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ON CONVERGENCE THEOREMS FOR FUZZY HENSTOCK
INTEGRALS

B. M. UZZAL AFSAN

ABSTRACT. The main purpose of this paper is to establish different types of
convergence theorems for fuzzy Henstock integrable functions, introduced by
Wu and Gong [12]. In fact, we have proved fuzzy uniform convergence theorem,
convergence theorem for fuzzy uniform Henstock integrable functions and fuzzy
monotone convergence theorem. Finally, a necessary and sufficient condition
under which the point-wise limit of a sequence of fuzzy Henstock integrable
functions is fuzzy Henstock integrable has been established.

1. Introduction

The concept of Henstock integration (=gauge integration) for real-valued func-
tions was introduced by Henstock [8] and Kurzweil [9] independently and is con-
sidered as one of the powerful integration theory in modern days. It not only
generalizes the concepts of Riemann integration as well as Lebesgue integration
but also is equivalent to the Denjoy integration and Perron integration of real val-
ued functions. In addition, this integration theory satisfies most of the desired
properties of integral.

Because of growing importance, generalization of such concept in fuzzy setting
is almost inevitable; in fact, in 2001, the concept of Henstock integral was fuzzyfied
by Wu and Gong [12]. Some recent works related to fuzzy Henstock integrals
are found in literature in the form of published papers of Bongiorno and Piazza
[2], Gong and Wang [6] and Musial [11]. As convergence theory is one of the
fundamental concepts in measure theory and has various applications in integration
theory as well, we are tempted to establish some convergence theorems for the fuzzy
Henstock integrable functions. In fact, we have proved fuzzy uniform convergence
theorem, convergence theorem for fuzzy uniform Henstock integrable functions and
fuzzy monotone convergence theorem. At the end, we have given a necessary and
sufficient condition under which the point-wise limit of a sequence of fuzzy Henstock
integrable functions is fuzzy Henstock integrable.

It is to be mentioned that, if {¢x} is a sequence of fuzzy Henstock integrable
functions on [a, b] which pointwise converges to 1 : [a,b] — E' in the metric space
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lim(H /wk— /w.

is not true in general (see Example 3.1).

(E', p), then

2. Preliminaries

Throughout this paper, symbols R, R and N stand for the real line (with usual
topology), the set of all positive real numbers and the set of all positive integers
respectively. For any two given sets A and B, B4 denotes the set of all mappings
with domain A and codomain B.

Definition 2.1. A mapping « € [0, 1]® is called fuzzy number if

(i) « is normal, i.e. a(r) =1 for some r € R,

(ii) « is convex, i.e. a(Ary + (1 — A)rg) > min{a(ry), a(re)} for all 1,72 € R and
A €[0,1],

(iil) « is semi-continuous, i.e. for every A € [0,1], the set {x € R : a(x) > A} is
closed,

(iv) cl([a]®) = cl({z € R : a(x) > 0}) is compact, where cl(A) is the closure of
ACR.

The set of all fuzzy numbers is denoted by E?!.

Let o € E'. Then Wu and Ming [13] showed that for each X € (0,1], [a]* = {z €
R : a(r) > A} is a closed and bounded interval and [a]! # ). For each X € (0,1],
let [a]* = [, a3].

Goetschel and Voxman [3] established the following lemma.

Lemma 2.2. [3] Let a1,a9 € RI%U be two mapping sending each A € [0,1] to
a1(A\) = a3 and az(N) = ay respectively with the properties:

(i) a1 is a bounded increasing function,

(ii) g is a bounded decreasing function,

(iii) a1(1) < as(1) and

(iv) a1 and ay are both left continuous on (0,1] and right continuous at 0.

Then there exists a unique fuzzy number o € E' such that [a]* = [a3, 3] for each
A€ 0,1].

Let Q@ = {a = [g,a] : g,a € R,a < a} be the family of all bounded closed
intervals. Let a,b € 2. We define
(i) a=10bif and only if a = b,a

(ii) a < b if and only if a < b, agE,

(iii) @ +b = [a,a] + [b,b] = [a + b,a + b],
(iv) a.b={st: s € a,t € b},
(
(

a.
v) a.b = min{a.b,a.b,a.b,a.b},

vi) a.b = max{a.b,a.b,a.b,a.b}.
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Here we observe that “<” is a partial order in {2 and the mapping p: 2 xQ — R
defined by p(a,b) = max{| a —b |,| a — b |} for all a,b € Q is a metric (called
Hausdorff metric) on €.

