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Abstract
This paper proposed an extension for the classical partial univariate regression model with non-fuzzy inputs and
triangular fuzzy output. For this purpose, the popular non-parametric estimator and the conventional arithmetic
operations of triangular fuzzy numbers were combined to construct a fuzzy univariate regression model. Then, a hybrid
algorithm was developed to estimate the bandwidth and fuzzy regression coefficient. Some common goodness-of-fit
criteria were also used to examine the performance of the proposed method. The effectiveness of the proposed method
was then illustrated through two numerical examples including a simulation study. The proposed method was also
compared with several common fuzzy linear regression models with exact inputs and fuzzy outputs. Compared to the
available fuzzy linear regressions models, the numerical results clearly indicated that the proposed fuzzy regression
model is capable of exhibiting more accurate performances.
Keywords: Fuzzy partial linear model, kernel method, least absolute deviation, optimal bandwidth, goodness-of-fit
measure.

1

Introduction

Regression analysis is the most basic and commonly used statistical technique to estimate the relationships between
independent (predictor or explanatory) variables and a dependent (response or outcome) variable. It can also be used
to explain the variable relationships and predict actual outcomes. Since the introduction of the fuzzy regression analysis
by Tanaka et al. [57], the fuzzy univariate/multivariate parametric regression methods have been widely applied in
numerous real applications under fuzzy data (for a comprehensive systematic review see [13]). The observations of
the predictors can be either fuzzy [1, 47, 5, 7, 18, 15, 3, 17, 29, 14, 37, 33, 34, 35, 41, 63, 46, 45, 60, 21, 24, 43, 48]
or real numbers [43, 12, 10, 9, 36, 42, 23, 30, 32, 38, 40, 44, 49, 55, 57, 61, 63, 2, 52, 31, 8, 23, 16, 27, 28, 50, 64].
In addition, Cheng and Lee [10] investigated the two most basic non-parametric regression techniques, namely, K-NN
nearest neighbor smoothing and kernel smoothing for crisp input and fuzzy output. They also suggested an algorithm
for selection of the best smoothing parameters based on minimization of cross-validation criteria. Wang et al. [58]
proposed a fuzzy non-parametric model with crisp input and LR-fuzzy output based on the local linear smoothing
technique with the cross-validation procedure to apt for the optimal value of the smoothing parameter for fitting the
model. Moreover, Hesamian and Akbari [26] proposed a univariate kernel-based non-parametric regression model with
fuzzy input and output data.
It is worthy noting that the fuzzy linear regression analysis (see [57, 11, 5]) is the most basic and commonly used
statistical technique in fuzzy domain which estimates the relationships between predictor and a dependent response
variable. However, partial linear models, as a combination of parametric and nonparametric methods, often lead to
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higher prediction/estimation accuracies compared to the linear models. A partially linear model is defined as:
yi = βxi + f (ti ) + ϵi , i = 1, 2, . . . , n,
where xi s denote the inputs, ti s are additional covariates, f represents an unknown smooth function and ϵi represents
the error of the model [22, 51, 62]. Note that the relation between the response variable and inputs are assumed to be
linear while the relation between the response variable and covariates is taken as non-linear in cases where the effect of
inputs are remove from the model. To check this the residuals of the model yi = βxi + ϵi (ei ) are plotted versus the
′
′
residuals of ti = bxi + ϵi (ei ) and it is expected to have a functional relationship between ei and e′ i (see [53], Chap.
6). On the contrary, fuzzy regression analysis extends the classical regression analysis in cases where some elements
of the model are represented by fuzzy data. In this regards, the investigation of a fuzzy partial univariate model with
exact predictors and fuzzy responses can be mentioned as the main contribution of this paper. For this purpose, two
common parametric and nonparametric techniques were employed to estimate unknown fuzzy (nonparametric) function
and fuzzy (slope) coefficient. The performance of the proposed method was also compared with several common fuzzy
linear regression models in terms of some common extended goodness-of-fit criteria and scatter plots. For the practical
reasons, the proposed method was further examined by two numerical example including a simulation study.
The rest of the present paper is organized as follows: an overview of some concepts and results of fuzzy numbers is
presented in Section 2. Section 3 offers a fuzzy partial univariate model with non-fuzzy predictors and fuzzy responses.
The effectiveness and performance of the proposed method are evaluated and compared with several common fuzzy
regression methods based on two numerical examples including a simulation study and a practical example in terms of
some common performance measures in Section 4. Finally, the main contributions of this paper will be summarized in
Section 5.

