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Abstract
Srivastava and Maheshwari (Iranian Journal of Fuzzy Systems 13(1) (2016) 25-44) introduced a new divergence measure
for intuitionistic fuzzy sets (IFSs). The properties of the proposed divergence measure were studied and the eﬃciency of
the proposed divergence measure in the context of medical diagnosis was also demonstrated. In this note, we point out
some errors in the proving process of two properties of the proposed divergence measure. Then we give a modiﬁcation
of the proving process.
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Introduction

An intuitionistic fuzzy set A in X is deﬁned as A = {⟨x, µA (x), νA (x)⟩ : x ∈ X}, where µA , νA : X −→ [0, 1] are such
that 0 ≤ µA (x)+νA (x) ≤ 1 for all x ∈ X. The number µA (x) and νA (x) represent respectively the degree of membership
and nonmembership of x ∈ X in A. The complement set of A is deﬁned as Ac = {⟨x, νA (x), µA (x)⟩ : x ∈ X}. We
denote all IFSs in X by IF S(X). The intuitionistic index (or hesitancy degree)[1] of an element x ∈ X in A is deﬁned
as πA (x) = 1 − µA (x) − νA (x) with πA (x) ∈ [0, 1]. Throughout this paper, X = {x1 , x2 , . . . , xn } is used to denote the
discourse set.
Definition 1.1. [1] If A, B ∈ IF S(X) defined by A = {⟨xi , µA (xi ), νA (xi )⟩ : xi ∈ X} and B = {⟨xi , µB (xi ), νB (xi )⟩ :
xi ∈ X}, then
(1) A ⊆ B if and only if µA (xi ) ≤ µB (xi ) and νA (xi ) ≥ νB (xi ) for each xi ∈ X.
(2) A = B if and only if µA (xi ) = µB (xi ) and νA (xi ) = νB (xi ) for each xi ∈ X.
(3) A = ∅ if and only if µA (xi ) = 0 and νA (xi ) = 1 for each xi ∈ X.
(4) A ∪ B = {⟨xi , max(µA (xi ), µB (xi )), min(νA (xi ), νB (xi ))⟩ : xi ∈ X}.
(5) A ∩ B = {⟨xi , min(µA (xi ), µB (xi )), max(νA (xi ), νB (xi ))⟩ : xi ∈ X}.

2

Discussion

In Srivastava and Maheshwari’s work [3], they used the following concept of divergence measure for IFSs.
Definition 2.1. [2] Let A, B ∈ IF S(X) be two IFSs in X. A mapping D : IF S(X) × IF S(X) −→ R is a divergence
measure for IFS if it fulfils the following axioms:
Corresponding Author: X. X. He
Received: March 2018; Revised: August 2018; Accepted: February 2019.

30

Y. F. Li, X. X. He

(D1) D(A, B) = D(B, A).
(D2) D(A, B) = 0 if and only if A = B.
(D3) D(A ∩ C, B ∩ C) ≤ D(A, B) for every C ∈ IF S(X).
(D4) D(A ∪ C, B ∪ C) ≤ D(A, B) for every C ∈ IF S(X).
Srivastava and Maheshwari [3] proposed the following new divergence measure for IFS.
1∑
= 1−log2 (1+
(min(µA(xi), µB(xi))+min(νA(xi), νB(xi))+min(πA(xi), πB(xi))))
ni=1
n

D(A, B)