Now it is easy to verify that the mapping p : E* x E! — R defined by p(a, 3) =
sup{p([a]*, [8]*) : A € [0,1]} for all a, B € E' is a metric on E*.

The results of the following theorem have been used frequently in this paper.

Theorem 2.3. [7, 10, 13] (i) (E*, p) is a complete metric space.

(ii) plac+7,8+7) = pla, B) for all a, B, € BV,

(iii) p(Aa, \B) =| A | p(er, B) for all o, B € E* and X € R.

() pla+,B8+n) < ple, B) + p(y,n) for all o, B,7,n € E*.

(v) pla+ B,0) < pla, ) + p(B,0) for all o, B € E' and 6 is the characteristic
function of zero.

(vi) plac+ B,7) < pla,y) + 4(3,0) for all a, B,y € EV.

(vii) If o, B,y € B, pla, B) < pla, ) and p(8,7) < pla,7).

Definition 2.4. [8] A tagged partition of [a, b] consist of a partition $ = {zo, z1, 72, ...,
Tio1,Tiy .y Tn}, Where a = 29 < 71 < T2 < ... < Ti—1 < Tjy... < Tp, = b of [a,]
and £ = {&; : i =1,2,...,n}, where & € [x;_1,2;],4 = 1,2,...,n and it is denoted by
(2,5) Also let g; = fz — gifl,i = ].,2, ey N

Let § € R[f:’b], Y = {xo, 21, %2y ey Tim1, Tiy ooy T} C [a,b] and € = {& @ =
1,2,...,n}, where & € [z;_1,;] for each i = 1,2,...,n.
(i) The pair (X,€) is called a d-fine division of [a,b] if a = g < &1 < T2 < ... <
Tic1 < Tjyooo < Tp = b and [l'i—laxi} C (fl — 5(51),52 + 5(51))
(ii) The pair (X, €) is called a d-fine subdivision of [a,b] if a < zg <21 <9 < ... <
Tiiq1 < Xy, ... <2y < band [mi,l,xi} C (fl - (5(&),& + (S(fz))

Now we recall the definition of Henstock integral [8] for a function 1 € RI*Y.

Definition 2.5. [8] A mapping ¢ € RI*? is called Henstock integrable on [a, b] with
real value [ if for each € > 0, there existsa d € R[f:’b] such that | Y"1, ¥(&)oi—1|< e
for every d-fine division (X, &) of [a, b].

Any function ¢ € B s called a fuzzy function defined on [a,b]. Wu and

Gong introduced the notion of fuzzy Henstock integral of fuzzy function defined on
a closed interval [a, b].

Definition 2.6. A fuzzy function ¢ defined on [a, ] is called fuzzy Henstock inte-
grable [12] on [a,b] with value o € E! if for each € > 0, there exists a § € Rf’b]

such that p(>°1, ¥(&)0s, ) < € for every d-fine division (X, &) of [a, b].

(H)/abw:a

(H) Y=a

[a,b]

In symbol, we write

or
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if it exists. Here « is called Henstock integral value of ¥ on [a,b]. The set of all
fuzzy Henstock integrable fuzzy functions defined on [a, b] is denoted by F'H]la,b].

Wu and Gong [12] have achieved the following basic results of fuzzy Henstock
integrable function.

Theorem 2.7. [12] Let 1,11, € B Then

(i) If (H) f;qﬁ exists, then its value is unique.

(i) ¢ € FHla,b] if and only if for each € > 0, there exists a § € R[ﬁ’b] such that
all §-fine divisions (X,&) and (X',&") of [a,b] satisfy

PO (&)oY b(E)or) < e
=1 =1

(tii) If Y1, 12 € FHla,b], then

(H )/(¢1+¢2 /%Jr /1/12
(iv) If ¥ € FHla,b], then
o [ w2 [
for any A € R.

