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TREE AUTOMATA BASED ON COMPLETE RESIDUATED
LATTICE-VALUED LOGIC: REDUCTION ALGORITHM AND
DECISION PROBLEMS
M. GHORANI

Abstract. In this paper, at first we define the concepts of response function
and accessible states of a complete residuated lattice-valued (for simplicity we
write L-valued) tree automaton with a threshold c. Then, related to these
concepts, we prove some lemmas and theorems that are applied in considering some decision problems such as finiteness-value and emptiness-value of
recognizable tree languages. Moreover, we propose a reduction algorithm for
L-valued tree automata with a threshold c. The goal of reducing an L-valued
tree automaton is to obtain an L-valued tree automaton with reduced number of states all of which are accessible, in addition it recognizes the same
language as the first one given. We compare our algorithm with some other
algorithms in the literature. Finally, utilizing the obtained results, we consider
some fundamental decision problems for L-valued tree automata including the
membership-value, the emptiness-value, the finiteness-value, the intersectionvalue and the equivalence-value problems.

1. Introduction
Tree automata deal with finite ordered ranked trees which correspond to finite
terms over a ranked alphabet. The theory of tree automata is an extension of word
automata theory where words are viewed as unary terms. Tree automata were initially introduced by Doner [14, 15] and Thatcher and Wright [47]. Researchers have
applied tree automata in considering decidability results in logic [13], abstract interpretation using set constraints [19] and program verification [25]. Tree automata
based on fuzzy logic have been considered by some researches. For instance, Ésik
and Liu [18] obtained a Kleene theorem for fuzzy tree languages. Moreover, Moghari
et al. [37] considered the behaviour of fuzzy tree automata. Also, application of
fuzzy tree automata in the fuzzy computation tree logic model checking was studied
in [31, 32, 39, 40]. Other various issues and applications of fuzzy tree automata
have been investigated by researchers (see [6, 36, 38]).
Residuated lattices are important algebras and are closely related to various
important logics such as MV-algebras, product algebras, and Gödel algebras [5, 41].
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Automata theory based on complete residuated lattice-valued logic was proposed
by Qiu [42, 43]. In recent years, he and several other authors have studied latticevalued automata (see [2, 27, 30, 33, 34, 44, 48, 49, 50]). Furthermore, Ghorani and
Zahedi [21, 22, 23] and Ghorani et al. [24] investigated tree automata over complete
residuated lattices.
Reduction of a tree automaton means obtaining a smaller tree automaton with
the same language. The reason for performing reduction is that the smaller reduced
tree automaton is more efficient to handle in a subsequent computation. Thus, there
is an algorithmic tradeoff between the effort for reduction and the complexity of
the problem which is going to be considered for this tree automaton. Efficient
reduction algorithms have been presented both for word automata [26, 45] and
tree automata [1, 3, 4, 12]. For instance, Abdulla et al. [1] combined various
upward and downward bisimulation and simulation relations to obtain a reduced
tree automaton. Also, Almeida [3] obtained a polynomial time reduction algorithm
by using a technique that adds new transitions to a tree automaton. Moreover, state
reduction of fuzzy automata has been studied by many authors (refer to [8, 38]).
In [9, 10, 46] the authors have studied fuzzy automata over a complete residuated
lattice, and showed that by using fuzzy equivalences and fuzzy quasi-orders instead
of crisp ones, one can attain better reductions. In [21, 35, 36], the authors presented
reduction algorithms for complete and deterministic lattice-valued tree automata.
Different fuzzy decision problems for (tree) automata have been investigated in
numerous papers. For instance, Kupferman and Lustig [28] studied fundamental
decision problems such as emptiness-value, finiteness-value, and implication-value
problems for lattice automata and showed that the mentioned problems have the
same complexities as the corresponding ones in the Boolean setting. The computation of the behaviour of weighted tree automata over trees, as a decision problem,
was investigated in [16, 17, 29].
Due to various applications of tree automata, it is very important to reach their
accessible states. As well, the boundaries of some decidability problems are dependent on the complexity of reduction methods. Therefore, in this paper, at first,
we define the concepts of response function and accessible states of an L-valued
tree automaton with a threshold c, then we obtain some lemmas that are useful
for solving some decision problems. Subsequently, we provide an efficient reduction
algorithm for an L-valued tree automaton with a threshold c. Time complexity
of the given algorithm is discussed and the proposed algorithm is compared with
some existing reduction algorithms in the literature [12, 21, 35, 36]. Furthermore,
by applying the obtained results we study some decision problems containing the
membership-value, the emptiness-value, the finiteness-value, the intersection-value
and the equivalence-value problems.
The paper is arranged in six sections as follows: Section 2, contains some preliminaries and basic definitions that are needed for remaining parts of the paper.
In Section 3, we study response function and accessible states of L-valued tree
automata, and obtain some useful results that are used in decision problems. In
Section 4, we construct a reduction algorithm for a given L-valued tree automaton and investigate its time complexity. In Section 5, we consider some decision
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problems and investigate their time complexities. Finally, Conclusions are given in
Section 6.
2. Preliminaries and Basic Definitions
In this section we present some terminologies and definitions on tree automata
theory and lattice-valued logic that will be used throughout the paper. For more
details, we refer to [5, 12, 20, 21, 44].
Definition 2.1. [41] A complete residuated lattice is a 5-tuple l =< L, +, ·, , ρ >
where:
(i) < L, +, · > is a complete lattice with the least and the greatest elements
0 and 1, respectively;
(ii)
and ρ are two binary operations on L such that is isotone, < L, , 1 >
is a commutative monoid, and ρ is antitone in the first and isotone in the
second variable; that is, for any a1 , a2 , b ∈ L if a1 ≤ a2 then a1 b ≤ a2 b,
b a1 ≤ b a2 , a2 ρb ≤ a1 ρb and bρa1 ≤ bρa2 ;
(iii) for all a, b, c ∈ L, a b ≤ c if and only if a ≤ bρc.
Remark 2.2. In this paper, by an L-valued logic we mean the complete residuated
lattice-valued logic; that is, the set of truth values is L, which possesses nullary
connective a (a ∈ L), an additional binary connective & as well as usual connectives
∨, ∧ and implication →. Moreover, in L-valued logic a formula ϕ is valid if and
only if [ϕ] = 1 for any interpretation, where [ϕ] stands for the truth value of ϕ
(see [21, 41, 44]). Now, we present the truth valuation rules of the predicate logical
and set theoretical formulas as follows:
(i)
[a] = a(a ∈ L), [ϕ ∨ ψ] = [ϕ] + [ψ], [ϕ ∧ ψ] = [ϕ] · [ψ],
[ϕ → ψ] = [ϕ]ρ[ψ], [ϕ&ψ] = [ϕ]

