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Abstract
In testing hypotheses, we may confront with cases where data are recorded as non-precise (fuzzy) rather than crisp. In
such situations, the classical methods of testing hypotheses are not capable and need to be generalized. In solving the
problem of testing hypotheses based on fuzzy data, the fuzziness of the observed data leads to the fuzzy p-value. This
paper has been focused to calculate fuzzy p-value based on fuzzy data using the extension principle. Also, considering
that p-value method is the most widely used / popular approach for testing hypotheses among diﬀerent sciences users,
two fuzzy p-value-based case studies have been provided in this paper. The ﬁrst case study is discussed on “the fuzzy
data from a speedometer camera” and the second is deliberate about “the lifetime of produced batteries in a factory”
and both of them have been solved by a novel approach considering other studies found in the literature.
Keywords: Testing hypotheses, fuzzy decision, fuzzy p-value, extension principle, fuzzy signiﬁcance level, fuzzy data.

1

Introduction and preliminaries

During the past four decades, several scientiﬁc researches have been published in various ﬁelds of testing hypotheses
using fuzzy set theory, see e.g. [23] and Blanco-Fernndez et al. [1]. To solve the problem of hypotheses testing, the
following approaches developed till now in fuzzy environment:
(i) Neyman-Pearson Lemma (e.g. see [24]),
(ii) Bayesian (e.g. see [2]),
(iii) Likelihood ratio (e.g. see [25]),
(iv) Minimax (e.g. see [22]),
(v) p-value (e.g. see [7]), and
(vi) Conﬁdence interval (e.g. see [4]).
In the sequence, we brieﬂy review some p-value-based researches on testing hypotheses in fuzzy environment. For
the ﬁrst time, Filzmoser and Viertl [7] investigated the problem of testing hypotheses and were developed by others
such as [18, 19]. Another eﬃcient p-value-based method for testing fuzzy hypotheses is presented in [20] on the basis of
the probability measure of fuzzy event. Some statistical properties of the fuzzy p-value are discussed in [12] to evaluate
the compatibility of the observed data with the assumed hypothetical model. Useful functions from R software packages
FPV and Fuzzy.p.value are proposed in [15, 16, 17] for testing hypotheses in a fuzzy environment. Diﬀerent fuzzy set
approaches to statistical parametric / nonparametric tests are discussed in [14, 13, 21]. Several approaches for the
goodness-of-ﬁt test by fuzzy data by fuzzy p-value are proposed in [9, 10]. The main goal of this paper is to prove the
presented formulas of fuzzy p-value in [7] by extension principle approach and investigate testing hypotheses based on
fuzzy data by two practical results.
This paper is organized as follows. Some preliminary concepts and literatures are presented in Section 1. In
Section 2, a fuzzy p-value is provided using Zadehs extension principle for testing hypotheses based on fuzzy data.
Comparing fuzzy p-value and fuzzy signiﬁcance level is discussed in Section 3 to achieve a fuzzy decision for test. Two
practical results on speedometer camera fuzzy data and the lifetime of battery are presented in Section 4 and Section
5, respectively. Our study is concluded in the ﬁnal section.
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In the sequence of this section, we are going to introduce preliminary concepts and deﬁnitions which are needed in
the next sections. Any A ∈ F (R) is called a fuzzy set on R and any T ∈ FT (R) is called a fuzzy triangular number.
Meanwhile, the fuzzy set T of the real line is said to be triangular fuzzy number, and denoted by T (a, b, c), if its
membership function is
 x−a
if
a ≤ x < b,
 b−a
c−x
if
b ≤ x < c,
T (x) =
 c−b
0
elsewhere,
where a, b, c ∈ R and a ≤ b ≤ c. Let us denote the δ-cuts and the support of fuzzy set A by Aδ = {x ∈ R : A(x) ≥ δ}
and Supp(A) = {x ∈ R : A(x) > 0}, respectively.

2

Testing hypotheses based on fuzzy data: The p-value approach

In a nonrandomized test, the space of possible values of the test statistic T is decomposed into the rejection region and
its complement (the acceptance region). Depending on the precise hypotheses H0 and H1 , the rejection region usually
takes one of the following forms
a) T ≤ tl

b) T ≥ tr

c) T ∈
/ (t1 , t2 ),

(1)

where tl or tr , or t1 and t2 are quantiles of the distribution of T [3].
Let us consider the case of having fuzzy data x̃1 , ..., x̃n ∈ F (R) which are to be used for a testing hypotheses. Using
extension principle, one can obtain the membership function of a continuous test statistic t = h(x̃1 , ..., x̃n ). In this case
p-value, as a function of t, is a fuzzy set on [0, 1], which we denote it by P.
The main problem: Let we take a random sample of size n from fθ (x), θ ∈ Θ, but instead of crisp data, we observe
the fuzzy data x̃1 , ..., x̃n ∈ F (R). The main problem studied in this work is testing hypotheses
H 0 : θ ∈ Θ0 ,

vs.