(v) If v» € FHla,b] and [c,d] C [a,b], then ¢ € FH|c,d].
(vi) If ¢ € [a,b], ¥ € FHa,c|] and ¢ € FH|c,b], then ¢ € FHla,b] with

/w >/a w+<H)/cdw.

(vii) If 1 = 0 almost everywhere on [a,b], then

H)/abw—e.

(viii) If 1 = ¢ almost everywhere on [a,b], then

H)/:w—<H>/;¢.

Let p be a real constant, i.e. g € R. Then define 1 : R — [0,1] by
|1 ifz=p
u(x)—{ 0 ife#p
Clearly, u € E*. Thus a real number can be viewed as a fuzzy number in this way.

For a, 8 € E', we define the relation “a < 37 if and only if a(x) < B(x) for all
z € R.

Zhang Guang-Quan [7] introduced the concepts of bounds of a set of fuzzy num-
bers.
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Definition 2.8. [7] A fuzzy number ag € E? is called the least upper bound (or
suprimum) of A C B if

(i) @ < ap for all & € A (i.e. « is an upper bound of A) and

(ii) for any € > 0, there exists at least one 8 € A such that oy < 5+ €. We write
agp = sup A.

Similarly, the greatest lower bound (or infimum) [7] of A C E' has been defined
and is denoted by inf A.

A sequence {az}, o € E! is said to be monotonically increasing (resp. monotoni-
cally decreasing) [7] if a < agq1 (resp. agy1 < i) for all k € N.

Zhang Guang-Quan [7] established the following simple but important theorem.

Theorem 2.9. [7] Every monotonically increasing (resp. monotonically decreas-
ing) sequence {ay}, ar € EY with an upper bound (resp. a lower bound) converges
to sup{ay, : k € N} (resp. inf{ay : k € N}) in the metric space (E*, p).

3. Convergence Theorems

Let {¢x} be a sequence of fuzzy Henstock integrable functions in ENY that

fuzzy converges to the fuzzy function v € E' 50 the metric space (E1,p). Tt is
quite natural to expect that ¢ € FHJa,b] and

i) [ " = tim(H) / .

But the following example shows that this is not true in general.
Example 3.1. For each k € N, let A; = (0, 1) and define ¢y, : [0,1] — E' by

. A ifte A,
W”—{ 0 iftg Ay

where \ € E' is defined by

0 ifz#1.
Now consider for each k € N, ¢, = k - ¢.. Since each ¢y, is a step function having
only two discontinuities 0 and %, clearly ¢ € FH|[0,1] and so by Theorem 2.7, for
each k € N, ¢y, € FH|0,1]. Now by Theorem 2.7,

A(x)_{ 1 ifz=1

i | wk=<H>/o wk+<H>/iwk

:k-(H)/jmw:k.(H)/fA.

Using Riemann type sum, it is easy to verify that
1

* 1
/k)\:A-f.
0 k
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/1/1k—/\

Now consider the fuzzy function v : [0,1] — E! defined by
P(t) =0

for all ¢t € [0,1]. Then {t} fuzzy converges to the fuzzy function ¢ € pile
metric space (E!, p) and by (vii) of Theorem 2.7,

H)/Olwze.
) (vt [

The main purpose of this paper is to establish some sufficient conditions such

So

) in the

Thus

that the limit ¢ € e of o sequence {¢y} of fuzzy Henstock integrable functions
in £'" is fuzzy Henstock integrable on [a,b] and

H%Ulmmfw

Definition 3.2. A sequence {9} in EY s said to be fuzzy uniformly con-

verge to ¢ € gt on [a,b] if for each € > 0, there exists a kg € N such that
p (Vi (), ¥(x)) < e for all k > ko and for all z € [a,b].

Theorem 3.3. (Fuzzy uniform convergence theorem). Let {1y} be a sequence of

fuzzy Henstock integrable functions in prlet)

fuzzy function ¢ € B Then
(i) ¥ is Henstock integrable on [a,b] and

(i) b b
m/wﬁmm/m.