[ψ].

(ii) If X is the universe (the set which contains all objects), LX denotes the class
of L-valued subsets of X over L, where an L-valued subset of X means a mapping
from X to L. Now, let A ∈ LX . Then, [x ∈ A] = A(x).
In this paper, we assume that the complete residuated lattice is also a chain, i.e.
all pairs of elements are comparable.
Example 2.3. [21] Let L = [0, 1] ⊆ R. Then l =< L, ∨, ∧, , ρ > is a complete
residuated lattice, where a b = max(0, a + b − 1), aρb = min(1, 1 − a + b) for any
a, b ∈ [0, 1] , and ∨ and ∧ are the symbols of the truth-valued lattice, representing
max and min, respectively.
Example 2.4. For all a, b ∈ [0, 1] ⊆ R, let a b = min{a, b} = a ∧ b and
(
1, if a ≤ b,
aρb =
b, otherwise.
Then l =< [0, 1], ∨, ∧, , ρ > is a complete residuated lattice, where ∨ and ∧ are
max and min, respectively.
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In the following, we provide an example that is not a complete residuated lattice.
Here, the conditions (i) and (ii) of Definition 2.1 hold but the condition (iii) does
not hold.
Example 2.5. [7] Let L = [−4, 0] ⊆ R with natural ordering and a, b ∈ L. Define
(
a + b − ab, if a, b ∈ Q,
a b=
a + b,
if a or b ∈ Qc ,
and
(
aρb =

b−a
min{0, 1−a
},
min{0, b − a},

if a, b ∈ Q,
if a or b ∈ Qc ,

where, Q and Qc show the set of rational and irrational numbers, respectively.
It is obvious that < L, ∨, ∧ > is a complete lattice (∨ and ∧ are max and min,
respectively). Now, we show that condition (ii) of Definition 2.1 holds. It is obvious
that < L, , 0 > is a commutative monoid. To show that for any a1 , a2 , b ∈ L if
a1 ≤ a2 then a1 b ≤ a2 b, b a1 ≤ b a2 , a2 ρb ≤ a1 ρb and bρa1 ≤ bρa2 , we
must consider the following eight cases:
(1) a1 , a2 , b ∈ Q,
(2) a1 ∈ Q and a2 , b ∈ Qc ,
(3) a1 , a2 ∈ Q and b ∈ Qc ,
(4) a1 , b ∈ Q and a2 ∈ Qc ,
(5) a1 ∈ Qc and a2 , b ∈ Q,
(6) a1 , a2 ∈ Qc and b ∈ Q,
(7) a1 , b ∈ Qc and a2 ∈ Q,
(8) a1 , a2 , b ∈ Qc .
For all of the above cases we can consider the following three items:
(I1) b ≤ a1 ≤ a2 ,
(I2) a1 ≤ b ≤ a2 ,
(I3) a1 ≤ a2 ≤ b.
We consider case (1)-(I1). Let a1 , a2 , b ∈ Q, and b ≤ a1 ≤ a2 . At first we demonstrate that bρa1 ≤ bρa2 . In fact, we show that
a1 − b
a2 − b
} ≤ min{0,
}.
(1)
1−b
1−b
1 −b
2 −b
≥ 0, we have min{0, a1−b
} = min{0, a1−b
} = 0. Thus,

min{0,

1 −b
2 −b
Since a1−b
≥ 0 and a1−b
relation (1) holds.
Now, we show that a2 ρb ≤ a1 ρb, that is:

