D > C > A > E. For instance, FCCR model for DMU, is reduced to
the following model:

min 6
st 1.5 > 15X\ 4+ 25X + 24X3 + 4Ny + 4.5X5
2 > 20 4+ 3\ + 3h 4 5\ +  BAs
2.50 > 25X\ + 35X + 3.6A3 + 6Xs + 5.5)As
0.7 < 070 + 23X 4+ 1.6A3 + 3Xs + 1.8X;
1 < 1\ 4+ 3 +  2)3 + 4Ny + 25
1.3 < 13\ + 37X + 24X3 + 5By + 2.2X5
0 < A Ag, A3, A4, A5

Example 5.2. We evaluate 27 branches of Tehran Social Security Insurance Or-
ganization in this section. Each branch has three inputs in order to produce three
outputs. The labels of inputs and outputs are presented in the table below.

The total triangular Fuzzy date can be seen in Tables 6, 7. "L” is considered as
left number, "M” as middle number ,”U” as right number. We execute the model
FCCR on the 27 DMUs and show it in Table 8.
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Input

Output

—

The number of personals
The total number of computers
The area of the branch

The total number of insured persons
The number of insured persons’agreements
The total number of life-pension receivers

TABLE 5. The Labels of Inputs and Outputs

(L11’M117UI1) (LIQ’M127UIZ) (L137M137U13)
DMU1 (59153.05,73504.25,86523) (84,86,87) (3998.34,4000,4000)
DMU?2 (36216,36582.75,37112) (88,89.78,92) (2565,2565,2565)
DMU3 (24566,25002.25,25369) (85,87,89) (1343,1344,1345)
DMU4 | (36078,36684.75,37722) (93,94,96) (1499.7,1500,1500)
DMUb (34734,36834.5,39445) (83,83.44,87) (1680,1681,1682)
DMUG (58344,62611.63,73005) (97,97,97) (3748,3750,3750)
DMUT | (38849.02,41572.77,42573.02) (90,90.67,92) (3312.78,3313,3313)
DMUS (51410,55949.63,63341) (92,92,92) (1500,1500,1500)
DMU9 (91930,95522.75,100220) (84,89.56,92) (1600,1601,1603.33)
DMU10 (52695,59080.63,61767) (95,95.22,97) (1725,1725,1725)
DMU11 (35985,40736.12,54521) (78,78.33,79) (1919.78,1920,1920)
DMU12 (26687,27300.63,27712) (89,89.67,91) (4430,4430,4430)
DMU13 (61716,63295,65026) (103,106.33,111) (2500,2500,2500)
DMU14 (93116,94969,96821) (92,93,95) (2800,2801,2802)
DMU15 (44305,50062,52856) (92,93.44,95) (1628.67,1630,1632)
DMU16 (41418,45926.25,48429) (85,85,85) (1127,1127,1127)
DMU17 (81588,82202.5,82923) (104,104,104) (3399,3400,3400)
DMU18 (72553,88782.5,98678) (91,92.33,95) (1304,1304,1304)
DMU19 (84905,87247.25,898844) (95,96.11,98) (4206,4206,4206)
DMU?20 (26927,33196.5,37990) (100,100.44,101) (1340,1340,1343)
DMU21 | (27744,28402.75,29058) (88,89.33,90) | (1392.78,1393,1393)
DMU?22 | (107513,122897.88,129100) | (120,121.89,123) (2191,2191,2191)
DMU?23 |  (27704,32587.75,35194) (100,100,100) | (2140,2140,2142.25)
DMU24 | (60140,60866.38,61760) (91,92,93) (1231,1231,1231)
DMU25 | (83940,86429.88,88038) (90,91,92) (1960,1960,1960)
DMU?26 (58765,66803.13,69733) (87,93.56,98) (1603,1603,1603)
DMU27 | (39142,40156.13,40860) (81,82.33,86) | (2300,2300,2300)