Proof. First we shall show that {(H f Y} is a Cauchy sequence in (E!,p). Let
e > 0. Since for each k € N, there exists a 0y € R[ " such that

(Zwk (&) ( / wk>

for every dy-fine division (X, €) of [a, b]. Again since {1} } in B!
converges to ¥ € El[a’b], there exists a kg € N such that

P (k(E), (&) < =

3(b—a)
for all kK > kg and for alli =1,2,...,n

that fuzzy uniformly converges to the

w\m

[a,b]

fuzzy uniformly
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So, for all k,1 > ko, taking an arbitrary partition (X,£) simultaneously - and
0;-fine, we have

() /abwk,(H)/abwz)

n b n n n b
<p <Z oo, () | m) +h <Z wk(&)m,Zwl(si)m> ) (Z (&), (1) [ wz>
=1 a =1 =1 i=1 a

< Z ¢k gz s gl))o'z + 5
i=1

“Fm(b*a)+*25

Thus {(H f ¥} is a Cauchy sequence in (E1 A)
Since by Theorem 2.3, (E', p) is complete, { f; ¥y} converges in the metric

space (E', ). Suppose ,
lim(H)/ Y = a.
a

Let € > 0 be given. By the condition of the theorem there exists a kg € N such
that

<

wl o w\m

3

p(Wr(z),¥(x)) < m

for all k > ko and for all = € [a,b]. Now for any tagged partition (X, &) of [a, b] and
k > ko, by Theorem 2.3, we get

p (Z Ui (&), Zw(&-)al) <> oip (V&) (&)
i=1 i=1 i=1
(=) 305 (6. V() < 3.
Now since lim(H) fj Y = a, there exists a p(> ko) € N such that

ﬁ((H)/abwp,a) <

Since (H) f: Y, exists, there exists a 6, € Ry such that every §,-fine division
(3,€) of [a,b] satisfies

w| M

n b
5 <pr<si)ai,<ﬂ) / w) <

i=1

w| ™

Thus

(Z 51 017a>
- n n n b b
<p (Z«b(&)mZ%(&)m) +p (pr(fi)oi,(m/ w) +p ((H)/ wp,a) <e
i=1 i=1 i=1 a a

for every d,-fine division (3,§) of [a, b].
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Hence (H) ff 1 exists and

i [v=a .

Definition 3.4. A sequence {} of fu;zy Henstock integrable functions in prlet

is called fuzzy uniform Henstock integrable on [a, 8] if for each ¢ > 0, there exists a
0 e Rg‘f’b] such that every d-fine division (X, &) of [a, b] satisfies

n b
p (Zl/)k(fi)ai,(H)/ 1/1k> <e
for all k € N. =1 ‘

Z. Gong and Y. Shao [5] proved a convergence theorem (see Theorem 5.1 of
[5]) for the strongly fuzzy Henstock integral [4] which showed that the controlled
convergence [5] of a sequence of strongly fuzzy Henstock integrable functions implies
the equi-integrability [5] of a subsequence of the sequence. In the next theorem, we
shall prove a convergence theorem for fuzzy uniform Henstock integrable functions
following the argument used in Theorem 5.1 of [5].

Theorem 3.5. (Convergence theorem for fuzzy uniform Henstock integrable func-
tions). Let {wr} be a fuzzy uniform Henstock integrable sequence of fuzzy Henstock
integrable functions in B g Y € B pe such that for each x € [a,b],

{Yr(z)} converges to (x) in the metric space (El[a’b},ﬁ). Then
(i) 4 is Henstock integrable on [a,b] and

(ii) b b
(H) / ¥ = lim(H) / i

Proof. Let € > 0 be given. Since {¢y} is a fuzzy uniform Henstock integrable
sequence on |[a, b], there exists a d-fine division (3, £) of [a, b] that satisfies

n b
p <§¢k(§i)aia(H)/a ¢k> <§

for all £ € N.
Again by the condition of the theorem there exists a kg € N such that

P (&) 1i(&)) < 35—

for all k,1 > kg and so

p <Z m(&)o,-,zzm(&)ai) <> oip (V&) Yu(&)
i=1 i=1 =1

w| o

<(b—a)dp k&), vu(&)) <
i=1

for all k,1 > kg. Then

o () [M o [

<p <(H)/b Vi En: wk(fi)ai> +5 <§”: P (€i)os, En: d’z(fi)ﬁ)

@ i=1 i=1 i=1
+p (Zn: wl(fi)"'iv(H)/b 1111) <e
i=1 a

for all k,1 > ko.
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So { f b .} is a Cauchy sequence in the complete metric space (E!, p). There-
fore { f by} converges in the metric space (E', p). Suppose

lim(H)/a Y = a.
H)/abwa.