1 ∑
(2−|µA(xi )−µB(xi )|−|νA(xi )−νB(xi )|−|πA(xi )−πB(xi )|)).
2n i=1
n

= 1 − log2 (1+

(1)
Then they proved that D(A, B) given by Equation (1) satisﬁes twelve properties. However, we observe some mistakes
in the proof of the following two properties.
(D3) D(A ∩ C, B ∩ C) ≤ D(A, B) for every C ∈ IF S(X).
(D11) D(A, B) ≤ D(A, C) for A ⊆ B ⊆ C.
The mistakes associated with the results of Srivastava and Maheshwari are listed as follows.
(1): On page number 39 of [3], Srivastava and Maheshwari proved that D satisﬁes the property D3 through the
following inequality
| min(µA (xi ), µC (xi ))− min(µB (xi ), µC (xi ))| + | max(νA (xi ), νC (xi )) − max(νB(xi ),
νC (xi ))| +|1 −min(µA (xi ), µC (xi )) −max(νA(xi ), νC(xi )) −(1 −min(µB(xi ), µC(xi ))
−max(νB(xi ), νC(xi )))| ≤ |µA (xi ) −µB(xi )| +|νA(xi ) −νB(xi )| +|1 −µA(xi ) −νA (xi )
− (1 − µB (xi ) − νB (xi ))|.
(2)
Actually, Inequality (2) is valid. However, the proof of Inequality (2) in [3] is not true since the authors used an
inequality
|1 − min(µA (xi ), µC (xi )) − max(νA (xi ), νC (xi )) − (1 − min(µB (xi ), µC (xi ))−
max(νB (xi ), νC (xi )))| ≤ |1 − µA (xi ) − νA (xi ) − (1 − µB (xi ) − νB (xi ))|
(3)
in the proof. It is shown from the following numerical example that Inequality (3) is invalid.
Example 2.2. Let A = {⟨x, 0.3, 0.2⟩}, B = {⟨x, 0.1, 0.4⟩} and C = {⟨x, 0.2, 0.2⟩} be three IFSs in X = {x}. Then
|1−min(µA (x), µC (x))−max(νA (x), νC (x))−(1−min(µB (x), µC (x))−max(νB (x), νC (x)))| = 0.1 and |1−µA (x)−νA (x)−
(1 − µB (x) − νB (x))| = 0. In this case, we have |1 − min(µA (x), µC (x)) − max(νA (x), νC (x)) − (1 − min(µB (x), µC (x)) −
max(νB (x), νC (x)))| > |1 − µA (x) − νA (x) − (1 − µB (x) − νB (x))|.
(2): On page number 41 of [3], Srivastava and Maheshwari proved that D satisﬁes the property D11 through the
following inequality
2(1 − |µA (xi ) − µB (xi )| − |νA (xi ) − νB (xi )| − |πA (xi ) − πB (xi )|)
≥ 2(1 − |µA (xi ) − µC (xi )| − |νA (xi ) − νC (xi )| − |πA (xi ) − πC (xi )|).
(4)
Actually, Inequality (4) is valid. However, the proof of Inequality (4) in [3] is not true since the authors used an
inequality
|πA (xi ) − πB (xi )| ≤ |πA (xi ) − πC (xi )|
in the proof. It is shown from the following numerical example that Inequality (5) is invalid.