b − a2
b − a1
} ≤ min{0,
}.
(2)
1 − a2
1 − a1
b−a2
b−a1
If b = a1 = a2 , then min{0, 1−a
} = min{0, 1−a
} = 0. Therefore relation (2)
2
1
holds.
b−a1
b−a2
If b = a1 < a2 , then min{0, 1−a
} = 0 and min{0, 1−a
} < 0. Therefore relation
1
2
(2) holds.
min{0,
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b−a1
b−a2
If b < a1 = a2 , then min{0, 1−a
} = min{0, 1−a
}. Therefore relation (2) holds.
1
2
b−a1
b−a2
. Since 1−a1 > 1−a2 > 0,
If b < a1 < a2 , then it is enough to show that 1−a2 < 1−a
1
b−a2
b−a1
1
1
>
>
0
and
b
−
a
<
b
−
a
<
0,
we
conclude
that
2
1
1−a2
1−a1
1−a2 < 1−a1 . Therefore
relation (2) holds.
Now we show that a1 b ≤ a2 b, i.e. a1 + b − a1 b ≤ a2 + b − a2 b. Since a1 ≤ a2
and b ≤ 0, we have −a1 b ≤ −a2 b. Thus a1 − a1 b ≤ a2 − a2 b, that is a1 b ≤ a2 b.
Clearly, b a1 ≤ b a2 . By a similar method we can consider the other cases.
Therefore, condition
(iii) does not hold because
√ condition
√
√ (ii) holds. However,
−1 −1 = −3 ≤ − 5, but −1 > −1ρ − 5 = − 5 + 1. Hence, l =< L, ∨, ∧, , ρ >
is not a complete residuated lattice.

In the following, we give an example that has conditions (i) and (iii) but does
not have condition (ii).
Example 2.6. Suppose that l =< L, ∨, ∧, , ρ >, where L = {0, a, b, c, 1} with
0 < a < b, c < 1, and b and c are incomparable,
= ∧ and ρ is defined as Table
1. It is easy to check that conditions (i) and (iii) hold. However condition (ii) does
not hold, becuase a ≤ c but bρa > bρc.
ρ
0
a
b
c
1

0
1
0
0
0
0

a
1
1
1
b
a

b c
1 1
1 1
1 c
b 1
b c

1
1
1
1
1
1

Table 1. The Operation ρ in Example 2.6
Example 2.7. Let Σ be an alphabet with more than one element, Σ∗ be the set of
∗
all words over Σ and L = 2Σ (the power set of Σ∗ ) be the set of all formal languages
over Σ. Then, < L, ∪, ∩ > is not a complete lattice. Let l =< L, ∪, ∩, , →, ←>
where for all M, N ∈ L, M N = M N = ∪α∈M,β∈N αβ, M → N = {w | w ∈
Σ∗ , M w ⊆ N }, M ← N = {w | w ∈ Σ∗ , wM ⊆ N } and the monoid unit is the
language {ε} consisting of just the empty string ε. It can be seen that (iii) holds
but (i) and (ii) do not. Now, assume that Σ has just one element. Then < L, , ε >
is commutative. Thus (ii) and (iii) hold but (i) does not. Moreover, if we assume
that Σ is empty then the language on Σ is finite. Thus (i),(ii) and (iii) hold.
Remark 2.8. In the above example since the monoid is not commutative, we
consider both residuals M → N and M ← N. Note that, if monoid is commutative
then both residuals are the same operation, namely M ρN (refer to [11]).
In Example 2.7 we see that if Σ has just one element then (ii) and (iii) hold but
(i) does not. Therefore, Examples 2.4, 2.6 and 2.7 show that the three conditions
(i),(ii) and (iii) in Definition 2.1 are independent.
Example 2.9. Let L = {∅, {a}, {b}, {a, b}}, where ∅ ⊆ {a}, {b} ⊆ {a, b} and ρ and
are as Table 2. Then, l =< L, ∪, ∩, , ρ > is a complete residuated lattice, which
is not chain.
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∅
{a}
{b}
{a,b}

∅
∅
∅
∅
∅

{a}
∅
{a}
∅
{a}

{b}
∅
∅
{b}
{b}

{a,b}
∅
{a}
{b}
{a,b}

∅
{a,b}
{b}
∅
∅

ρ
∅
{a}
{b}
{a,b}

Table 2. The Operations

{a}
{a,b}
{a,b}
{a}
{a}

{b}
{a,b}
{b}
{a,b}
{b}

{a,b}
{a,b}
{a,b}
{a,b}
{a,b}

and ρ in Example 2.9

Definition 2.10. [12] A ranked alphabet is a couple (F, Arity) where F is a finite
set and Arity is a mapping from F into W (the set of non-negative integers). The
arity of a symbol f ∈ F is Arity(f ). The set of symbols of arity n is denoted by
Fn . Here, we use parenthesis and commas for a short declaration of symbols with
arity. For instance, f (, ) is a short declaration for a binary symbol f.
Definition 2.11. [12] The set T (F, X) of terms, over the ranked alphabet F and
the set of variables X, is the smallest set defined by:
− F0 ⊆ T (F, X),
− X ⊆ T (F, X) and
− if p ≥ 1, f ∈ Fp and t1 , · · · , tp ⊆ T (F, X), then f (t1 , · · · , tp ) ∈ T (F, X).
If X = ∅, we write T (F ) rather than T (F, X). Terms in T (F ) are called ground
terms. A t ∈ T (F, X) is linear if each variable occurs at most once in t.
Example 2.12. Let F = {a, f (, )} and X = {x}. Hear f is a binary symbol and a
is a constant. We have
T (F, X) = {a, x, f (a, a), f (a, x), f (x, a), f (x, x), f (x, f (x, a)), f (a, f (a, a)), · · · }.
The terms f (a, x), f (x, a) and f (a, f (a, x)) are linear; the terms f (x, x) and f (x, f (x, a))
are nonlinear; the terms f (a, a) and f (a, f (a, a)) are ground terms. Terms can be
represented in a graphical way. For instance, the term f (a, f (a, a)) is represented
by:
f