To show this, let ¢ > 0 be given. Since {},} is a fuzzy uniformly Henstock integrable

We claim that

sequence on [a, b], there exists a § € R[f’b] such that every d-fine division (%, &) of

[a, b] satisfies
€
(Z 1/% fz Uu / ¢k> g
for all £ € N.
Since lim(H) fab Y = a, there exists a k; € N such that

b
’ ((H)/ wk,a> <
for all £k > k1. Again by the given condition of the theorem, there exists a ko(>
k1) € N such that

p (Z Zﬁk(fi)az‘aziﬁ(&)(fi) (b—a) Z (Vr(&), (&) <
i=1 i=1 o1

W m

Wl M

Thus

p (Zlﬁ(&)aiaa)

<) <Z W&, iwk(&)m> p (Z U (E)ors, (H) /: zpk) ) ((H) /ab wha) <e

for every d-fine division (X, &) of [a,b]. Hence (H) fab 1 exists and

H>/ab¢:a.
O

Saks-Henstock lemma plays an important role in Henstock integration theory.
Now we shall establish the fuzzy version of this lemma.

Lemma 3.6. Let iy € gt pe g fuzzy Henstock integrable function in El[a’b], let

H)/jw
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for all x € [a,b] and let € > 0. Further suppose
i) 5 e R s q positive real-valued function such that
+

p <_Z ¥(&)ai, Z as(fi)ai) <e

for every §-fine division (X,€) of [a,b].
If (2,¢) = {(&, [al,b}]) : i = 1,2, ...,n} is a §-fine subdivision of [a,b], then

(2R

p (Z »(&)ar, Z¢(££)0£> <e
=1 =1

Proof. Let ¢g > 0 and {F; : i = 1,2,...,r} be the family of closed intervals in
[a,b] such that {F; : ¢ = 1,2,....,r} UY' is a partition of [a,b]. Here ¢ € B g
fuzzy Henstock integrable on each of the intervals Fi, Fy, ..., F,. and hence for each
ke {1,2,....,r}, there exists adg € R[a Y such that every &-fine division (XF,¢F),
k= {xlg,x’f,. ,xf LT l,. . nk} g = ¢k ., Z,. L&k } of [a, b] satisfies

p (waf)af,(ff) / w) <=
i=1 B

Without loss of generality, we can assume that d(z) < 6(z) for all x € Fy,
ke{1,2,...,r}. fwetake L = X1UX?U...US"UY and € = L UL U...UE UL,
then (X, ¢) is a d0-fine division of [a, b].

Thus using condition (i) and Theorem 2.3, we get

<Z (Zlﬁ ¢ )"z> + Zw 3 UwZ (Z ¢<gf>af> ¥ qus(s;)a;) e

Now

ﬁ(Zwa az,Z (&)o )
:ﬁ«Z(Zw@f)afHZ (&)o?) ZZ (&)at),

k=1 =1 i=1 k=1 i=1
QO sEhe) +> (e Z
k=1 =1 =1 k=1

gp«z (z'wsf)af) £ uEe ) (z( >+Z¢(§£)a;>> ;
k=1 =1 =1 k=1 =1 =1
ﬁ(Zw(ﬁf)Uf,ZMﬁf)af)

€0
<e+r— =ce+e¢o
'

and consequently, m m

ﬁ(Z w(sz)a;,zqs(&;)a;) <e.
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A sequence {y}, ¥ € B s called fuzzy increasing (resp. fuzzy decreasing)
in [a,b] if Yr(x) < Yry1(z) (vesp. Yrt1(x) < Yi(z)) for all x € [a,b] and k € N.
A sequence {9} is called fuzzy monotone on [a,b] if it is either fuzzy increasing or
fuzzy decreasing in [a, b].

