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Zaragoza 09620, Mexico City, Mexico.
2
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Abstract
Given a metric space X, we consider the family of all normal upper semicontinuous fuzzy sets on X, denoted by F(X),
and a discrete dynamical system (X, f ). In this paper, we study when (F(X), fb) is (strongly) sensitive, where fb is the
Zadeh’s extension of f and F(X) is equipped with different metrics: The uniform metric, the Skorokhod metric, the
sendograph metric and the endograph metric. We prove that the sensitivity in the induced dynamical system (K(X), f )
is equivalent to the sensitivity in fb : F(X) → F(X) with respect to the uniform metric, the Skorokhod metric and the
sendograph metric. We also show that the following conditions are equivalent:
a) (X, f ) is strongly sensitive;
b) (F(X), fb) is strongly sensitive, where F(X) is equipped with the uniform metric;
c) (F(X), fb) is strongly sensitive, where F(X) is equipped with the Skorokhod metric;
d) (F(X), fb) is strongly sensitive, where F(X) is equipped with the sendograph metric.
Keywords: Fuzzy set, Skorokhod metric, uniform metric, endograph metric, sendograph metric, Zadeh’s extension,
sensitive properties.

1

Introduction

In this paper, (X, d) denotes a metric space and F(X) is the family of all normal upper semicontinuous fuzzy sets on
(X, d). We consider F(X) with different metrics: The uniform metric, the endograph metric, the sendograph metric
and the Skorokhod metric; for more information related with these metrics, we refer to [8, 9, 10, 13, 14, 16], among
others.
A discrete dynamical system is a pair (X, f ) where X is a metric space and f : X → X is a continuous function.
Collective dynamical properties of a dynamical system (X, f ) can be explained through the study of its induced setvalued system (K(X), f ), where K(X) is the hyperspace of non-empty compact subsets of X endowed with the Hausdorff
metric and f : K(X) → K(X) is the map induced by f . We refer the reader to the papers [2], [16], [19] and [21]. It
is easy to see that if (K(X), f ) is sensitive on initial conditions (sensitive, for short), then (X, f ) is sensitive, but the
converse is false [21, Example 2.11]. Abraham, Biau and Cadre studied dynamical properties on probability spaces
in [1] and introduced the concept of strong sensitivity. This property is stronger than sensitive dependence on initial
conditions. In contrast with the sensitivity, it was proved in [21, Proposition 2.8] that (X, f ) is strongly sensitive if and
only if (K(X), f ) is strongly sensitive.
In the 1970s, Zadeh introduced a concept called Zadeh’s extension (see [3, 8, 16, 19], etc.). It is known that if
f : X → X is continuous, then fb: F(X) → F(X) is continuous, where F(X) is equipped with one of the following
metrics: the uniform metric, the endograph metric, the sendograph metric and the Skorokhod metric (see [10, 14, 18]).
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The latter fact permits us to define a fuzzified dynamical system (F(X), fb), where fb is the Zadeh’s extension of f . It is
natural to study the interaction of dynamical properties between dynamical systems (X, f ), (K(X), f ) and (F(X), fb)
(see [4, 16, 20], etc.). For instance, the sensitivity has been studied in [16], [17], [20] and [24]. In particular, (K(X), f )
is sensitive if and only if (F(X), fb) is sensitive with respect to the uniform metric d∞ [24, Corollary 4.1].
The aim of this paper is to study the interaction of sensitivity and strong sensitivity between (X, f ) and (F(X), fb).
Here we consider different metrics on F(X). As expected, the induced dynamical system (K(X), f ) is relevant in this
work. In Section 3, we mainly prove that (X, f ) is strongly sensitive if and only if (F(X), fb) is strongly sensitive with
respect to the uniform metric, the Skorokhod metric and the sendograph metric (see Corollary 3.8). Note that this
result extends [21, Proposition 2.8] mentioned previously. In Corollary 3.12, we prove that the sensitivity in the induced
dynamical system (K(X), f ) is equivalent to the sensitivity in fb : F(X) → F(X) with respect to the uniform metric,
the Skorokhod metric and the sendograph metric. In particular, we obtain [24, Corollary 4.1].
In the final part of this work, in Section 4, some facts about periodic density are studied. In Theorem 4.1, we show
that if a dynamical system (X, f ) has a countable dense subset of periodic points, then (F0 (X), fb) contains a countable
dense subset of periodic points. Therefore, (F(X), fb) contains a countable dense subset of periodic points, where F(X)
has the endograph metric or the sendograph metric.

