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Abstract
In this note, our aim is to present the relation between msets and L-fuzzy sets. We prove that an mset can be viewed
as an L-fuzzy set. An mset topology can be viewed as an L-topology. Therefore, it follows that mset topologies are
redundant in theoretical sense.
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Introduction

The rapid development of science has led to an urgent need for the sets theory development. For example, Zadeh [23]
introduced the fuzzy sets theory as an extension of the crisp sets theory. Later, Atanassov [1] extended the fuzzy sets
by adding another degree of nonmembership. The new structure given the name intuitionistic fuzzy sets. The attempts
to offer generalizations of crisp sets theory did not stop. In 1999, Molodtsov [15] proposed the soft sets theory to deal
with the uncertainty in a parametric behavior.
However as proved in [7], intuitionistic fuzzy sets are redundant and represent unnecessarily complicated, strictly
special subcases of standard fixed-basis set theory. Analogously it follows that (fuzzy) soft set and (fuzzy) soft topologies
are redundant and unnecessarily complicated in theoretical sense (see [16, 17, 18]).
In the real world it is observed that there is enormous repetition. For instance, there are many hydrogen atoms,
many water molecules, many strands of DNA, etc.
In classical set theory, a set is a well-defined collection of distinct objects. If repeated occurrences of any object is
allowed in a set, then a mathematical structure, that is known as multiset (mset or bag, for short [2, 3, 4, 12, 22]).
Thus, a multiset differs from a set in the sense that each element has a multiplicity—a natural number not necessarily
one—that indicates how many times it is a member of the multiset. One of the most natural and simplest examples is
the multiset of prime factors of a positive integer ‘n’. The number 504 has the factorization 504 = 23 32 71 which gives
the multiset {2,2,2,3,3,7}.
In [9], Girish and John presented the construction of topological structures using binary relations and rough sets
in the context of multisets. The basic concepts of general topology on classical sets are generalized on multisets.
The concept of rough multiset is introduced and the relationship between rough multiset and multiset topology is
investigated [5, 6, 9, 10, 13, 14, 19, 20, 21].
In [8], Ghareeb concluded that multiset topology is exactly a special subcase of general topology. Thus there is no
benefit from continuing to study the theoretical aspects of multiset topology. Then a natural problem is as follows. Is
Ghareeb’s conclusion right?
In this note, we shall present the condition under which Ghareeb’s results are correct. We prove that an mset can
be viewed as an L-fuzzy set. An mset topology can be viewed as an L-topology.
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Msets as L-fuzzy sets

The notion of msets was introduced by Yager [22]. The basic definitions and notions of relations and functions in
multiset context introduced by Girish and John [9, 10] are presented.
Definition 2.1. [10] An mset M drawn from the set X is represented by a function Count M or CM defined as
CM : X → N where N represents the set of non-negative integers.
Let M be an mset from the set X = {x1 , x2 , · · · , xn } with xi appearing ki times in M . It is denoted by xi ∈ki M .
Clearly, a set is a special case of an mset. Let M and N be two msets drawn from a set X. Then, the following are
defined:
(i) M = N if CM (x) = CN (x), ∀x ∈ X.
(ii) M ⊆ N if CM (x) ≤ CN (x), ∀x ∈ X.
(iii) P = M ∪ N if CP (x) = max{CM (x), CN (x)}, ∀ ∈ X.
(iv) P = M ∩ N if CP (x) = min{CM (x), CN (x)}, ∀x ∈ X.
(v) P = M ⊕ N if CP (x) = CM (x) + CN (x), ∀x ∈ X.
(vi) P = M

N if CP (x) = max{CM (x) − CN (x), 0}, ∀x ∈ X.

The mset space [X]m is the set of all msets whose elements are in X such that no element in the mset occurs more
than m times.
Let {Mi | i ∈ Ω} be a collection of msets drawn from [X]m . Then the following operations are possible.
S
(i) The union i∈Ω Mi of {Mi | i ∈ Ω} is defined as CSi∈Ω Mi (x) = maxi∈Ω CMi (x), x ∈ X.
T
(ii) The intersection i∈Ω Mi of {Mi | i ∈ Ω} is defined as CTi∈Ω Mi (x) = mini∈Ω CMi (x), x ∈ X.
(iii) The mset complement M c of M is defined as CM c (x) = m − CM (x), x ∈ X.
The power set of an mset M is the support set of the power mset and is denoted by P ∗ (M ).
complete
If we denote N ∪ {+∞} by N, then it is easy to see that N is a S
T lattice. Thus an mset can be regarded
W as an
V
N-fuzzy set [11]. Further we can easily prove that the operations and in [X]m are exactly the operations and
W
V
X
X
in N for any m ∈ N. Thus we easily obtain the fact that ([X]m , , ) is a complete sublattice of N for any m ∈ N.
In [9], Girish and John introduced the notion of mset topology as follows.
Definition 2.2. [10] Let M ∈ [X]m and τ ⊆ P ∗ (M ). Then τ is called an mset topology if it satisfies the following
properties.
(1) ∅ and M are in τ .
(2) The union of the elements of any sub-collection of τ is in τ .
(3) The intersection of the elements of any finite sub collection of τ is in τ .
S T
S T
Given an mset M in [X]m , Ghareeb [8] construct an isomorphism ψ : (P ∗ (M ), , ) → (ψ(M ), , ), where
ψ : [X]m → X× ↓ N is defined as
[
ψ(M ) =
{x}× ↓ CM (x), and ↓ CM (x) = {n ∈ N | n ≤ CM (x)}.
x∈M ∗