Theorem 3.7. (Fuzzy monotone convergence theorem). Let {1y} be afuzzy mono-
tone sequence of fuzzy Henstock integrable functions in pilet! ,{(H f Ui+ be fuzzy
bounded and ¢ € B be such that for each x € [a,b], {¢r(x)} converges to ¢(x)

in the metric space (El[ b],ﬁ) Then
(i) 4 is Henstock integrable on [a,b] and

(i)
b b
H)/ = lim(H)/ Dr.
Proof. Let {¢} be a fuzzy increasing sequence of fuzzy Henstock integrable func-

tions in B Then {(H f Y} is fuzzy increasing and bounded. Then by

Theorem 2.9, {(H f 11, } must be fuzzy converges to a = sup{(H f 1/Jk}
Let € > 0 be given. Then we can choose an r € N such that 27,2 <=z £ and

o1 [ ona) <5

Again since {1} is a sequence of fuzzy Henstock integrable functions on [a, b], for
each k € N there exists a §; € R[f’b] such that every &-fine division (XF,&*) of

[a, b] satisfies
(Z wk 51 () / wk) < i

Again by the condition, for each x € [a, ], we can select a k;(> r) € N such that

p Wk, (2), 9 () < 3(b€—a)'

Consider the function § = dx, and let (X,¢) = {(2;,&) : i = 1,2,...,n} be any
d-fine division of [a, b]. Here

p (Z b(&i)oi, a> <p (Z V()i D e, (&-)m) +

p (Z%gi (&)%Z(H)/E_wkgi> +p <Z(H)/E‘ 1/)k§i704> .

Now we estimate the three values in the right-handed sum of the last inequality.

(a) Estimation of
p <Z P(&i)oi, Z Ve, (&)m) :
By Theorem 2.3, B -

(Zdjfl U“Zwks (&) Z) Z:: ( (&i)s ke, (fz)) oi 3(bia)(b—a):§.
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(b) Estimation of

p <Z¢kgi (gi)giaZ(H)/ ,l/}k‘gi> :
i=1

i=1 i

Suppose p = max{ke, : 4 =1,2,...,n}. Then

p <§¢ksi (fz‘)ai,lz: / Ve, > Z (ie{l ] > p (ng (&), (H) /z ng)) .

=r s !""":kﬁi =t}

Now applying Lemma 3.6,

> (e [ ) <

i€{1,2,...,ntke, =t}

and hence

p (Z Ve, (fi)aiaZ(H)/E‘ 1’[}k51‘,>

(c) Estimation of

A
-
\|M~s
I

[N}

[\
TH
[\)

A

W M

Here r < k¢, < p implies ¢,.(z) < ¢y, (v) < pp(z) for all z € [a, b] and so

/Eiwrg/zi%g"gfgi%'
/abilzrgi/&wk&i S/abd)pﬁa.

Therefore by Theorem 2.3,

(o)A )

<iz/} & al,a> < €.

i=1

Hence

w\m

Thus

So 9 is Henstock integrable on [a, b] an

(H)/abwz - /w
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Bartle [1] found necessary and sufficient conditions for a Henstock integral con-
vergence theorem of real functions. This paper of Bartle [1] inspires to establish the

final theorem of this section. Actually, this theorem provides us a necessary and

sufficient condition such that the point-wise limit ¢ € E et o 5 sequence {ty} of

fuzzy Henstock integrable functions is to be fuzzy Henstock integrable on [a, b] and

the equality , ,
() [ o =tim(m) [ o
holds. ¢ ‘

Theorem 3.8. Let {1} be a sequence of fuzzy Henstock integrable functions in

gt g NS B b such that for each x € [a,b], {¢(x)} converges to ¥(x)

in the metric space (El[a’b],ﬁ). Then the following conditions are equivalent:

(i) v is fuzzy Henstock integrable on [a,b] and

i) [ " b = tim(#) / e,

(i) for each € > 0, there exists m € N such that for each k > m, there ezists
o€ R[f:’b] such that every §-fine division (XF,&*) of [a,b] satisfies

p (Z Ui(EF)of, Zw@f)of) <e.
=1 1=1

Proof. (i) = (ii). Let € > 0. Since
b b
() [ o= () [ v,
there exists an m € N such that