2

Preliminaries

A fuzzy set u on the space X is a function u : X → I, where I denotes the closed unit interval [0, 1]. The levels of u
are defined as follows: uα = {x ∈ X : u(x)S≥ α} for each α ∈ (0, 1], and the support of u, denoted by u0 , is the set
{x ∈ X : u(x) > 0}. Let us note that u0 = {uα : α ∈ (0, 1]}. Let F(X) be the family of all normal fuzzy sets on X,
i.e., all upper semicontinuous fuzzy sets u : X → I such that u0 is compact and u1 is non-empty.
If f : X → X is a function, the Zadeh’s extension of f is denoted by fb: F(X) → F(X) and defined as follows:

 sup{u(z) : z ∈ f −1 (x)}, f −1 (x) 6= ∅
b
f (u)(x) =
.
f −1 (x) = ∅
 0,
Some papers related with the Zadeh’s extension are [3, 8, 16, 19].
The next two propositions will be helpful, the first of them tells us that the Zadeh’s extension sends α-level of u to
α-level of fb(u).
Proposition 2.1. [10] Let X be a Hausdorff space. If f : X → X is a continuous function, then [fb(u)]α = f (uα ) for
each u ∈ F(X) and α ∈ I.
 n
Proposition 2.2. [20] If f : X → X is a continuous function, then fb = fcn for each n ∈ N.
 n
Due to Proposition 2.2, in the sequel we will put fcn instead of fb .
Consider a metric space (X, d). For x ∈ X and  > 0, the symbol B(x, ) denotes the open ball (respect to d) with
center at x and radius . Let A, B be non-empty closed subsets of X. The Hausdorff distance between A and B is
defined as follows:
dH (A, B) = max{sup inf d(a, b), sup inf d(a, b)}.
a∈A b∈B

b∈B a∈A

Clearly, if A and B are bounded, then dH (A, B) < ∞. Denote by K(X) the space of all non-empty compact subsets
of (X, d) equipped with the Hausdorff metric dH . We have the next auxiliar result.
Proposition 2.3. Let (X, d) be a metric space. If A, B, C, F, G ∈ K(X), then we have the following:
i) If A ⊆ B ⊆ C, then dH (A, B) ≤ dH (A, C) and dH (B, C) ≤ dH (A, C).
ii) If dH (A, F ) ≤  and dH (B, G) ≤ , then dH (A ∪ B, F ∪ G) ≤ .
Proof. i) Put H(A, B) = sup{d(a, B) : a ∈ A}. Then we have that
dH (A, B) = max{H(A, B), H(B, A)}.
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Since A ⊂ B ⊂ C, we conclude that H(A, B) = H(A, C) = H(B, C) = 0, H(C, B) ≤ H(C, A) and H(B, A) ≤ H(C, A).
Hence dH (A, B) ≤ dH (A, C) and dH (B, C) ≤ dH (A, C).
ii) Clearly, H(A ∪ B, F ∪ G) ≤ max{H(A, F ), H(B, G)} ≤ . Similarly,
H(F ∪ G, A ∪ B) ≤ max{H(F, A), H(G, B)} ≤ .
This finishes the proof.
Given a non-empty subset A ⊆ X, we denote by χA : X → I the characteristic function of A. It is easy to see that
χA ∈ F(X), whenever A ∈ K(X), because it is an upper semicontinuous function. For the one-point set {x}, we put χx
instead of χ{x} . The following result appears in [10] and it shows that the Zadeh’s extension fb sends K(X) into itself.
Proposition 2.4. Let f be a continuous function from (X, d) into itself. Then fb(χK ) = χf (K) for each K ∈ K(X).