H 1 : θ ∈ Θ1 ,

by p-value approach based on the fuzzy observations x̃1 , ..., x̃n ∈ F (R).
Theorem 2.1. Suppose that fθ (x), θ ∈ Θ be a continuous random variable. In testing hypotheses with fuzzy data, for
any critical region of the forms (a)-(c) indicated in Eq. (1), the membership function of fuzzy p-value are as follows:
a)

P(p) = t(qT (p)),

(2)

b)

P(p) = t(qT (1 − p)),
{
t(qT ( 1−p
2 ))
P(p) =
t(qT ( p2 ))

(3)

c)

if
if

tl ≥ m,
tr ≤ m,

(4)

in which p ∈ [0, 1], t is the membership function of fuzzy test statistic and function qT (p) is the p-th quantile of T
distribution under the boundary of H0 . In case (c), m is the median of the distribution of T , and also tl and tr are the
first and the end points of Supp(t).
Proof. The crisp p-value in case (a) is equal to p = P rH0 (T ≤ t) in which t is the crisp observed value of test statistic
T . Considering the continuity property of random variable X, the test statistic T will be continuous [19]. Therefore,
the p-value is strictly increasing function of t and is one to one function. Hence, considering Zadehs extension principle
we have
P(p)

=

sup

t(t) = t(t)|p=P rH0 (T ≤t)

t: p=P rH0 (T ≤t)

= t(t)|p=FT (t) = t(t)|t=F −1 (p)
T
= t(qT (p)), p ∈ [0, 1],
where FT (.) is the c.d.f (cumulative distribution function) of T under the null hypothesis and FT (.)−1 is its inverse
which is equivalent to the quantile of T denoted by qT (.) under the null hypothesis. Note that, the one to one property
for p = FT (t) is causes the existence of the inverse of c.d.f in case (a).
The crisp p-value in case (b) is equal to p = P rH0 (T ≥ t) = 1 − FT (t) under the null hypothesis. Note that, the one
to one property for p causes to conclude the one to one property for 1 − p = FT (t), and so there exists the inverse of
c.d.f in case (b). Therefore, by Zadehs extension principle
P(p)

=

sup

t(t) = t(t)|p=P rH0 (T ≥t)

t: p=P rH0 (T ≥t)
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= t(t)|1−p=FT (t) = t(t)|t=F −1 (1−p)
T
= t(qT (1 − p)), p ∈ [0, 1],
The crisp p-value in case (c) is equal to
{

2 P rH0 (T ≥ t)
2 P rH0 (T ≤ t)

p = 2 min {P rH0 (T ≥ t), P rH0 (T ≤ t)} =

if
if

t ≥ m,
t < m,

and so the proof of case (c) is similar to the proof of cases (a) and (b).
Theorem 2.2. Under assumptions of Theorem 2.1, in testing hypotheses with fuzzy data the δ-cuts of fuzzy p-value
for any critical region of the forms (a)-(c) indicated in Eq. (1) are as follows:
a)

Pδ = [P r (T ≤ t1 (δ)) , P r (T ≤ t2 (δ))] ,

(5)

b)

Pδ = [P r (T ≥ t2 (δ)) , P r (T ≥ t1 (δ))] ,
{
[2P r (T ≥ t2 (δ)) , 2P r (T ≥ t1 (δ))]
Pδ =
[2P r (T ≤ t1 (δ)) , 2P r (T ≤ t2 (δ))]

(6)

c)

if
if

tl ≥ m,
tr ≤ m,

(7)

in which δ ∈ [0, 1] and tδ = [t1 (δ), t2 (δ)].
Proof. 1 Regarding to Theorem 1 and considering strictly increasing property of FT , one can obtain the δ-cuts of P in
case (a) as follows
Pδ

=
=
=
=
=
=

{p ∈ [0, 1] : P(p) ≥ δ}
{p ∈ [0, 1] : t (q
{
( T (p)) ≥
) δ} }
p ∈ [0, 1] : t FT−1 (p) ≥ δ
{
}
p ∈ [0, 1] : FT−1 (p) ∈ [t1 (δ), t2 (δ)]
{p ∈ [0, 1] : p ∈ [FT (t1 (δ)), FT (t2 (δ))]}
[P r (T ≤ t1 (δ)) , P r (T ≤ t2 (δ))] , δ ∈ (0, 1].