2

Preliminary

This section briefly reviews several concepts and terminologies related to fuzzy numbers and a distance between fuzzy
e of R (the real line) is defined by its membership function µ e : R →
numbers used throughout the paper. A fuzzy set A
A
e
[0, 1]. In addition, a fuzzy set A of R is called a fuzzy number if it is normal, i.e. there is a unique x∗Ae ∈ R so that
e = {x ∈ R : µ e(x) ≥ α} is a nonempty compact interval in R. This
µ e(x∗ ) = 1, and for every α ∈ [0, 1], the set A[α]
A

e
A

A

e = [A
eL
eU
eL
e
eU
e
interval is denoted by A[α]
α , Aα ], where Aα = inf{x : x ∈ A[α]} and Aα = sup{x : x ∈ A[α]}. In addition, for all
e
e
e
e can be evaluated
A, B ∈ F(R) and α ∈ [0, 1], some common arithmetic operations between two fuzzy numbers A and B
as follows [39]:
e ⊕ B)[α]
e
eL
e L eU
eU
(A
= [A
α + Bα , Aα + Bα ],
eL
e U eU
e ⊖ B)[α]
e
eL
(A
= [A
α − Bα , Aα − Bα ],
eL
eU
e
eL
eU
(k ⊗ A)[α]
= [k A
α I(k ≥ 0) + k Aα I(k < 0), k Aα I(k ≥ 0) + k Aα I(k < 0)],

where I() denotes the indicator function. It is worth noting that fuzzy numbers are approximate assessments, given
by experts and accepted by decision-makers when obtaining more accurate values is impossible or unnecessary. To
simplify the task of representing and handling fuzzy numbers, several authors have captured the information contained
e = (a; la , ra )LR where
in a (unimodal) fuzzy number using a functional parametric form called an LR-fuzzy number A
e is defined by:
la , ra > 0. The membership function of an LR-fuzzy number A

a−x

 L(
), x ≤ a,
la
e
A(x)
=
(1)
x
−
a

 R(
), x > a,
ra
e respectively. The
where a ∈ R, la > 0 and ra > 0 are referred to as the center value and the left and right spreads of A,
shape function L (or R) is a decreasing function from R+ → [0, 1] such that
1. L(0) = 1,
2. L(x) < 1 for every x > 0,
3. L(x) > 0 for every x < 1,
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4. L(1) = 0 (or L(x) > 0 for any x ∈ R and L(+∞) = 0).
A special type of LR-fuzzy number is the Triangular fuzzy numbers (TFNs) with the shape functions L(x) = R(x) =
e = (a; la , ra )T and B
e = (b; lb , rb )T was utilized
max{0, 1 − |x|}, x ∈ R. In addition, a Lp distance between two TFNs A
in this paper defined as
√
p
p
p
p |a − b| + |la − lb | + |ra − rb |
e
e
Dp (A, B) =
, p ≥ 1.
3
e B
e and C,
e it satisfies the following conditions:
For any three TFNs A,
e B)
e = 0 if and only if A
e = B,
e
1) Dp (A,
e B)
e = Dp (B,
e A),
e
2) Dp (A,
(
)
e C)
e ≤ Dp (A,
e B)
e + Dp (B,
e C)
e .
3) Dp (A,
We employ D1 and D2 to evaluate the unknown components of the proposed fuzzy regression model in the next section.