2.1

The uniform metric on F(X)

It is well known that the function d∞ : F(X) × F(X) → [0, ∞) defined by d∞ (u, v) = sup{dH (uα , vα ) : α ∈ I} is a
metric on F(X). We say that d∞ is the uniform metric on F(X). For u ∈ F(X) and , the symbol B∞ (u, ) denotes
the open ball (respect to d∞ ) with center at u and radius . The metric space (F(X), d∞ ) will be denoted by F∞ (X).
We can compute d∞ as follows.
Proposition 2.5. [25] Consider a metric space (X, d). If u, v ∈ F(X), then d∞ (u, v) = sup{dH (uα , vα ) : α ∈ (0, 1]}.
The following result will be helpful in the sequel.
Lemma 2.6. If (X, d) is a metric space, B ∈ K(X) and u ∈ F(X), then d∞ (u, χB ) = max{dH (u0 , B), dH (u1 , B)}.

2.2

The Skorokhod metric on F(X)

Denote by T the family of all strictly increasing homeomorphisms from I onto itself. Given a metric space (X, d),
u ∈ F(X) and t ∈ T , we put tu = t ◦ u. According to [10], the Skorokhod metric is defined on F(X) as follows:
d0 (u, v) = inf{ : ∃t ∈ T such that sup |t(α) − α| ≤  and d∞ (u, tv) ≤ }.
α∈I

Clearly, d0 (u, v) ≤ d∞ (u, v) for each u, v ∈ F(X). Hence the topology τ0 induced by d0 is weaker than the
topology τ∞ induced by d∞ , i.e., τ0 ⊆ τ∞ . For u ∈ F(X) and  > 0, the symbol B0 (u, ) denotes the open ball, in
F0 (X) = (F(X), d0 ), with center at u and radius .
The next propositions are immediate consequences from definition of Skorokhod metric.
Proposition 2.7. Let (X, d) be a metric space. For u, w ∈ F(X) we have the following:
i) d0 (u, w) ≤ d∞ (u, w).
ii) dH (uα , wα ) ≤ d∞ (u, w) for each α ∈ I.
iii) dH (uα , wα ) ≤ d0 (u, w) for α ∈ {0, 1}.
Proposition 2.8. Let (X, d) be a metric space. If K ∈ K(X) and u ∈ F(X), then d0 (u, χK ) = d∞ (u, χK ).
As a consequence of Lemma 2.6 and Proposition 2.8, we have the following.
Corollary 2.9. Let (X, d) be a metric space. If K ∈ K(X) and u ∈ F(X), then
d0 (u, χK ) = d∞ (u, χK ) = max{dH (u0 , K), dH (u1 , K)}.
Corollary 2.10. Let (X, d) be a metric space. If x ∈ X and u ∈ F(X), then
d0 (u, χx ) = d∞ (u, χx ) = dH (u0 , {x}) = sup d(x, y).
y∈u0
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2.3

The endograph and sendograph metrics

Consider a metric space (X, d). Take u ∈ F(X). We define the endograph of u as follows:
end(u) = {(x, α) ∈ X × I : u(x) ≥ α}.
Similarly, the sendograph of u is defined by send(u) = end(u) ∩ (u0 × I).
The endograph metric dE on F(X) is defined as the Hausdorff distance (respect to X × I) between end(u) and
end(v) for each u, v ∈ F(X). The sendograph metric dS on F(X) is the Hausdorff metric (on K(X × I)) between the
non-empty compact subsets send(u) and send(v) for every u, v ∈ F(X) (see [15]). It is known that dE ≤ dS ≤ d∞ (see
[5] and [26]). The metric spaces (F(X), dE ) and (F(X), dS ) will be denoted by FE (X) and FS (X), respectively. We
have the following lower bound for dS .
Proposition 2.11. [26] Consider a metric space (X, d). Then dS (u, v) ≥ dH (u0 , v0 ) for each u, v ∈ F(X).
Proposition 2.12. Let (X, d) be a metric space. If x ∈ X and u ∈ F(X), then dS (u, χx ) = dH (u0 , {x}).
Proof. We have that dS ≤ d∞ . Then dS (u, χx ) ≤ d∞ (u, χx ) = dH (u0 , {x}). By Proposition 2.11, dH (u0 , {x}) ≤
dS (u, χx ). This finishes the proof.
Corollary 2.13. Let (X, d) be a metric space. If x ∈ X and u ∈ F(X), then
dS (u, χx ) = d0 (u, χx ) = d∞ (u, χx ) = dH (u0 , {x}).
The following example shows that Corollary 2.13 is false for the endograph metric.
Example 2.14. Consider the interval X = [0, 2] with its usual metric. Note that for each x, y ∈ X, we have that
dE (χx , χy ) = min{1, |x − y|}. Therefore, dE (χ0 , χ2 ) = 1 < dH ({0}, {2}).
Consider a metric space (X, d). Let τ0 , τE and τS be the topologies induced by d0 , dE and dS , respectively. We
have the following result.
Proposition 2.15. [9] Consider a metric space (X, d). Then τE ⊆ τ0 and τS ⊆ τ0 .