TABLE 6. The Triangular Fuzzy Inputs for 27 Branches

of Insurance Organization

Table 8 shows the relative efficiency of all DMUs. In this table 8* € (0,1] is
the value of relative efficiency and the greater, the better. If 6* = 1, then the
corresponding DMU is efficient and if 8* < 1, then the DMU is inefficient. It
means that 1 — 60* percentage of input in DMU can be reduced and the lesser, the
worse because to produce output, input needs to have more potential and this is
the concept of inefficiency. For instance, the DMU; 6* is 0.8318, which means the
mentioned DMU to produce the needed output has to reduce 17 percent of its input.
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(LOI?MOI7UOI) (L027M027U02) (LO?,:MOSaUOs)
DMU1 (55830,57029.56,58487) (30,40.89,58) (1117,1269,1350)
DMU2 (36740,36872,37110) (5,18.56,35) (8385,8543.33,8776)
DMU3 (38004738680739449) (11,20.22732) (6588,6594.78,6603)
DMU4 (35469,35933,36651) (10,32.44,59) (8083,10516.56,10821)
DMU5 (52927,54457.78,56082) (9,30.11,44) (9493,9684.67,9955)
DMUG6 (70253.89772277778573.89) (1,11.78719) (7536,8022,8752)
DMUT7T (32585,36625,39539) (47,101.22,129) (13121,14513.33,15264)
DMUS8 (42900,46360.33,50028) (11,17.11,27) (1563,1622.56,1661)
DMU9 (84531786063.33,87858) (43,71.447111) (10206,10645,11080)
DMU10 (46924747242.11,47800) (9,26.22,36) (6608,6824.33,7472)
DMU11 (31554,38977.78,44298) (81,184.11,242) (11996,12226,12582)
DMU12 (27169738214.89,39620) (11,21.78731) (7422,7561.78,7731)
DMU13 (56144758340.44,60545) (30,45.22,77) (7380,7584,7936)
DMU14 (80425,88472,91461) (28,40,66) (630,661,707)
DMU15 (50210,50499750728) (6,14.33,24) (10247,10264.11,10293)
DMU16 (40166747907.22749855) (15,25,37) (7302,7491.56,7786)
DMU17 (52923,59579,82222) (14,19.89,29) (4740,4952.8,5205)
DMU18 (77340783075.11,89111) (13,23.44733) (4745,4917,5151)
DMU19 (46154751026.56,86330) (13,17.56,25) (825,1528.33,1636)
DMU?20 (27978,29658.11,33038) (23,77.33,325) (14473,14766.33,15125)
DMU21 (27128727735728297) (0.1,19.22,36) (921,940.67,973)
DMU?22 (102175,102855,103641) (31,47.56,77) (252,2510.44,3577)
DMU23 (31819,34063.67,36205) (12,23.11,32) (1963,2110.89,2257)
DMU24 (51345753731.33,56514) (35,63.33773) (10157,10219.56,10344)
DMU25 (72915,75776,85431) (40,53.89,96) (4193,4480.33,4705)
DMU?26 (71743,72552.67,74218) (50,75.89,96) (8762,12091.22,13015)
DMU27 (38054738630.78,39065) (13,24489739) (1405,1460.56,1516)

TABLE 7. The Triangular Fuzzy Outputs for 27 Branches of

Insurance Organization

DMU, | DMUy | DMUs | DMUs | DMUs | DMUs | DMU; | DMUsg
0" | 0.8318 0.8180 1.0000 0.8877 1.0000 1.0000 1.0000 0.7485
DMUy | DMUyo | DMU11 | DMUy2 | DMU13 | DMUs | DMU15 | DMUse
6" | 1.0000 0.6963 1.0000 0.9875 0.8158 1.0000 0.9206 1.0000
DMU17 | DMUs | DMUyg | DMUz | DMU>1 | DMUz2 | DMU>3 | DMU24
0* | 1.0000 0.7978 0.9597 1.0000 0.6816 0.9664 0.8251 1.0000
DMUss | DMUzs | DMU27
0" | 1.0000 1.0000 0.7451