(5)
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Example 2.3. Let A = {⟨x, 0.1, 0.5⟩}, B = {⟨x, 0.4, 0.4⟩} and C = {⟨x, 0.5, 0.1⟩} be three IFSs in X = {x} satisfying
A ⊆ B ⊆ C. Then we have |πA (x) − πB (x)| = 0.2 and |πA (x) − πC (x)| = 0 and thus |πA (x) − πB (x)| > |πA (x) − πC (x)|.
Since Inequalities (2) and (4) are indispensable in the proof of properties D3 and D11, we give a modiﬁcation of
their proving process in the following two propositions.
Proposition 2.4. Let A, B, C ∈ IF S(X) be three IFSs in X. Then we obtain that Inequality (2) is valid for all xi ∈ X.
Proof. Let us denote | min(µA (xi ), µC (xi )) − min(µB (xi ), µC (xi ))| + | max(νA (xi ), νC (xi )) − max(νB (xi ), νC (xi ))| + |1 −
min(µA (xi ), µC (xi )) − max(νA (xi ), νC (xi )) − (1 − min(µB (xi ), µC (xi )) − max(νB (xi ), νC (xi )))| and |µA (xi ) − µB (xi )| +
|νA (xi ) − νB (xi )| + |1 − µA (xi ) − νA (xi ) − (1 − µB (xi ) − νB (xi ))| by ∆1 and ∆2 , respectively. It is aimed to prove that
∆1 ≤ ∆2 for all xi ∈ X. According to the values of µA (xi ), µB (xi ), νA (xi ) and νB (xi ), four cases should be considered.
(a): If µA (xi ) ≥ µB (xi ), νA (xi ) ≥ νB (xi ), then ∆1 = 2(min(µA (xi ), µC (xi )) − min(µB (xi ), µC (xi )) + max(νA (xi ),
νC (xi ))−max(νB (xi ), νC (xi ))), ∆2 = 2(µA (xi )−µB (xi )+νA (xi )−νB (xi )). Since min(µA (xi ), µC (xi ))−min(µB (xi ), µC (xi ))
≤ µA (xi ) − µB (xi ) and max(νA (xi ), νC (xi )) − max(νB (xi ), νC (xi )) ≤ νA (xi ) − νB (xi ), we have ∆1 ≤ ∆2 .
(b): If µA (xi ) ≥ µB (xi ), νA (xi ) ≤ νB (xi ), then ∆1 = 2 max((min(µA (xi ), µC (xi ))−min(µB (xi ), µC (xi ))), (max(νB (xi ),
νC (xi )) − max(νA (xi ), νC (xi )))) and ∆2 = 2 max((µA(xi ) − µB(xi )), (νB(xi ) − νA(xi ))). Since min(µA (xi ), µC (xi )) −
min(µB (xi ), µC (xi )) ≤ µA (xi ) − µB (xi ) and max(νB(xi ), νC(xi )) − max(νA(xi ), νC(xi )) ≤ νB (xi ) − νA (xi ), we have
∆1 ≤ ∆2 .
(c): If µA (xi ) ≤ µB (xi ), νA (xi ) ≤ νB (xi ), then ∆1 = 2(min(µB (xi ), µC (xi ))−min(µA (xi ), µC (xi ))+max(νB (xi ), νC (xi ))
−max(νA (xi ), νC (xi ))), ∆2 = 2(µB (xi )−µA (xi )+νB (xi )−νA (xi )). Since min(µB (xi ), µC (xi ))−min(µA (xi ), µC (xi )) ≤
µB (xi ) − µA (xi ) and max(νB (xi ), νC (xi )) − max(νA (xi ), νC (xi )) ≤ νB (xi ) − νA (xi ), we have ∆1 ≤ ∆2 .
(d): If µA (xi ) ≤ µB (xi ), νA (xi ) ≥ νB (xi ), then ∆1 = 2 max((min(µB (xi ), µC (xi ))−min(µA (xi ), µC (xi ))), (max(νA (xi ),
νC (xi )) − max(νB (xi ), νC (xi )))) and ∆2 = 2 max((µB (xi ) − µA (xi )), (νA (xi ) −νB (xi ))). Since min(µB (xi ), µC (xi )) −
min(µA (xi ), µC(xi )) ≤ µB(xi ) − µA(xi ) and max(νA (xi ), νC (xi )) − max(νB (xi ), νC (xi )) ≤ νA (xi ) − νB (xi ), we have
∆1 ≤ ∆2 .
Proposition 2.5. Let A, B, C ∈ IF S(X) be three IFSs in X satisfying A ⊆ B ⊆ C. Then we obtain that Inequality
(4) is valid for all xi ∈ X.
Proof. Since A ⊆ B ⊆ C, we have µA (xi ) ≤ µB (xi ) ≤ µC (xi ) and νA (xi ) ≥ νB (xi ) ≥ νC (xi ) for each xi ∈ X.
Therefore, |µA (xi ) − µB (xi )| + |νA (xi ) − νB (xi )| + |πA (xi ) − πB (xi )| = 2 max((µB (xi ) − µA (xi )), (νA (xi ) − νB (xi ))) ≤
2 max((µC (xi ) − µA (xi )), (νA (xi ) − νC (xi ))) = |µA (xi ) − µC (xi )| + |νA (xi ) − νC (xi )| + |πA (xi ) − πC (xi )|. Thus we obtain
that 2(1 − |µA (xi ) − µB (xi )| − |νA (xi ) − νB (xi )| − |πA (xi ) − πB (xi )|) ≥ 2(1 − |µA (xi ) − µC (xi )| − |νA (xi ) − νC (xi )| −
|πA (xi ) − πC (xi )|) for all xi ∈ X.

3

Conclusions

In this note, we pointed out some errors in the proving process of two properties of the proposed divergence measure in
Srivastava and Maheshwaris work (Iranian Journal of Fuzzy Systems 13(1) (2016) 25-44). Then we gave a modiﬁcation
of the proving process.
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