f

a
a

a

∗

Definition 2.13. [12] Let W be the set of finite strings over W, and let ε be the
empty string. A term t ∈ T (F, X) can be defined as a partial function t : W∗ →
F ∪ X with domain pos(t), satisfying the following properties:
(i) T (ε) = Head(t), where Head(t) is the root symbol of t,
(ii) pos(t) is non-empty and prefix-closed,
(iii) ∀p ∈ pos(t), if T (p) ∈ Fn , n ≥ 1, then {j|pj ∈ pos(t)} = {0, 1, · · · , n − 1},
(iv) ∀p ∈ pos(t), if T (p) ∈ X ∪ F0 , then {j|pj ∈ pos(t)} = ∅.
Each element in pos(t) is called a position.
Definition 2.14. [12] A subterm t|p of a term t ∈ T (F, X) at position p is defined
as follows:
- pos(t|p ) = {j| pj ∈ pos(t)},
- ∀q ∈ pos(t|p ), t|p (q) = T (pq).
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Definition 2.15. [12] The height of a term t, denoted by Height(t), is inductively
defined by:
− Height(t) = 0 if t ∈ X,
− Height(t) = 1 if t ∈ F0 ,
− Height(t) = 1 + max {Height(ti )| i ∈ {1, · · · , n}} if Head(t) ∈ Fn .
Example 2.16. Let F = {a, b, g(), f (, ), h(, , )} and X = {x, y}. Consider the terms
t and t0 , as follows:
h
h
t:
t :

a

f
a

g
b

b

a

f
x

y

f
y

x

The root symbol of t is h; the root symbol of t0 is h; the set of positions of t is
{ε, 1, 2, 3, 11, 12, 31}; the set of positions of t0 is {ε, 1, 2, 3, 11, 12, 31, 32}; Height(t) =
3; Height(t0 ) = 2; t|3 = g(b); t0 |3 = f (x, y).
Definition 2.17. [12] Let Xn = {x1 , · · · , xn } be a set of n variables. A linear term
C ∈ T (F, Xn ) is called a context and the expression C[t1 , · · · , tn ] for t1 , · · · , tn ∈
T (F ) denotes the term in T (F ) obtained from C by replacing variable xi by ti for
each 1 ≤ i ≤ n, that is C[t1 , · · · , tn ] = C{x1 ← t1 , · · · , xn ← tn }. C n (F ) denotes
the set of contexts over (x1 , · · · , xn ) and C(F ) denotes the set of contexts containing
a single variable. A context is trivial if it is reduced to a variable.
Definition 2.18. [21] A tuple A = (Q, F, Qf , δ) is called an L-valued tree automaton, where Q is a finite set of states, F is a ranked alphabet, Qf is an L-valued set
of final states, and δ is an L-valued subset of Qn × Q × Fn , i.e. a mapping from
Qn × Q × Fn to L, for each n ≥ 0.
Remark 2.19. The family of L-valued subsets δ = ∪m
i=1 δi , is called transition,
where |δ| = m is the cardinality of δ.
3. Response Function and Accessible States
In this section, we define the concepts of response function and accessible states
of an L-valued tree automaton with a threshold c. Also, we provide some results
that are used in Section 5 for solving some decision problems.
From now on, we assume that A = (Q, F, Qf , δ) is an L-valued tree automaton and
c ∈ L \ {1}.
Definition 3.1. The response function rA : T (F ) × Q → L of A, by induction on
t ∈ T (F ), is defined as follows:
(i) If t = σ ∈ F0 , then [rA (t, q)] = δ(ε, q, t), ∀q ∈ Q.
(ii) If t = σ(t1 , · · · , tn ), ∀t1 , · · · , tn ∈ T (F ) and σ ∈ Fn , then
[rA (t, q)] =

X

(δ((q1 , · · · , qn ), q, σ).