TABLE 8. The Efficiency for 27 Branches of Insurance Organization

It means that DMU; uses 83 percent of the input. Regarding this table, DMU;
fori=3,5,6,7,9,11,14,16, 17,20, 24, 25, 26 are relative efficient and the others are
inefficient.
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6. Conclusions

In the real world, there are many problems which have fuzzy parameters such
as DEA models for evaluating the relative efficiency of a set of DMUs by fuzzy
data. Since the DEA models basically proposed by PPS, in this paper, the PPS
with crisp data is extended to the FPPS by extension principle in constant return
to scale with its properties, and subsequently the fuzzy CCR model on this FPPS
were introduced so that it satisfies in the initial concepts with crisp data. In other
methods the crisp model in DEA was considered with fuzzy parameters and the
solution was a fuzzy number. But there was not any guaranty to the efficiency of the
branch mark, non-negativity of efficiency and relative efficiency. One of the most
important advantages of this work is constructing the FCCR, by fuzzy principle in
FPPS. We hope that the other topics of DEA with fuzzy data be used through
using FPPS.

REFERENCES

[1] J. M. Adamo, Fuzzy decision trees, Fuzzy Sets and Systems, 4 (1980), 207-219.

[2] T. Allahviranloo, F. Hosseinzadeh Lotfi, L. Alizadeh and N. Kiani, Degenercy in fuzzy linear
programming problems, In Journal of the Journal of Fuzzy Mathematics (International Fuzzy
Mathematics Institute), 17(2) (2009).

[3] J. F. Baldwin and N. C. F. Guild, Comparison of fuzzy sets on the same decision space,
Fuzzy Sets and Systems, 2 (1979), 213-233.

[4] R. D. Banker, A. Charnes and W. W. Cooper, Some models for estimating teachnical and
scale efficiencies in data envelopment analysis, Manage. Sci., 30 (1984), 1078-1092.

[5] R. E. Bellman and L. A. Zadeh, Decision-making in a fuzzy environment, Management Sci.,
17 (1970), 141-164.

[6] A. Charnes, W. W. Cooper and E. Rhodes, Measuring the efficiency of decision making
units, Europian Journal of Operation Research, 2 (1978), 429-444.

[7] W. W. Cooper, L. M. Sieford and K. Tone, Data envelopment analysis: a comprehensive text
with models, applications, References and DEA Solver Software, Kluwer Academic Publishers,
2000.

[8] W. W. Cooper, K. S. Park and J. T. Pastor, RAM: a range adjusted measure of inefficiency
for use with additive models, and relations to other models and measures in DEA, J. Product.
Anal., 11 (1999), 5-24.

[9] M. J. Farrell, The measurement of productive efficiency, Journal of the Royal Statistical
Society A, 120 (1957), 253-281.

[10] R. Fuller, Neural fuzzy systems, Donner Visiting Professor Abo Akademi University, ISBN
951-650-624-0, ISSN 0358-5654, Abo, 1995.

[11] P. Guo and H. Tanaka, Fuzzy DEA: a perceptual evaluation method, Fuzzy Sets and Systems,
119 (2001), 149-160.

[12] P. Guo, Fuzzy data envelopment analysis and its aplication to location problems, Information
Sciences, 176(6,1) (2009), 820-829.

[13] F. Hosseinzadeh Lotfi, T. Allahviranloo, M. Alimardani Jondabeh and L. Alizadeh, Solving
a full fuzzy linear programming using lexicography method and fuzzy approximate solution,
Applied Mathematical Modelling, 33(7) (2009), 3151-3156.

[14] G. R. Jahanshahloo, M. Soleimani-Damaneh and E. Nasrabadi, Measure of efficiency in DEA
with fuzzy input-output levels: a methodology for assessing, ranking and imposing of weights
restrictions, Applied Mathematics and Computation, 156 (2004), 175-187.