3

Fuzzy partial linear model

A fuzzy partial linear model with univariate non-fuzzy input and triangular fuzzy output was considered using an
absolute error distance in this section. It should be noted that the addition and scalar multiplication of TFNs will
lead to new TFNs. That’s why the focus of this study is on such fuzzy data.
Definition 3.1. Assume that the observed data of n statistical units are denoted by (e
yi , xi , ti ). Based on the aforementioned data set, following fuzzy partial linear model (FPLM) can be considered:
yei = (βe ⊗ xi ) ⊕ fe(ti ) ⊕ e
ϵi , i = 1, 2, . . . , n,

(2)

where
1. yei = (yi ; lyi , ryi )T represent the fuzzy responses,
2. xi ’s are covariates for fuzzy linear regression, i = 1, 2, . . . , n,
3. βe = (β; lβ , rβ )T is an unknown fuzzy coefficient to be estimated,
4. ti ’s are additional covariates,
5. fe(ti ) = (f (ti ); lti , rti )T , ti ∈ [0, 1] is an unknown fuzzy smooth function, and
6. e
ϵi are TFN error terms.
Here, a two-step procedure was applied to estimate the fuzzy coefficient of βe and the unknown bandwidth h.
Step 1. By extending the conventional nonparametric Nadaraya-Watson estimator [54], the unknown fuzzy smooth
function fe can be evaluated as
n
⊕
ˆ
f˜(ti ) =
(wj (ti ) ⊗ (ỹj ⊖ (xj ⊗ β̃))),
(3)
(
K

tj −ti
h

j=1

)

) , and h > 0 controls the amount of smoothing and is known as bandwidth of the
tj − ti
h
kernel K(.) [59]. By replacing Eq. (3) in Eq. (2), we get
where, wj (ti ) =

∑n

(

j=1 K

ỹi = (xi ⊗ β̃) ⊕

n
⊕

(wj (ti ) ⊗ (ỹj ⊖ (xj ⊗ β̃))) ⊕ e
ϵi = (xi ⊗ β̃) ⊕

j=1

=

n
n
⊕
⊕
(wj (ti ) ⊗ ỹj ) ⊖
(wj (ti ) ⊗ (xi ⊗ β̃)) ⊕ e
ϵi
j=1

n
⊕

n
∑

j=1

j=1

(wj (ti ) ⊗ ỹj ) ⊕ (xi ⊗ β̃) ⊖ ((

j=1

wj (ti )xj ) ⊗ β̃) ⊕ e
ϵi = u
ei ⊕ ((xi ⊗ β̃) ⊖ (zi ⊗ β̃)) ⊕ e
ϵi ,

(4)
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⊕n
∑n
where u
ei = j=1 (wj (ti ) ⊗ ỹj ) and zi = j=1 wj (ti )xj .
Step 2. By adding ⊖e
ui on the both sides of Eq. (4), we get
ỹi ⊖ u
ei = (0; lui − rui , rui − lui )T ⊕ ((xi ⊗ β̃) ⊖ (e
zi ⊗ β̃)) ⊕ e
ϵi = (xi ⊗ β̃) ⊖ (zi ⊗ β̃) ⊕ ξei ,

(5)

where ξei = (0; lui − rui , rui − lui )T ⊕ e
ϵi .
According to Steps 1 and 2, we finally obtain a fuzzy linear model as:
w
ei = w
ei∗ ⊕ ξei ,
where w
ei = ỹi ⊖ u
ei =

⊕n

j=1 (wj (ti )

(6)

⊗ (ỹi ⊖ ỹj )), and
w
ei∗ = ((xi ⊗ β̃) ⊖ (zi ⊗ β̃)) = (wi∗ ; lwi∗ , rwi∗ )T ,

(7)

in which
1. wi∗ = (xi − zi )β,
2. lwi∗ = (xi lβ I(xi ≥ 0) − xi rβ I(xi < 0)) − (zi rβ I(zi ≥ 0) − zi lβ I(zi < 0)),
3. rwi∗ = (xi rβ I(xi ≥ 0) − xi lβ I(xi < 0)) − (zi lβ I(zi ≥ 0) − zi rβ I(zi < 0)),
∑n
4. zi = j=1 wj (ti )xj ,
and I(.) shows the indicator function.
Table 1: Some common kernel functions
{
1 − |y|, |y| ≤ 1,
Triangular
K(y) =
{ 35 0, 2 3 |y| > 1.
32 (1 − y ) , |y| ≤ 1,
Triweight K(y) =
0,
|y| > 1.