(q1 ,··· ,qn )∈Qn

For simplicity, we use δ(q, t) instead of δ(ε, q, t).

n
Y

[rA (ti , qi )]).

i=1
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In fact, the response function rA shows the level of access to q ∈ Q by t ∈ T (F ).
The behaviour of A with a threshold c is defined as follows:
X
B(A, c) = {t ∈ T (F )|
([rA (t, q)].Qf (q)) > c}.
q∈Q

Also, the term language Lc (A), recognized by A with a threshold c, is defined as:
Lc (A) = {t ∈ T (F )| t ∈ B(A, c)}.
The set L̄ is recognizable with a threshold c if there exists an L-valued tree automaton A such that L̄ = Lc (A). The size of L-valued tree automaton A, denoted
by kAk, is defined as follows:
X
kAk = |Q| +
(Arity(f ) + 3).
((q1 ,··· ,qn ),q,f )∈δ

Definition 3.2. Let A be an L-valued tree automaton over the ranked alphabet
F, and t ∈ T (F ). An L-valued run r of A on t with a threshold c is a mapping r :
pos(t) × Q → L compatible with δ, i.e., ∀p, pi ∈ pos(t), if t(p) = σ ∈ Fn , [r(p, q)] > c
and [r(pi , qi )] > c, ∀i ∈ {1, · · · , n}, then δ((q1 , · · · , qn ), σ, q) > c.
Definition 3.3. Let q ∈ Q. Then, q is called an accessible state of A with a
threshold c if there exists t ∈ T (F ) such that [rA (t, q)] > c. Also, the state q ∈ Q
is called an accessible state of A if for all c ∈ L \ {1}, q is an accessible state of A
with threshold c.
The set of all accessible states of A with a threshold c, is denoted by,
Qc = {q ∈ Q| ∃t ∈ T (F ), [rA (t, q)] > c}.
The set of all accessible states is denoted by Q̄. Hence, Q̄ = ∩c∈L\{1} Qc .
Now, we provide an example to illustrate the accessible states of an L-valued
tree automaton A with a threshold c.
Example 3.4. Let L = [0, 1] ⊆ R, c = 0.2 and A = (Q, F, Qf , δ), where Q =
{q0 , q1 , q2 , q3 }, F = {a, b, g(), f (, )}, Qf (q0 ) = 0.2, Qf (q1 ) = 0.4, Qf (q2 ) =
0.7, Qf (q3 ) = 0.5 and δ is as follows:
δ1 (q0 , a) = 0.4, δ2 (q1 , b) = 1,
δ3 (q0 , q2 , g) = 0.2, δ4 (q0 , q1 , g) = 0.3,
δ5 ((q2 , q1 ), q3 , f ) = 0.2, δ6 ((q1 , q1 ), q3 , f ) = 0.3.
Some of the response functions of L-valued tree automaton A are as follows:
[rA (a, q0 )] = 0.4, [rA (b, q1 )] = 1,
[rA (g(a), q2 )] = [rA (a, q0 )] · δ3 (q0 , q2 , g) = 0.2,
[rA (g(a), q1 )] = [rA (a, q0 )] · δ4 (q0 , q1 , g) = 0.3,
[rA (f (g(a), b), q3 )] = [rA (g(a), q1 )] · [rA (b, q1 )]

·δ6 ((q1 , q1 ), q3 , f ) + [rA (g(a), q2 )] · [rA (b, q1 )]

·δ5 ((q2 , q1 ), q3 , f ) = 0.3,
[rA (f (b, b), q3 )] = [rA (b, q1 )] · δ6 ((q1 , q1 ), q3 , f ) = 0.3.
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Thus, Qc = {q0 , q1 , q3 } is the set of accessible states of A with threshold c =
0.2. By using an easy method, it can be shown that Q̄ = {q1 }. Also B(A, c) =
{b, g(a), f (b, b), f (g(a), b), f (g(a), g(a)), f (b, g(a))}.
Now, in the following lemmas we obtain useful results that will be used in some
decision problems.
Lemma 3.5. If q is an accessible state of A with a threshold c, there exists t ∈ T (F )
such that [rA (t, q)] > c and Height(t) ≤ |Q|.
Proof. Since q is an accessible state of A with threshold c, there exists t0 ∈ T (F )
such that [rA (t0 , q)] > c. If Height(t0 ) ≤ |Q|, it is enough to set t = t0 . Otherwise,
let Height(t0 ) > |Q|. Now in t0 consider a path of length strictly greater than |Q|.
Along this path, there are two positions p1 and p2 such that p1 < p2 , [r(p1 , q)] > 0
and [r(p2 , q)] > 0 for some state q. Let u be the ground subterm of t0 at position
p2 , and u0 the ground subterm of t0 at position p1 . Thus, there exists a non-trivial
context C 0 so that u0 = C 0 [u]. Now define the context C such that t0 = C[C 0 [u]]. It
is obvious that, [rA (C[u], q)] > c. Now if Height(C[u]) ≤ |Q| the proof is completed.
Otherwise, by similar iterations we can find t ∈ T (F ) such that Height(t) ≤ |Q|
and [rA (t, q)] > c.

Corollary 3.6. If q is an accessible state of A, there exists t ∈ T (F ) such that
[rA (t, q)] = 1 and Height(t) ≤ |Q|.
Proof. By definition of accessible state, q is an accessible state of A with threshold c,
for all c ∈ L\{1}. Consider {cn |cn = 1ρln }, where ln ∈ L\{1} and n ∈ N (the set of
positive integers). By Lemma 3.5, corresponding to cn , there exists tn ∈ T (F ) such
that [rA (tn , q)] > cn and Height(tn ) ≤ |Q| < ∞. Since |Q| is finite, the elements
of {tn |n ∈ N} are finite. Therefore, at least one element of this sequence iterates
infinitely. Let t be the mentioned element. As a result, [rA (t, q)] > 1ρli , ∀i ∈ N.
Consequently, [rA (t, q)] = 1 and Height(t) ≤ |Q|.