3

Strong Sensitivity

Let (X, d) be a metric space. A dynamical system (X, f ) is sensitive on initial conditions (sensitive, for short) if
there exists δ > 0 such that for each x ∈ X and any  > 0 there exist y ∈ X and n ∈ N satisfying d(x, y) <  and
d(f n (x), f n (y)) > δ.
Theorem 3.1. Let (X, d) be a metric space. Suppose that ρ is a metric on F(X) such that ρ(χx , u) = d∞ (χx , u) for
each x ∈ X and u ∈ F(X). If fb: (F(X), ρ) → (F(X), ρ) is sensitive, then f : (X, d) → (X, d) is sensitive.
Proof. Since fb is sensitive on initial conditions, then there exists a constant δ > 0 such that for every u ∈ F(X) and
every  > 0 there exist v ∈ F(X) and n ∈ N such that ρ(u, v) <  and ρ(fcn (u), fcn (v)) ≥ δ. We claim that the same δ
helps us to conclude that f is sensitive. Indeed, take x ∈ X and  > 0. Consider χx ∈ F(X). Then there exist v ∈ F(X)
and n ∈ N such that ρ(χx , v) <  and ρ(fcn (χx ), fcn (v)) > δ. By Proposition 2.4, we have that fcn (χx ) = χf n (x) . The
latter facts and our hypothesis imply that d∞ (χx , v) <  and d∞ (χf n (x) , fcn (v)) > δ. It follows from Proposition 2.1
that
δ < d∞ (χf n (x) , fcn (v)) = sup dH ([χf n (x) ]α , [fcn (v)]α ) = sup dH ({f n (x)}, f n (vα )) = sup d(f n (x), f n (y)).
α∈I

α∈I

y∈v0

Therefore, there exists y0 ∈ v0 such that d(f n (x), f n (y0 )) > δ. On the other hand, d∞ (χx , v) < . By Corollary
2.9, we have that dH ({x}, v0 ) ≤ d∞ (χx , v) < . Therefore, d(x, y0 ) <  and d(f n (x), f n (y0 )) > δ which implies that
f : (X, d) → (X, d) is sensitive.
Corollary 2.13 and Theorem 3.1 imply the following.
Corollary 3.2. Let X be a metric space and f : X → X a continuous function. Suppose that one of the following
conditions is satisfied:
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i) (F∞ (X), fb) is sensitive;
ii) (F0 (X), fb) is sensitive;
iii) (FS (X), fb) is sensitive.
Then (X, f ) is sensitive.
Condition i) of previous corollary was proved in [20, Theorem 4]. Also, condition iii) is probably known. In Example
3.13, we show that the converse of Corollary 3.10 is false.
According to [1], a dynamical system (X, f ) is strongly sensitive if we can find δ > 0 such that for each x ∈ X and
 > 0 there is n0 ∈ N such that for each n ≥ n0 there is y ∈ X with d(x, y) <  and d(f n (x), f n (y)) > δ. It is easy to
see that strong sensitivity implies sensitivity on initial conditions, but the converse is false (see Example 3.14).
We can argue as in Theorem 3.1 to show the following result.
Proposition 3.3. Let X be a metric space and f : X → X a continuous function. Suppose that one of the following
conditions is satisfied:
i) (F∞ (X), fb) is strongly sensitive;
ii) (F0 (X), fb) is strongly sensitive;
iii) (FS (X), fb) is strongly sensitive.
Then (X, f ) is strongly sensitive.
The next result permits us to understand the statement of Lemma 3.5.
Proposition 3.4. [10] Let (X, d) be a metric space and u ∈ F(X). If L : [0, 1] → (K(X), dH ) is the function defined
by L(α) = uα for all α ∈ [0, 1], then:
i) L is left continuous on (0, 1];
S
ii) lim L(λ) = β>α uβ and lim L(λ) ⊂ uα for each α ∈ [0, 1);
λ→α+