And Ghareeb proved the following result.
Proposition 2.3. [8] (M, τ ) is an mset topological space if and only if (ψ(M ), ψ → (τ )) is a topological space, where
ψ → (τ ) = {ψ(V ) | V ∈ τ }.
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S
T
From Proposition 2.3 we know that if we consider only two operations and , then an mset topology defined on
M is equivalent to a topology defined on the family of all down sets ↓ ψ(M ).
When the complement operation is not involved, all claims around general topology can be acclimatized to preclude
any possible scheme based on mset topology.
But if the complement operation is involved, then the above statement is not correct. In fact, we can easily see that
for an mset M , ψ(M c ) = (ψ(M ))c is not true. In this case, not all conclusions in the general topology can be translated
into the mset topology.
We must ask a principal question. Is an mset topology mathematically redundant, in which sense does its redundancy
occur?
Now we answer the above question. We shall prove that an mset topology can be regarded as a special L-fuzzy
topology.
Let (X, T ) be an L-topological space and A ∈ LX . If we let T |A = {A ∧ T | T ∈ T }, then the following conditions
are true.
(1) ∅, A ∈ T |A ;
(2) If U, V ∈ T |A , then U ∧ V ∈ T |A ;
(3) If {Ui }i∈I is a family of L-fuzzy sets in T |A , then

W

Ui ∈ T |A .

i∈I

We shall say that (A, T |A ) is a quasi L-topological space.
The following theorem present the relation between mset topological spaces and quasi L-topological spaces.
Theorem 2.4. Let M ∈ [X]m and let τ be an mset topology on M . Then (M, τ ) can be regarded as a quasi [0, 1]topological space.
Proof. As we mentioned, M ∈ [X]m can be regarded as an L-fuzzy set in which L = {0, 1, 2, · · · , m} is a complete
n.
lattice and a clain. L can be embedded into [0, 1] in the following form. For any n ∈ {0, 1, 2, · · · , m}, define φ(n) = m
CM (x)
Thus an mset M can be mapped to a [0, 1]-fuzzy set ϕ(M ) such that for all x ∈ X, ϕ(M )(x) = φ(CM (x)) = m .
Obviously ϕ : [X]m → [0, 1]X is a one to one mapping. It is easy to see that
ϕ(∅)(x) = φ(C∅ (x)) =

0
= 0, ∀x ∈ X.
m

Given a family of msets {Mi | i ∈ Ω}, We have the following equality ∀x ∈ X,
ϕ

S

i∈Ω


Mi (x) =

max CDi (x)
i∈Ω

m

CDi (x)
m

=

W

CDi (x)
m
i∈Ω

=

V

= max
i∈Ω

i∈Ω

ϕ(Mi )(x).

i∈Ω

ϕ(Mi )(x).

Analogously we have the following.
ϕ

T

i∈Ω


Mi (x) =

min CDi (x)
i∈Ω

m

= min

In particular given two msets M1 and M2 in M . We have ϕ(M1 ∩ M2 ) = ϕ(M1 ) ∧ ϕ(M2 ). This shows that
(ϕ(M ), ϕ(τ )) is a quasi [0, 1]-topological space, where ϕ(τ ) = {ϕ(D) | D ∈ τ }.
Given two msets D and E in M with D ≤ E. The complement P = E − D of D in E is defined as
CP (x) = CE (x) − CD (x).
If we define the complement ϕ(E) − ϕ(D) of two fuzzy sets ϕ(D) and ϕ(E) as
(ϕ(E) − ϕ(D))(x) = ϕ(E)(x) − ϕ(D)(x),
then we have
(ϕ(E) − ϕ(D))(x) =

CE (x) − CD (x)
= ϕ(E − D)(x),
m

which implies ϕ preserves complement operation.
Now, we can say that an mset topology can be regarded as a [0, 1]-fuzzy set topology. Therefore, it follows that
mset topologies are redundant in theoretical sense.
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Conclusion

In this note, we proved that an mset can be viewed as an L-fuzzy set and an mset topology can be viewed as an
L-topology. Therefore, it follows that mset topologies are redundant in theoretical sense.
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