From Lemma 3.5 and Corollary 3.6 we have the following Corollaries:
Corollary 3.7. The behaviour of A with a threshold c is non-empty if and only if
there exists a term t in Lc (A) with Height(t) ≤ |Q|.
Proof. The proof is straightforward.



Corollary 3.8. The behaviour of A with a threshold c is infinite if and only if there
exists a term t in Lc (A) with |Q| < Height(t) ≤ 2|Q|.
Proof. Let Lc (A) be infinite and for each term t in Lc (A), Height(t) > 2|Q|. Let z
be the shortest term in Lc (A) with Height(z) > 2|Q|. Since Height(z) > 2|Q| > |Q|,
Lemma 3.5 implies that there exist a non-trivial context C 0 , a context C and a term
n
0
u such that z = C[C 0 [u]] and for all n ≥ 0, C[C 0 [u]] ∈ Lc (A). Take C[C 0 [u]] =
C[u] ∈ Lc (A). Therefore, C[u] > 2|Q|. Thus, there exists a term t = C[u] ∈ Lc (A),
such that |z| > |t| > 2|Q|, which contradicts to the assumption.
Conversely, assume that there exists a term t in Lc (A) with |Q| < Height(t) ≤ 2|Q|
and also let Lc (A) be finite. Since Height(t) > |Q|, Lemma 3.5 implies that there
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exist a non-trivial context C 0 , a context C and a term u such that t = C[C 0 [u]] and
n
for all n ≥ 0, C[C 0 [u]] ∈ Lc (A). Therefore, Lc (A) is infinite, which contradicts to
the assumption.

Example 3.9. In Example 3.4, q0 , q1 , q3 are accessible states of A with threshold
0.2, and we have:
[rA (a, q0 )] = 0.4 > 0.2 and Height(a) = 1 < |Q| = 4,
[rA (b, q1 )] = 1 > 0.2 and Height(b) = 1 < |Q| = 4,
[rA (f (b, b), q3 )] = 0.3 > 0.2 and Height(f (b, b)) = 2 < |Q| = 4.
Since for all terms t ∈ B(A, c) = Lc (A) we have Height(t) ≤ |Q|, the behaviour of
A with threshold 0.2 is finite.
4. A Reduction Algorithm for an L-valued Tree Automaton
In this section, we propose a reduction algorithm for an L-valued tree automaton.
Here, the purpose of reduction is to reduce the number of states of an L-valued tree
automaton with no change in its behaviour and the accessibility of all its states.
An L-valued tree automaton A is said to be reduced with a threshold c, if all its
states are accessible with threshold c. In the following theorem, the existence of the
reduced form of an L-valued tree automaton is shown.
Theorem 4.1. Let L̄ be recognizable with a threshold c. Then there exists a reduced
L-valued tree automaton with threshold c that accepts L̄.
Proof. Let A = (Q, F, Qf , δ) be a given L-valued tree automaton where, Lc (A) = L̄.
Define A0 = (Q0 , F, Q0f , δ 0 ) as follows:
(
Qf (q) if Qf (q) > c
0
Qf (q) =
0
o.w.
and

(
δ((q1 , . . . , qn ), q, σ) if δ((q1 , . . . , qn ), q, σ) > c
δ 0 ((q1 , . . . , qn ), q, σ) =
0
o.w.,

where q, q1 , · · · , qn ∈ Q and σ ∈ F. It is clear that A0 is an L-valued tree automaton
with threshold c. Now, we show that Lc (A0 ) = Lc (A). If the term language recognized by A with threshold c is non-empty, there exists t ∈ Lc (A) and q ∈ Q such
that [rA (t, q)] > c. Consequently, q ∈ Qc and [rA0 (t, q)] > c. Therefore, t ∈ Lc (A0 ).
Conversely, if t ∈ Lc (A0 ), there exists q ∈ Q0 such that [rA0 (t, q)] > c. Obviously
q ∈ Q and [rA (t, q)] > c, therefore, t ∈ Lc (A). Hence, Lc (A0 ) = Lc (A).

Now, we propose an algorithm whose output is a reduced L-valued tree automaton A0 with a threshold c, equivalent to a given L-valued tree automaton A.
Algorithm 4.2. Reduction algorithm for an L-valued tree automaton
Input: L-valued tree automaton A = (Q, F, Qf , δ) and c ∈ L \ {1};
Step 1: Set ∆j = {δk : δk ((q1 , · · · , qj , · · · , qn ), qi , f ) > c and qj ∈ Q} and
S = ∅;
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Step 2: For each δk : δk ((q1 , · · · , qn ), qi , f ) > c, n ≥ 0
begin
Set arr[k] to m; // m is the number of states in the left hand side of δk
(without repetition)
if m = 0 then
move qi into S;
end
Step 3: For each δk ∈ ∆j such that qj ∈ S
begin
arr[k] = arr[k] − 1;
if arr[k] = 0 then
move qi into S;
end
Step 4: Set Q0 to S;
Step 5: Set Q0f to {Qf (qi )| Qf (qi ) > c, qi ∈ S};
Step 6: Set δ 0 to {δ((q1 , · · · , qn ), q, f )|δ((q1 , · · · , qn ), q, f ) > c and q, q1 , · · · , qn ∈
S};
Output: L-valued tree automaton A0 = (Q0 , F, Q0f , δ 0 ).
In the following, we provide an example to clarify Algorithm 4.2.
Example 4.3. Let A be the L-valued tree automaton given in Example 3.4 and c =
0.2. Now, applying Algorithm 4.2, we construct a reduced L-valued tree automaton
A0 = (Q0 , F, Q0f , δ 0 ) from A as follows:
Step 1: Set ∆0 = {δ4 (q0 , q1 , g)} and ∆1 = {δ6 ((q1 , q1 ), q3 , f )}.
Step 2: We construct array “arr” as follows:
0