For case (b), considering strictly decreasing property of FT , similarly we have
Pδ

=
=
=
=
=
=

{p ∈ [0, 1] : P(p) ≥ δ}
{p
{ ∈ [0, 1] : t (q
( T (1 − p)) ≥
) δ} }
p ∈ [0, 1] : t FT−1 (1 − p) ≥ δ
{
}
p ∈ [0, 1] : FT−1 (1 − p) ∈ [t1 (δ), t2 (δ)]
{p ∈ [0, 1] : 1 − p ∈ [1 − FT (t2 (δ)), 1 − FT (t1 (δ))]}
[P r (T ≥ t2 (δ)) , P r (T ≥ t1 (δ))] , δ ∈ (0, 1].

The proof of case (c) is obvious by considering the proof of cases (a) and (b).
Note 1. It must be highlighted that the source of the presented formulas in Theorem 2 are previously presented by
Filzmoser and Viertl in 2004. They deﬁned the fuzzy p-value by similar formulas and they have been proved some
properties for their deﬁned fuzzy p-value [26]. But, here from another point of view, we prove / obtain their formulas
on the basis of the extension principle by minor revisions in case (c).

3

Fuzzy decision based on fuzzy p-value and fuzzy significance level

If the p-value is fuzzy, it is more appropriate to consider a fuzzy signiﬁcance level for the problem. Therefore, we
need a criterion for comparing two fuzzy subsets, fuzzy p-value P and fuzzy level S. There are many ways to carry out
this comparison, see, for example [5, 6, 27]. We use Yuans approach in Deﬁnition 3.1, since it is reasonable and has
appropriate properties [28].
Definition 3.1. Let A, B ∈ F (R), be normal and convex. Let
∫
∫
( +
)
−
∆AB =
aAδ − aBδ dδ +
−
a+
Aδ >aBδ

1 This

proof is presented by late Prof. N. R. Arghami.

+
a−
Aδ >aBδ

(

)
+
a−
Aδ − aBδ dδ,

(8)
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−
where a+
Aδ = sup {x : x ∈ Aδ }, aAδ = inf {x : x ∈ Aδ }, and Aδ is the δ-cut of A, δ ∈ (0, 1]. Then the degree of “A is
grater than B” is defined to be

D(A ≻ B) =

∆AB
.
∆AB + ∆BA

(9)

Definition 3.2. In testing hypotheses problem D(P ≻ S) is called the degree of acceptance of H0 and D(S ≻ P) =
1 − D(P ≻ S) the degree of rejection of H0 .