3.1

Algorithm for estimating the unknown components of the model

To evaluate the unknown components of fuzzy linear regression model (6), it can be seen that the unknown bandwidth
of h and fuzzy coefficient of βeh are confected to each other and thus should be simultaneously estimated. Two popular
kernels namely the triweight and triangular kernels (Table 1) were employed to examine their effects on the model
performance. For this purpose, the classical (generalized) cross-validation procedure and least absolute error was
extended based on the available data. The computational procedure for estimating through optimal value of bandwidth
and fuzzy regression coefficient was implemented using Mathematica and Minitab softwares by the following algorithm:
(S1) The unknown bandwidth of h can be evaluated as follows:
(a) Choose a kernel K,
(b) Let b
h(1) = 0.01,
(c) Compute

( b (1) ,bh(1) )
n
ˆ
1 ∑ D22 w̃jh , w̃
j
(1)
b
GCV (h ) =
,
n j=1 (1 − tr(Wbh(1) ))2

∑n
(1)
b
b̃
b̃
b̃ (i)
h(1) ˆ b
ˆjbh(1) = ((xj ⊗ β
where w̃
)
⊖
(z
⊗
β
))
in
which
β
, w̃jh ), and
b
(1)
(1)
j
b
b
h(1) = arg minβ∈R,lβ ,rβ >0
j=1 D1 (w̃j
h
h
t −t
tr(Wbh(1) ) shows the trace of the matrix of Wbh(1) = [wij ] where wij = K( bi (1)j ), i, j = 1, 2, . . . , n.
h

(d) Let h = h + 0.01 and return to (c). If |CV (b
h(2) ) − CV (b
h(1) )| < ϵ for a small number of ϵ then b
h(2) is
(k)
(k−1)
b
b
the optimal bandwidth otherwise; repeat the algorithm until |CV (h ) − CV (h
)| < ϵ. Therefore, b
h(k)
is the optimal bandwidth.
(2)

(1)
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(S2) According to the optimal bandwidth b
h(k) , compute the optimal value of fuzzy regression coefficient as:
b̃
β bh(k) = arg

min

β∈R,lβ ,rβ >0

n
∑

b (k)

D1 (w̃ih

ˆibh(k) ),
, w̃

i=1

The sum of the estimated absolute deviation between fuzzy outputs and their corresponding estimated values can be
∑n
b (k) ˆ b
h(k)
denoted by SAE = i=1 D1 (w̃ih , w̃
).
i
Remark 3.2. To examine the goodness-of-fit for the proposed fuzzy univariate regression model, some measures were
employed to assess the performance
model. In this regard, we used some common goodness-of-fit
∑n of the fuzzy regression
∑n
measures [26] including G1 = n1 i=1 G1i , G2 = n1 i=1 G2i where
G1i =
in which
E1 (e
yi , e
ybi ) =

∫1
0

1
1 + E1 (e
yi , e
ybi )

, G2i =

1
1 + E2 (e
yi , e
ybi )

,

∫ 1
|e
yi (x) − e
ybi (x)|dx
, and E2 (e
yi , e
ybi ) =
|e
yi (x) − e
ybi (x)|dx.
∫1
y
e
(x)dx
0
0 i