0

1

1

2

1

Since arr[1]=arr[2]=0, set S = {q0 , q1 }.
Step 3: Since δ4 (q0 , q1 , g) ∈ ∆0 and q0 ∈ S, arr[4] = 0. Thus move q1 into S.
Hence, S remains unchanged. Also, since δ6 ((q1 , q1 ), q3 , f ) ∈ ∆1 and q1 ∈ S,
arr[6] = 0. Thus move q3 into S. Therefore, we have S = {q0 , q1 , q3 }.
Step 4: Set Q0 = {q0 , q1 , q3 }.
Step 5: Set Q0f (q1 ) = 0.4 and Q0f (q3 ) = 0.5.
Step 6: Set δ10 (q0 , a) = 0.4, δ20 (q1 , b) = 1, δ40 (q0 , q1 , g) = 0.3 and δ60 ((q1 , q1 ), q3 , f ) =
0.3.

Therefore, the L-valued tree automaton A0 = (Q0 , F, Q0f , δ 0 ) is the reduced form of
A.
Now, we consider
P the complexity of the algorithm. It is obvious that Steps 2
and 3 run in O
δ((q1 ,··· ,qn ),q,f )>c (m + 1) . The time needed for Steps 4, 5 and 6
P
is O(|Q| + δ((q1 ,··· ,qn ),q,f )>c 1). Therefore we have the following theorem:
Theorem 4.4. Reduction Algorithm 4.2 runs in O(kAk).
Polynomial time reduction algorithms for L-valued tree automata were given in
[21, 35, 36]. They were called minimization algorithms, but the term minimization is
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not adequate because they actually can not find a minimal L-valued tree automaton
but they can only find a smaller L-valued tree automaton. In fact, the above
mentioned minimization algorithms reduce just the number of the states but not
the size of the L-valued tree automaton. Therefore, they are just state reduction
algorithms. The mentioned reduction algorithms ([21, 35, 36]) are applicable only
to deterministic and complete L-valued tree automata. However, our proposed
reduction algorithm is applicable to any L-valued tree automaton and runs in a
linear time. It is important to note that since the input L-valued tree automaton
A in Example 4.3 is not complete, the algorithms established in [21, 35, 36] can not
obtain a corresponding reduced lattice-valued tree automaton.
Note that if we let L = {0, 1}, the proposed algorithm becomes a linear time
reduction algorithm for crisp tree automata which has better time complexity than
the given polynomial time reduction algorithms for crisp tree automata in the
literature [1, 3, 4, 12].
5. Some of Decision Problems and Their Time Complexities
In this section, we discuss some of decision problems for L-valued tree automata
with a threshold c. Let us recall that the words over a finite alphabet can be viewed
as unary terms, therefore automata become special tree automata. Hence, the described decision problems extend the corresponding problems in lattice automata
[28]. Moreover, if we let L = {0, 1}, these concepts and results reduce to their crisp
counterparts discussed in [12].
The first decision problem, we are going to consider, is the membership-value problem for an L-valued tree automaton with a threshold c.
5.1. Membership-value Problem. Let term t ∈ T (F ), c ∈ L \ {1} and an Lvalued tree automaton A be given. The question is: does A recognize t with
threshold c?
Run A on input t. If the run ends in a final state q of A such that Qf (q) > c, and
[rA (t, q)] > c, set answer to true; if [rA (t, q)] ≤ c or Qf (q) ≤ c, set answer to false.
Therefore, we have the following theorem:
Theorem 5.1. The set
{t ∈ T (F )| L-valued tree automaton A recognizes input term t with a threshold c}
is a decidable behaviour with threshold c.
5.2. Emptiness-value Problem. The emptiness-value problem for L-valued tree
automata is defined as follows:
given an L-valued tree automaton A and a c ∈ L \ {1}, is the language Lc (A)
empty?
From Corollary 3.7 it can be seen that the minimal height of recognized terms with a
threshold c is bounded by the number of states. So, as the problem of membershipvalue in Lc (A) is decidable, emptiness-value is decidable, too. Of course, this theory
does not provide a practical algorithm. We know that the construction of the set
of accessible states of an L-valued tree automaton A provides an efficient solution
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of the emptiness-value problem. To get an effective algorithm, it is useful to notice
that A accepts the empty set if and only if no final state is accessible. Therefore,
in order to decide the emptiness-value problem for L-valued tree automaton A, it
suffices to construct the set of accessible states of A and verify whether it contains a
final state. In other words, to decide the emptiness-value problem for L-valued tree
automaton A, it is enough to find an L-valued tree automaton Ac corresponding
to A using Algorithm 4.2. Since reducing an L-valued tree automaton is done in
O(kAk), we conclude that emptiness-value problem for L-valued tree automata is
done in O(kAk). Therefore, we have the following theorem:
Theorem 5.2. It can be decided in linear time whether an L-valued tree automaton
is empty with a threshold c.
5.3. Finiteness-value Problem. Given an L-valued tree automaton A and a c ∈
L \ {1}, is the language Lc (A) finite?
Using the proof of Corollary 3.8, we can propose a procedure for testing infinitenessvalue of an L-valued tree automaton with a threshold c. As we can decide the
infiniteness-value problem for L-valued tree automata, we can also decide finitenessvalue problem.
5.4. The Intersection-value Problem. The intersection-value problem for Lvalued tree automata is as follows:
given two L-valued tree automata A1 and A2 and a c ∈ L \ {1}, is there at least
one term recognized by A1 and A2 with threshold c? In the following theorem we
consider this problem:
Theorem 5.3. The intersection-value problem for L-valued tree automata with a
threshold c is decidable.
Proof. Let Ai = (Qi , F, Qfi , δi ), i = 1, 2 be two L-valued tree automata. Now, we
construct an L-valued product tree automaton A = (Q, F, Qf , δ) where,
Q = Q1 × Q2 ,
∀(q1 , q2 ) ∈ Q, Qf (q1 , q2 ) = Qf1 (q1 ) · Qf2 (q2 )
and ∀(qi , pi ) ∈ Q, 1 ≤ i ≤ m,