4

Practical results on speedometer camera

The task of a speedometer camera mounted in a highway of Kerman is to control the speed of cars in transit. In addition
recording the speciﬁcations of each vehicle, the speedometer camera can also estimate the speed of the vehicle in three
diﬀerent computational methods (in km/h). According to the program given to the camera, there are only random data
recorded from the vehicles travelling daily on this highway. To do so, the camera records the characteristics of a car
every half hour and estimates its speed in three diﬀerent ways. In this study, two approaches / strategies for recording
data are considered:
Strategy 1 (recording data in the form of precise numbers): In this method, the average of the three registered
numbers is considered as the estimated speed of the vehicle.
Strategy 2 (recording data in the form of non-precise / fuzzy numbers): In this method, the set of three
registered numbers is considered as a triangular fuzzy number for the estimated speed of the vehicle. The middle of the
registered number is considered as the core of the triangular fuzzy number. Also, the smallest and the largest registered
numbers are respectively considered as the ﬁrst and the end points of the triangular fuzzy number support. In Strategy
2, the information / data are recorded non-precisely and therefore, the inferences and conclusions based on them can
not be made by classical statistical methods.
Therefore, the extracted data from the camera was recorded in the form of precise / real numbers (Strategy 1) as
well as non-precise / fuzzy numbers (Strategy 2) during one week which are summarized in Table 1. The membership
functions of 28 fuzzy numbers for vehicles speed are depicted in Figure 1 which are gathered only during the day of
19 June 2017. Moreover, the membership functions of some statistics (such as fuzzy mean, fuzzy variance and fuzzy
standard deviation) are drawn in Figure 1 and Figure 2.
Table 1: The means of samples from vehicles speed between 18 and 24 June 2017 by two diﬀerent strategies.
Date
Sample size Mean of speed (Strategy 1) Mean of speed (Strategy 2)
2017-06-18 day
28
94.59
T(89.4, 94.6, 98.4)
2017-06-18 night
20
82.77
T(76.9, 82.8, 86.5)
2017-06-19 day
28
93.64
T(89.1, 93.6, 98.1)
2017-06-19 night
20
86.34
T(81.3, 86.3, 90.0)
2017-06-20 day
28
96.34
T(91.9, 96.3, 100.4)
2017-06-20 night
20
81.42
T(75.1, 81.4, 85.1)
2017-06-21 day
28
93.71
T(88.5, 93.7, 98.0)
2017-06-21 night
20
86.48
T(79.6, 86.5, 90.7)
2017-06-22 day
28
95.87
T(90.2, 95.9, 100.8)
2017-06-22 night
20
96.91
T(91.2, 96.9, 100.7)
2017-06-23 day
28
85.51
T(79.6, 85.5, 89.7)
2017-06-23 night
20
76.49
T(72.2, 76.5, 81.3)
2017-06-24 day
28
83.90
T(76.4, 83.9, 88.4)
2017-06-24 night
20
84.22
T(78.7, 84.2, 87.8)
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Figure 1: The membership functions of 28 fuzzy-valued observed data for speed which are gathered during the day of
19 June 2017 and the membership function of their fuzzy mean (bold line).
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Figure 2: The membership functions of the fuzzy variance (dash line) and the fuzzy standard deviation (dot-dash line)
for 28 fuzzy data which are gathered during the day of 19 June 2017.
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Figure 3: The membership functions of fuzzy means for fuzzy speeds in each day (gray lines) and each night (black
lines). The membership functions of total fuzzy means for 7 days (gray dot-dash line) and 7 nights (black dot-dash
line).
The membership functions of fuzzy means for fuzzy speeds are separately shown in Figure 3 for each day and night.
Meanwhile, one can compare the membership functions of two total fuzzy means for 7 days and 7 nights in Figure 3.
According to the Iranian freeways rules, on highways the maximum allowed speed for a variety of vehicles is 95
km/h during the day and 85 km/h at night. Due to the lower maximum allowed speed of the night rather than the day,
there has recently been a claim by one of the high-ranking oﬃcers that there is an increase in the number of overtakes
during the night rather than to the day, and on that basis, more vehicles control are proposed throughout the night
at the site. Regarding to the fact that increasing the variance of vehicles speed is equivalent to increasing the number
of overtakes, a test for comparing day and night vehicle variances was proposed to check the validity of the presented
claim. So, the main goal in this study is to answer this question: Does the vehicles speed variance during the day (from
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5 am to 7 pm) is signiﬁcantly less than the vehicles speed variance during the night (from 7 pm to 5 am)? In other
words, the goal is testing the following hypotheses at signiﬁcant level 0.05,
2
2
H0 : σD
= σN
2
2
H1 : σD < σN
2
2
in which σD
and σN
are vehicles speed variances during the day and night, respectively. The normality assumption for
the vehicles speed variance during the day (and similarly, at night) is acceptable due to the large sample size and the
nature of the random variable. It should be mentioned that because of the importance of correctly recording speed, in
this project the speeds of vehicles are estimated by the camera by three diﬀerent methods. Therefore, we will continue
testing the above hypotheses based on two diﬀerent data recording strategies:
In Strategy 1, the p-value easily can computed based on the observed precise data as follows