ﬁ((H)/ﬂbwk,<H>wa> <:

for all k > m. Again since {9} is a sequence of fuzzy Henstock integrable functions,
for each k(> m), we can find J;, € R[f:’b] such that every dx-fine division (X*, &%) of

[a, b] satisfies
nk , b e
p (;wk(fbof,(m/a w) <3
[a,b]

Again since 1 is a fuzzy Henstock integrable on [a, b], we can find §p € R such
that every do-fine division (X9, £0) of [a, b] satisfies

= 0\ .0 ’ €
o Y(&)os, (H) v <.
(oerton [[v) <4
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We take § € Rf’b] defined by é(x) = min{do(x), 0x(z)}. Then
ny, ng n b b b
P (Z m@f)af,Zw(fhof) <p (Z (el [ m) +5 ((H) [ oo [ ¢)
i=1 i—1 i=1 a a a

bk
p <(H)/ zp,Zw(ff)of) <e
a i=1
for every &-fine division (X*, &%) of [a,b] and k > m.
(#7) = (i). Let € > 0 and (ii) holds. Then we claim that {(H f Y} is a Cauchy

sequence.
By (ii), there exists m € N such that for each k,1 > m, there exist dx, d; € Rf’b]

such that
. Nk Nk e
o (S nenot oot ) <5
i=1 i=1
for every &j-fine division (X¥,¢*) of [a, b] and
ny ny
. €
p <Z wiE)on Y w(d)aé> <3
i=1 i=1

every &;-fine division (X, &) of [a, b]. Since vy, and v are fuzzy Henstock integrable
functions on [a, b], we can find <, € R[f’b] such that

(Erentnf)-

for every -fine division (AF,7*) of [a, b] and

b
(Zﬂ)k )ol, (H / 101) <Z

for every g-fine division (A, 7!) of [a, b].
Now define ¢ € R[f’b] by §(z) = min{dg(x),d(x),sk(x),s(x)}. Then for all

k,l>m,
b b
ﬁ<(H) / iy (H) / m) <e

and so {(H f Yr} is a Cauchy sequence. Completeness of metric space (E,p)

ensures that
b
() [

b
lim(H)/ Y = a.

»Jk\m

exists in E'. Suppose
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Then we can choose a p(> m) € N such that

ﬁ((H)/abwk,a> <

Also by (ii), there exists d; € R[ﬁ’b] such that every d;-fine division (X1, 1) of [a, b]

satisfies
b (S wiehat St ) <5
i=1 i=1

Since 1, is a fuzzy Henstock integrable function, there exists an d, € R
that every do-fine division (X2, £2) of [a, b] satisfies

no 2 b
g (&), (H) w,,) < =,
(S o)<

We define 6 € Rf’b} by 0(z) = min{d1(z), d2(z)}. Then

Wl m

[a.5] such

)

n b b n
p (a,zw(&)ai> <p (aa (H)/ ¢p> +p <(H)/ ¢k,z¢p(§i)0i> +
p (Z %(&)01'721/)(&)%) <e.

So % is Henstock integrable on [a, b] and

(H)Abw:azlim<H>Lb¢k.

4. Conclusions

@8 hich

in the metric space (E', p). In Example 3.1, we

Let {11} be a sequence of fuzzy Henstock integrable functions in E*
pointwise converges to ¥ € gt

have shown that
b b
() [ o= () [ v,

is not true in general. As a result, finding various sufficient conditions as when the
above equality will hold, are very much desired for fuzzy Henstock integrable func-
tions. Being tempted, we have established, in this paper, three coveted convergence
theorems for fuzzy Henstock integrable functions: “fuzzy uniform convergence the-
orem”, “convergence theorem for fuzzy uniform Henstock integrable functions” and
“fuzzy monotone convergence theorem”; we have also achieved in finding a neces-
sary and sufficient condition under which the point-wise limit of a sequence of fuzzy
Henstock integrable functions is fuzzy Henstock integrable. In this paper, attempts
have been made in establishing some basic convergence theorems, but more and
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more subsequent venture in this arena will emerge many non trivial results that
will definitely enrich the Henstock integration theory in fuzzy setting.
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