δ (q1 , p1 ), · · · , (qm , pm ) , (q, p), f = δ1 (q1 , . . . , qm ), q, f · δ2 (p1 , . . . , pm ), p, f .
Now, we prove that Lc (A) = Lc (A1 ) ∩ Lc (A2 ). We have
X

Lc (A) = t ∈ T (F )|
[rA ((q, p), t)] > c =
(q,p)∈Q1 ×Q2



t ∈ T (F )|

X


[rA1 (q, t) · rA2 (p, t)] > c =

(q,p)∈Q1 ×Q2



t ∈ T (F )|

X

[rA1 (q, t)] > c} ∩ {t ∈ T (F )|

q∈Q1

X
p∈Q2

Lc (A1 ) ∩ Lc (A2 ).

[rA2 (p, t)] > c =
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In other words:
Lc (A)(t) = Lc (A1 )(t) · Lc (A2 )(t), ∀t ∈ T (F ).
Therefore, the class of L-valued tree languages with a threshold c is closed under
intersection. Now, if we test the nonemptiness-value problem for L-valued product
tree automaton A, we get an algorithm in O(kA1 k × kA2 k).

5.5. The Union-value Problem. In the following theorem the union-value decision problem is considered.
Theorem 5.4. The union-value problem for L-valued tree automata with a threshold c is decidable.
Proof. Given two L-valued tree automata Ai = (Qi , F, Qfi , δi ), i = 1, 2, where
Q1 ∩ Q2 = ∅, now we construct an L-valued tree automaton A = (Q, F, Qf , δ)
where:
Q = Q1 ∪ Q2 ,

Qf1 (q) q ∈ Q1 ,
Qf (q) =
Qf2 (q) q ∈ Q2 ,

and
δ1 ((q1 , · · · , qn ), q, σ) if q, q1 , · · · , qn ∈ Q1 ,
δ((q1 , · · · , qn ), q, σ) =
δ2 ((q1 , · · · , qn ), q, σ) if q, q1 , · · · , qn ∈ Q2 .
Clearly, Lc (A) = Lc (A1 ) ∪ Lc (A2 ), that is the class of L-valued tree languages with
a threshold c is closed under union. Therefore, the union-value problem is decidable
and the proof is completed.

5.6. The Equivalence-value Problem. The equivalence-value problem for Lvalued tree automata is as follows:
given two L-valued tree automata A1 and A2 , whether L-valued tree languages
recognized by A1 and A2 with a threshold c are the same. Here, we consider this
problem:
Theorem 5.5. The equivalence-value problem is decidable for L-valued tree automata with a threshold c.
Proof. Let L1 and L2 be the languages of the L-valued tree automata A1 and A2
with a threshold
c, respectively.
Also, let L = Lc (A1 ) ∪ Lc (A2 ). For all t ∈ L, if


L1 (t)ρL2 (t) · L2 (t)ρL1 (t) = 1, we conclude that L1 = L2 , otherwise, L1 6= L2 .

6. Conclusions
We considered tree automata based on residuated lattice-valued logic. Some
concepts such as response function and accessible states (with a threshold c) of
an L-valued tree automaton were defined. Moreover, a reduction algorithm for
L-valued tree automata was proposed. Moreover, the efficiency of the proposed
algorithm was compared with some existing reduction algorithms in the literature
[21, 35, 36]. Also, some decision problems including membership-value, emptinessvalue, intersection-value, union-value and equivalence-value problems were considered. Also, we computed the time needed to check some of these decision problems
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for an L-valued tree automaton.
However, for future work we hope to consider topics such as tree automata based on
quantum-valued logic, equivalence between two lattice-valued tree automata, and
L-valued universal tree automata.
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