p − value = PH0 (F ≤ f ) = 1.382 × 10−6
σ2

0.0

0.2

0.4

0.6

0.8

1.0

2
2
in which the test statistic F = σN
has Fisher distribution with degrees of freedom 195 and 139 and σD
and σN
are
2
D
variance samples of the random speeds during day and night. Also, the crisp observed value of F in the ﬁrst strategy is
f = 0.482. Therefore, by comparing p-value and signiﬁcance level, the null hypothesis obviously rejected at signiﬁcance
level 0.05.
The fuzzy p-value is a function of the observed fuzzy-value test statistics, f, which is a fuzzy number in Strategy 2.
Therefore, ﬁrst of all we obtain the membership functions of fuzzy variances and then the membership function of f,
which are drawn using Package FuzzyNumbers [8] in Figure 4 and Figure 5 based on the cuts of observations.
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Figure 4: The membership functions of fuzzy variances (dotted lines) and fuzzy standard deviations (continuous lines)
for all 7 days (gray) and all 7 nights (black).
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Figure 5: The membership function of the fuzzy test statistic f (dash line) and the membership function of total fuzzy
standard deviations for days (gray line) and for nights (black line).
Regarding to the alternative hypothesis, the rejection region is of the form (1.a) and considering Eq. (5) the δ-cuts
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of the fuzzy p-value P are intervals of the form
[
]
2 =σ 2 (F ≤ f1 (δ)) , Pσ 2 =σ 2 (F ≤ f2 (δ)) = [Φ (f1 (δ)) , Φ (f2 (δ))] ,
Pδ = PσD
N
D
N

0.0

0.5

1.0

1.5

2.0

2.5

in which f = [f1 (δ), f2 (δ)] for all δ ∈ (0, 1]. Moreover, Φ(.) is the c.d.f. of the Fisher with degrees of freedom 195
and 139. Hence, one can construct the fuzzy p-value by its δ-cuts in Figure 6. After computing ∆PS = 0.522 and
∆SP = 0.062, the null hypothesis is accepted with degree D(P ≻ S) = 0.894 at the signiﬁcance level 0.05.
As discussed in this study, two diﬀerent strategies are considered in recording data which lead the scientist to the
diﬀerent results in testing hypotheses. But according to the author belief, Strategy 2 has two advantages rather than
Strategy 1:
Firstly, the dispersion between the three registered numbers does not disappeared when the triangular fuzzy data is
recorded in Strategy 2, but the dispersion between the three registered numbers has been omitted in Strategy 1. For
example, two diﬀerent speed vectors (50, 55, 60) and (42, 103, 20) have the same eﬀect / worth in Strategy 1, but are
diﬀerent in Strategy 2.
Secondly, in fuzzy case, the estimation fuzziness of the device is maintained / saved until the end of the calculation and
ﬁnally gives “the degree of acceptance” for the accepted hypothesis to the practitioner. In other words, fuzzy decision
making is done in Strategy 2 based on fuzzy / non-precise data which is more justiﬁer than crisp decision of classical
test in Strategy 1.

0.0
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1.5

Figure 6: The membership function of fuzzy test statistic f (dash line), the membership function of the fuzzy p-value
(dotted line) with regard to the p.d.f of test statistic (continuous line) and test signiﬁcance level (red dotted line).

5

Practical results on the lifetime of battery

The lifetime X of battery (in term of hour) produced by a factory is distributed normally with mean µ = 1300 and
variance σ 2 = 900 hours. After doing some preferences and corrections in assembly line, a random sample of size n = 10
lamps is taken. Consider this fact that the lifetime of a battery does not end at a moment and its useful life / capability
will down slowly over the time. Therefore the lifetime of a battery is a non-precise number, and our observations are
recorded using triangular fuzzy numbers as follow:
T(1257,1261,1278), T(1251,1287,1302), T(1315,1346,1372), T(1306,1330,1348), T(1298,1329,1349), T(1288,1301,1320),
T(1298,1317,1333), T(1241,1269,1284), T(1325,1353,1369), T(1301,1337,1355).
After applying changes and corrections into the factory assembly line, a new question is presented: Whether the
lifetime mean of the produced batteries is increases after doing preferences and corrections? In other words, we wish
to test the∑null hypothesis H0 : µ = 1300(versus the) alternative hypothesis H1 : µ > 1300. The test statistic
10
2
Xi
has normal distribution N 1300, 30
and one can easily calculate its observed value as triangular
T = X̄ = i=1
10
10
fuzzy number T(1288,1313,1331) based on extension principle. In this case, the rejection region is of the form (1.b) and
considering Eq. (6) the δ-cuts of the fuzzy p-value P are intervals of the form
[
)
)]
(
(
Pδ = Pµ=1300 X̄ ≥ t2 (δ) , Pµ=1300 X̄ ≥ t1 (δ)
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= 

∫

∞
t2 (δ)−1300
30
√
10

(2π)− 2 exp(−
1

2

z
) dz ,
2

∫

∞
t1 (δ)−1300
30
√
10


(2π)− 2 exp(−
1

2

z
) dz  , δ ∈ (0, 1],
2

in which t = T (1288, 1313, 1331) and thus the ﬁrst and end points of δ-cut t is equal to t1 (δ) = 1288 + 25δ and
t2 (δ) = 1331 − 18δ for all δ ∈ (0, 1], respectively. Therefore, we can construct the fuzzy p-value by its δ-cuts in Figure
7 using Package FuzzyNumbers, see [8]. If we want to test H0 versus H1 at signiﬁcance level approximately 0.05, which
is denoted here with S = T (0, 0.05, 0.1), then ∆PS = 0.46 and ∆SP = 0.06. Therefore, the null hypothesis is accepted
with degree D(P ≻ S) = 0.86 at level approximately 0.05.