Another performance criterion extensively used in the context of fuzzy regression analysis [5, 29] to investigate the
closeness between the fuzzy responses and their corresponding estimated values is also employed in this study: S =
Card(e
ybj ∩ ỹj )
∑n
1
e
bj , ỹj ), where SU I (e
ybj , ỹj ) =
, in which ∩ and ∪ denote the intersection and union operators
j=1 SU I (y
n
ẽ
Card(y j ∪ ybj )
∫
e = A(x)dx
e
e It is worthy noting that S
on the space of fuzzy numbers and Card(A)
denotes the cardinal number of A.
is a similarity measure that is it satisfies the following conditions:
e B)
e ∈ [0, 1].
1. S(A,
e B)
e = S(B,
e A).
e
2. S(A,
e B)
e = 1 if and only if A
e = B.
e
3. S(A,
e⊆B
e ⊆ C,
e then S(A,
e C)
e ≤ min{S(A,
e B),
e S(B,
e C)}.
e
4. If A
e ∩ B,
e A
e ∪ B)
e = S(A,
e B).
e
5. S(A
e ∪ C,
e B
e ∪ C)
e ≥ S(A,
e B),
e
6. S(A
It can be seen that G1 , G2 , S ∈ [0, 1]. Therefore, the values of G1 , G2 and S above 0.5 indicate the closeness of the
responses to their corresponding estimations. In addition, to examine the relation between ye and b
ye values based on their
scatter plots, the fuzzy responses (e
y ) and the estimated value of fuzzy responses (b
ye) are converted to defuzzified values
of Mye and Mbye according to the sugeno criteria [56]:
∫
∫
xe
y (x)dx
xb
ye(x)dx
∫
Mye =
, Mbye = ∫
.
b
ye(x)dx
ye(x)dx
e = (a; la , ra )T can be determined by M e = a + (ra − la )/3.
Note that the center of gravity of a TFN A
A
Remark 3.3. To examine the relationship between ye and t (in cases where the role of x is removed from the model),
the following steps extend the classical method:
∑n
b
b
T1) Compute Meei where eei = yei ⊖ (βe ⊗ xi ) in which βe = arg minβ∈R,lβ ,rβ >0 i=1 D1 (e
yi , βe ⊗ xi ),
∑n
′
T2) Compute ei = ti − bbxi where bb = arg minb∈R i=1 |ti − bxi |,
′

T3) Plot Mee versus e to investigate the functional relationship between ye and t.
Remark 3.4. It should be noted that Hesamian and Akbari [26] extended the conventional partial linear model for
fuzzy input-output data while the proposed method relies on exact inputs. It should be also mentioned that if the fuzzy
observations of yei and the fuzzy coefficient of βe reduce to the exact values, then it is easy to check that the proposed
FPLM will reduce to the classical partial linear model.
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Numerical example

The feasibility and effectiveness of the proposed FPLM were assessed with some techniques of fuzzy linear regression
models with non-fuzzy predictors and fuzzy responses based on two numerical examples. A competitive study can be
achieved by application of the criteria given in Remark 3.2 to calculate the model performances.

Figure 1: Time series plot of f (t) in Example 4.1.

Figure 2: Plot of Myei versus xi (with triweight kernel) based on the 5th simulated data set in Example 4.1.

′

Figure 3: Plot of Meebi versus ei based on the triweight kernel for 5th simulated data set in Example 4.1.
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b
Figure 4: Plots of fuzzy smooth function of fe based on the triweight and triangular kernels in Example 4.1.

Figure 5: Plot of Mbye versus Myei based on the triweight kernel (relevant to the 5th simulated data set) and some
i
common fuzzy linear regression models in Example 4.1.
Example 4.1. (A simulation study) Consider the following FPLM based on m = 10 simulated data set of size
n = 100:
yei = (βe ⊗ xi ) ⊕ fe(ti ) ⊕ ϵi , i = 1, 2, . . . , n,
where
1. βe = (5; 1, 2)T ,
2. xi ’s is a simulated random sample from an exponential distribution with mean value of 0.5,
3. ti = (i − 0.5)/100 for i = 1, 2, . . . , 100,
4. e
ϵi = (ϵi ; lϵi , rϵi )T ’s are simulated fuzzy error terms, where ϵi ∼ N (0, 1) and lϵi = rϵi = 0.1|ϵi |, and
√
5. f (ti ) = ti (1 − ti ) sin( ti2.1π
+0.05 ).
The time series plot of f (t) is shown in Fig. 1. Popular triangular and triweight kernels were applied to estimate
fe(t) based on the introduced distance recalled in Section 3.1. In this regard, the goodness-of-fit measures SAE, G1 , G2
and S were used to evaluate the performance of the proposed method. The mean value of each performance measure
relevant to each kernel were calculated as the ultimate performance of the respective model. Accordingly, Table 2 presents
the mean values of the performance measures for the triweight and triangular kernels. With S = 0.63, G1 = 0.66,
G2 = 0.61 and SAE = 103.47, it can be concluded that the triweight kernel led to lower SAE and higher S, G1 and
G2 values than those of the triangular kernel. In order to do a comparative study against such fuzzy linear regression
methods, here we focused on some common fuzzy linear models introduced by Choi and Buckley [11], Chachi and Taheri
[4] and Tanaka et al. [57]. The mean value of performance measures for these fuzzy linear regression models are also
listed in Table 2. As per the obtained values of performance measures, the proposed method led to better performance
results than the other methods for all kernels. Specifically, consider the 5th simulated data set. Fig. 2 shows that the
′
relationship between ye and x is linear. Using Remark 3.3, the plot of Mee versus e is shown in Fig. 3 according to
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Steps (T1)-(T3). The numerical evaluations reveal that eei = yei ⊖ ((0.027; 0.59, 0.37)T ⊕ ((4.83; 0.39, 0.27)T ⊗ xi )) and
′
′
ei = ti − (−602.9 + 1211xi ). It can be seen that there is a linear relationship between Mee and e . This clearly indicates
that the role of partial part of the model on prediction performance for this data set. The unknown components of the
FPLM can be evaluate via Steps (S1) and (S2). The performance measures of other fuzzy linear regression models are
also evaluate as shown in Table 2. Comparing the various methods presented in Table 2 in terms of the goodness-of-fit
criteria, it can be seen that the proposed FPLM gave rise to better results compared to the other methods for both
triangular and triweight kernels. The plots of Mbe versus t for both triangular and triweight kernels are drawn in Fig.
f
4. The performance of the proposed FPLM was further compared to other methods via scatter plot evaluations for the
best model (triweight kernel), as depicted in Fig. 5 . The fact that the corresponding Mbye values to the proposed method
were closer to the Mye values, as compared to other methods, verified the superiority of the proposed FPLM over other
fuzzy linear regression models based on the studied fuzzy data set.
Table 2: The mean performance measures of the proposed FPLM corresponding to triangular and triweight kernels,
the model without fe and some common fuzzy linear regression models in Example 4.1.