[15] N. Javadian, Y. Maali and N. Mahdavi-Amiri, Fuzzy linear programing with grades of satis-
faction in constraints, Iranian Journal of Fuzzy Systems, 6(3) (2009), 17-35.



30

[16]
(17)
(18]
(19]
20]
21]

(22]

23]
24]

[25]

[26]

T. Allahviranloo, F. Hosseinzadeh Lotfi and M. Adabitabar Firozja

C. Kao and Shiang-Tai Liu, Fuzzy efficiency measures in data envelopment analysis, Fuzzy
Sets and Systems, 113 (2000), 427-437.

C. Kao and S. T. Liu, A mathematical programming approach to fuzzy efficiency ranking,
Internat. J. Production Econom, 86 (2003), 45-154.

S. Lertworasirikul, S. C. Fang, J. A. Joines and H. L. W. Nuttle, Fuzzy data envelopment
analysis(DEA ):a possibility approach, Fuzzy Sets and Systems, 139 (2003), 379-394.

T. Leon, V. Lierm, J. L. Ruiz and I. Sirvent, A fuzzy mathematical programing approach to
the assessment efficiency with DEA models, Fuzzy Sets and Systems, 139 (2003), 407-419.
S. Lertworasirikul, S. C. Fang, J. A. Joines and H. L. W. Nuttle, Fuzzy data envelopment
analysis(DEA): a possibility aporoach, Fuzzy Sets and Systems, 139(2) (2003), 379-394.

S. T. Liu and M. Chuang, Fuzzy efficiency measures in fuzzy DEA/AR with application to
university libraries, Expert Systems with Applications, 36(2) (2009), 1105-1113.

S. Ramezanzadeh, M. Memariani and S. Saati, data envelopment analisis with fuzzy random
inputs and outputs: a chance- constrained programing approach, Iranian Journal of Fuzzy
Systems, 2(2) (2005), 21-29.

M. R. Safi, H. R. Maleki and E. Zaecimazad, A note on the zimmermann method for solving
fuzzy linear programing problems, Iranian Journal of Fuzzy Systems, 4(2) (2007), 31-45.

Y. M. Wang, R. Greatbanks and J. B. Yang, Interval efficiency assessment using data en-
velopment analysis, Fuzzy Sets and Systems, 153 (2005), 347-370.

Y. M. Wang, Y. Luo and L. Liang, Fuzzy data envelopment analysis based upon fuzzy arith-
metic with an aplication to performance assessment of manufacturing enterprises, Expert
Systems with Applications, 363 (2009), 5205-5211.

M. Wen and H. Li, Fuzzy data envelopment analysis(DEA): model and ranking method,
Journal of Computational and Applied Mathematics, 223(2,15) (2009), 872-878.

[27] H. J. Zimmermann, Fuzzy set theory and its applications, Second ed., Kluwer-Nijhoff, Boston,

1991.

T. ALLAHVIRANLOO*, DEPARTMENT OF MATHEMATICS, SCIENCE AND RESEARCH BRANCH, Is-

LAMIC AZAD UNIVERSITY, TEHRAN, IRAN

E-mail address: tofigh@allahviranloo.com

F. HOSSEINZADEH LOTFI, DEPARTMENT OF MATHEMATICS, SCIENCE AND RESEARCH BRANCH,

IsLaMIC AzZAD UNIVERSITY, TEHRAN, IRAN

E-mail address: hosseinzadeh_lotfi@yahoo.com

M. ADABITABARFIROZJA, DEPARTMENT OF MATHEMATICS, QAEMSHAR BRANCH, ISLAMIC AZAD

UNIVERSITY, QAEMSHAHR, IRAN

E-mail address: mohamadsadega@yahoo.com

*CORRESPONDING AUTHOR