Figure 7: The membership functions of fuzzy p-value and fuzzy signiﬁcance level.
After the null hypothesis acceptance, another question has been presented by quality control engineers: Whether
the lifetime mean of the produces batteries has any signiﬁcant changes after doing preferences and corrections, or not?
In other words, we must test the hypothesis H0 : µ = 1300, against the hypothesis H1 : µ ̸= 1300. In this case, the
rejection region is of the form (1.c). Note that m ∈ Supp(t) and the fuzzy p-value can not presented by Theorem 1.
Hence we are face with a non-decision problem in this example (see Section 3 of [7] for more details). But, if we suppose
that the test statistic is observed as t = T (1300, 1313, 1321), then tl ≥ m and so considering Eq. (7), the δ-cuts of the
fuzzy p-value P are intervals of the form


∫ ∞
∫ ∞
2
2
1
1
z
z
Pδ = 2
(2π)− 2 exp(− ) dz , 2
(2π)− 2 exp(− ) dz  , δ ∈ (0, 1],
t2 (δ)−1300
t1 (δ)−1300
2
2
30
30
√

10

√

10

where the ﬁrst and end points of δ-cut t is equal to t1 (δ) = 1300 + 13δ and t2 (δ) = 1321 − 8δ, respectively. Now, one can
construct the fuzzy p-value by its δ-cuts as depicted in Figure 8. Testing the above hypotheses at fuzzy signiﬁcance level
S = T (0, 0.15, 0.3), lead the user to calculate ∆PS = 0.45, ∆SP = 0.14 and therefore the null hypothesis is acceptable
with degree D(P ≻ S) = 0.76.

Figure 8: The membership functions of fuzzy p-value and fuzzy signiﬁcance level.
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Conclusions and future research directions

At the ﬁrst of conclusions part, a brief discussion in need to show why we need record information by non-precise data
rather than precise common data. In statistical data collection, we may face to situations where information / data
entry is accompanied by uncertainty / fuzziness. Some applied instances are: (1) measuring the amount of gas exiting
the crater of an volcano per hour, (2) the amount of interest / satisfaction of a worker from his / her job, (3) the length
of time a refrigerator safely holds from a speciﬁc food / fruit, (4) monthly income of a Taxi driver, (5) the degree of
satisfaction / utility of life, and (6) the threshold of patient tolerance. In such cases, recording data in the form of a
fuzzy number can help keep more hidden information from the observations. In testing hypotheses based on fuzzy data
one can consider the p-value approach in which the entrance of fuzzy data into the statistical computations leads to
creating the fuzzy p-value. For such situation, the comparison of the fuzzy p-value and the fuzzy signiﬁcance level are
also discussed in this paper. Moreover, two case studies have been investigated and applied with fuzzy p-value approach
in this paper based on a novel approach in comparison of the other studies in the literature. The ﬁrst case study is
about the observed data from a speedometer camera, and the second one is on the lifetime of produced batteries in a
manufacture.
It must be noted that the proposed fuzzy decision making have two advantages in comparison of the classical common
p-value-based method: (i) proper storage of data using fuzzy numbers to avoid losing the useful information, and (ii)
maintain the fuzziness of the problem until the end of the calculation to obtain “the degree of acceptance” in the test.
Regarding to the high application of p-value method in testing hypothesis, discussion on other real-data studies by
fuzzy p-value approach are some applied potential topics for future work. One of the key problems in Statistics is to
get information about the form of the population from which a sample is drawn. Although Hesamian and Taheri [11],
Grzegorzewski and Jedrej [9] and Grzegorzewski and Szymanowski [10] proposed goodness-of-ﬁt tests for fuzzy data,
but still there are not too many tools in fuzzy Statistics that help under fuzzy data from the unknown distribution.
So, the study of goodness-of-ﬁt testing using fuzzy data by other methods like simulation, defuzziﬁcation, extension
principle and considering the fuzzy-valued p.d.f. are other potential topics for future research.
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