Proposed

SSE

S

G1

G2

Triangular

110.65

0.61

0.63

0.57

Triweight

103.47

0.63

0.66

0.61

Method

SSE

S

G1

G2

Choi and Buckley

145.68

0.37

0.43

0.44

Chachi et al.

143.68

0.39

0.46

0.47

Tanaka et al.

148.97

0.35

0.41

0.42

Table 3: Performance measures of the proposed FPLM corresponding to 5th simulated sample for triangular and
triweight kernels, the model without fe and some common fuzzy linear regression models in Example 4.1.

Proposed

SSE

S

G1

G2

Fitted fuzzy regression model

Triangular

108.65

0.63

0.64

0.59

e
e
ybi = ((4.92; 0.63, 0.83)T ⊗ xi ) ⊕ fb(ti )

Triweight

101.63

0.65

0.67

0.62

e
e
ybi = ((4.99; 0.49, 0.99)T ⊗ xi ) ⊕ fb(ti )

Method

SSE

S

G1

G2

Fitted fuzzy regression model

Choi and Buckley

146.83

0.38

0.44

0.45

e
ybi = (0.07; 0.29, 0.41)T ⊕ ((4.58; 1.19, 2.11)T ⊗ xi )

Chachi et al.

145.04

0.41

0.47

0.48

e
ybi = (4.86; 1.19, 2.01)T ⊕ ((−0.07; 0.38, 0.35)T ⊗ xi )

Tanaka et al.

147.11

0.36

0.42

0.43

e
ybi = (−0.1; 0.44, 0.35)T ⊕ ((4.33; 1.31, 2.12)T ⊗ xi )

Example 4.2. In this example, the proposed FPLM is examined in hydrology studies to measure the suspended load
based on discharge in watersheds. According to a study conducted in Darband region (situated between Bojnord and Esferayen Townships, Khorasan province of Iran) some water characteristics were measured using the standard procedures.
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Table 4: Performance measures of the proposed FPLM corresponding to the triweight kernel and some common fuzzy
linear regression models in Example 4.2.

Proposed

SAE

S

G1

G2

Fitted fuzzy regression model

Triweight

129.01

0.73

0.82

0.85

e
b
h = 0.04, b
yei = ((1.68; 0.044)T ⊗ xi ) ⊕ fb(ti )

Method

SAE

S

G1

G2

Fitted fuzzy linear regression

Choi and Buckley

177.49

0.68

0.80

0.78

e
ybi = (3.851; 1.322)T ⊕ (1.518; 1.23)T ⊗ xi

Chachi et al.

171.57

0.67

0.78

0.72

Equation (30), pp. 7 of [6]

Tanaka et al.

188.74

0.54

0.54

0.55

e
ybi = (3.991; 1.871)T ⊕ (2.084; 1.43)T ⊗ xi

The daily discharge and suspended load of the watershed were measured for 184 days [6] (see Table (1), pp. 18). Here,
we shall deal with estimation of the amount of suspended load (as the fuzzy output) based on discharge (as non-fuzzy covariate) in accordance with the proposed FPLM. In this example, the FPLM is assumed to be yei = (βe ⊗ xi ) ⊕ fe(ti ) ⊕ ϵi ,
i = 1, 2, . . . , 184 where βe and fe are symmetric TFNs and ti = i/n. Fig. 6 shows that the relationship between ye and
x is linear. According to Steps (T1)-(T3), the results show that eei = yei ⊖ ((3.27; 0.27, 0.3)T ⊕ ((1.69; 0.20, 0.39)T ⊗ xi ))
′
′
and ei = ti − (−0.0000001 + 19.81xi ). The plot of Mee versus e is shown in Fig. 7. Accordingly, it can be observed that
′
there is a functional relationship between Mee and e . This clearly indicates that the partial part of the linear may have
a positive effect on model prediction performance. The unknown components of the FPLM can be evaluate via Steps
(S1) and (S2). Applying the proposed method to the hydrology data set, the unknown bandwidth h and fuzzy coefficient
regression βe can be estimated according to Steps (S1) and (S2). For this purpose, we focused on triweight kernel due
to its higher performance than the triangular kernel as shown in Example 4.1. The computational procedure show that
b
h = 0.04 and βe = (1.68; 0.044)T . The fitted FPLM and their corresponding goodness-of-fit measures are listed in Table
3. In another study, Chach et al. been shown that their proposed fuzzy linear regression model was advantageous and
superior to some other fuzzy linear regression models (for more, see [6]). Therefore, in order to provide a competitive
study, we employed three fuzzy linear regression models proposed by Chachi et al. [6] and two commonly used approaches
introduced by Choi and Buckley [11] and Tanaka et al. [57]. The measures SAE, S, G1 and G2 were adopted to calculate the goodness-of-fit measures of the mentioned methods. The results are listed in Table 4. In terms of the the
goodness-of-fit measures SAE = 129.01, G1 = 0.82, G2 = 0.85 and S = 0.73, it can be concluded that the proposed
FPLM exhibits a better performance to other methods. Investigating the scatter plots for this data set (Fig 9 ) for the
values of Mbye and Mye, the superiority of the proposed FPLM over other methods was also evident in this example.

Figure 6: Plot of Myei versus xi in Example 4.2.
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′

Figure 7: Plot of Meebi versus ei in Example 4.2.

b
Figure 8: Plot of fuzzy smooth function of fe based on the triweight in Example 4.2.

Figure 9: Plot of yebi versus yei for the proposed FPLM and some common fuzzy linear regression models in Example
4.2.
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Conclusion

Partial linear models have recently gained an extensive deal of attention in linear regression models since they combine
both parametric and nonparametric regression techniques. In this paper, a classical partial univariate model was
extended with non-fuzzy inputs and triangular fuzzy output. For this purpose, the conventional Nadaraya-Watson
estimator was first employed to construct a fuzzy linear regression model. Then, a fuzzy least absolute deviation
adopted with a generalized cross-validation criterion was utilized to evaluate unknown fuzzy coefficient and bandwidth.
The performance of the proposed method was illustrated by two numerical examples via some common goodness-offit criteria and a common extended scatter plot based on a common center of gravity. Calculation results revealed
that among the studied kernels, triweight kernel can lead to the best results. The effectiveness and advantages of
the proposed regression model were also compared with several available fuzzy linear regression methods. The results
clearly indicated the superior performance of our method compared to the others. Future researches should be focused
on extending the proposed method for other type of LR-fuzzy numbers. The problem of multivariate cases as well as
investigating the sensitivity analysis with respect to the outliers could be considered as the other potential topics for
further researches.
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