λ→α+

iii) L is right continuous at 0.
If u ∈ F(X), we define uα+ = lim+ L(λ). Note that uα+ ∈ K(X). In [10] we can found the following result.
λ→α

Lemma 3.5. Suppose that (X, d) is a metric space. For any u ∈ F(X) and  > 0 there exist numbers 0 = α0 < α1 <
· · · < αn = 1 such that dH (uα+ , uαk+1 ) <  for k = 0, 1, . . . , n − 1.
k
S
Let (X, d) be a metric space. Take a closed subset A of X and  > 0, we put N (A, ) = x∈A B(x, ). It is known
that for every two closed subsets A and B in X the following equality holds:
dH (A, B) = inf{ > 0 : A ⊆ N (B, ) and B ⊆ N (A, )}.
The following result plays an important role in the proof of Theorem 3.7.
Lemma 3.6. Let (X, d) be a metric space, D a non-empty finite subset of X and u ∈ F(X) such that dH (u0 , D) < /4.
Then there exists w ∈ F(X) such that d∞ (u, w) <  and w0 = D.
Proof. By Lemma 3.5, we can choose numbers 0 = α0 < α1 < · · · < αm = 1 such that dH (uα+ , uαk+1 ) < 4 for
k
k = 0, 1, . . . , m − 1. Since uαk ⊆ u0 for each k = 1, . . . , m, the set Ak = D ∩ N (uαk , /4) is non-empty and we have the
following:
dH (uαk , Ak ) <


.
(1)
4
S
and Bk = Ak \ ( {Ai : i = k + 1, . . . , m}) for each

It is easy to see that A1 = D. Define χ∅ = 0, Bm = Am
k = 1, 2, . . . , m − 1.
Observe that wS= Σm
k=1 αk χBk ∈ F(X), because it is an upper semicontinuous map from X to I such that w1 =
Am 6= ∅ and w0 = {Bk : k = 1, 2, . . . , m} = D.
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We claim that d∞ (w, u) < . Note that wα = Ak+1 ∪Ak+2 ∪· · ·∪Am for each α ∈ (αk , αk+1 ] and k = 0, 1, 2, . . . , m−1.
Then take any α ∈ (αk , αk+1 ] and observe that
dH (uα , wα ) ≤ dH (uα , uαk+1 ) + dH (uαk+1 , wα ).
Since uαk+1 ⊂ uα ⊂ uα+ and dH (uα+ , uαk+1 ) <
k

k


4,

(2)

Proposition 2.3 implies the following:


.
(3)
4
= u1 . We have that dH (uαk+1 , wα ) = dH (uαk+1 , Ak+1 ∪ · · · ∪ Am ). Inequality (1)
dH (uα , uαk+1 ) <

Recall that u0 ⊇ uα1 ⊇ · · · ⊇ uαm
and Proposition 2.3 imply that


.
4
Putting inequalities (3) and (4) in inequality (2), we conclude that dH (uα , wα ) <
2.5 implies that d∞ (u, w) = sup{dH (uα , wα ) : α ∈ (0, 1]} ≤ 2 < .
dH (uαk+1 , wα ) <

(4)

2

for each α ∈ (0, 1]. Hence Proposition

We now are ready to present the main result of this paper.
Theorem 3.7. Let (X, d) be a metric space. If f : X → X is a strongly sensitive continuous map, then we have the
following:
a) fb : F∞ (X) → F∞ (X) is strongly sensitive;
b) fb : F0 (X) → F0 (X) is strongly sensitive;
c) fb : FS (X) → FS (X) is strongly sensitive.
Proof. Suppose that f : X → X is strongly sensitive. By [21, Proposition 2.8], the induced map f : K(X) → K(X) is
strongly sensitive. Take λ > 0 which witnesses this fact. Take u ∈ F(X) and  > 0. Observe that u0 ∈ K(X), hence
n
n
there exists n0 ∈ N such that for each n ≥ n0 there is Dn ∈ K(X) with dH (u0 , Dn ) < 4 and dH (f (u0 ), f (Dn )) > λ.
Suppose from now that n and Dn are fixed. We can assume, as in the proof of [21, Proposition 2.8], that Dn is finite. By
Lemma 3.6, there exists w ∈ F(X) such that d∞ (u, w) <  and w0 = Dn . Hence d0 (u, w) < . Notice that propositions
n
2.1 and 2.2 imply that [fcn (u)]0 = f n (u0 ). It is a well known fact that f (A) = f n (A) for each compact A ⊂ X (see
n
n
n
n
n
cn
cn
for example [2]), whence
0 ) =f (u0 ) and [f (w)]0 = f (w0 ) = f (w0 ) = f (Dn ) which imply that
 [f (u)]
 n0 = f (u
n
dH [fcn (u)]0 , [fcn (w)]0 = dH f (u0 ), f (Dn ) . From Proposition 2.7, we conclude the following:







 n
n
d∞ fcn (u), fcn (w) ≥ d0 fcn (u), fcn (w) ≥ dH [fcn (u)]0 , [fcn (w)]0 = dH f (u0 ), f (Dn ) > λ.
Therefore, (F∞ (X), fb) and (F0 (X), fb) are strongly sensitive. We have thus proved a) and b).
Using a similar argument and Proposition 2.11, we conclude that the dynamical system (FS (X), fb) is strongly
sensitive.
We don’t know if Theorem 3.7 remains true for the endograph metric.
Let (X, d) be a metric space. Suppose that the dynamical system (X, f ) is strongly sensitive. Is (FE (X), fb) strongly
sensitive?
Proposition 3.3 and Theorem 3.7 imply the following.
Corollary 3.8. Let (X, d) be a metric space. If f : X → X is a continuous map, then the following conditions are
equivalent:
i) f : X → X is strongly sensitive;
ii) fb : F∞ (X) → F∞ (X) is strongly sensitive;
iii) fb : F0 (X) → F0 (X) is strongly sensitive;
iv) fb : FS (X) → FS (X) is strongly sensitive.
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The next example tells us that sensitive maps on I have very well behavior and this fact is reflected on hyperspaces
of fuzzy sets.
Example 3.9. If the continuous function f : I → I is sensitive, then (F∞ (I), fb), (FS (I), fb) and (F0 (I), fb) are strongly
sensitive.
Proof. From [23, Theorem 2] it follows that f is strongly sensitive. Therefore, Corollary 3.8 implies that (F∞ (I), fb),
(FS (I), fb) and (F0 (I), fb) are also strongly sensitive.
We can argue as in the proof of Theorem 3.7 to show the following result.
Theorem 3.10. Let (X, d) be a metric space. If f : X → X is a continuous map such that f : (K(X), dH ) → (K(X), dH )
is sensitive, then the following conditions are satisfied:
i) fb : F∞ (X) → F∞ (X) is sensitive;
ii) fb : F0 (X) → F0 (X) is sensitive;
iii) fb : FS (X) → FS (X) is sensitive.
We present the converse of conditions i) and ii) in Theorem 3.10. We don’t know if Theorem 3.10 is valid for the
endograph metric.
Let (X, d) be a metric space and f : X → X a continuous function. Suppose that the dynamical system (K(X), f )
is sensitive. Is (FE (X), fb) sensitive?
Proposition 3.11. Let X be a metric space and f : X → X a continuous function. Suppose that one of the following
conditions is satisfied:
i) (F∞ (X), fb) is sensitive;
ii) (F0 (X), fb) is sensitive;
iii) (FS (X), fb) is sensitive.
Then f : (K(X), dH ) → (K(X), dH ) is sensitive.
Proof. It is a consequence of Corollary 2.13.
By Theorem 3.10 and Proposition 3.11, we have the following.
Corollary 3.12. Let (X, d) be a metric space. If f : X → X is a continuous map, then the following conditions are
equivalent:
i) f : (K(X), dH ) → (K(X), dH ) is sensitive;
ii) fb : F∞ (X) → F∞ (X) is sensitive;
iii) fb : F0 (X) → F0 (X) is sensitive;
iv) fb : FS (X) → FS (X) is sensitive.
The equivalence of i) and ii) in previous result appears in [24].
Example 3.13. According to [21, Example 2.11], there exists a metric space (X, d) and a sensitive dynamical system
(X, f ) such that (K(X), f ) is not sensitive. Thus by Corollary 3.12, we have that (F∞ (X), fb) and (F0 (X), fb) are not
sensitive.
Example 3.14. Sharma constructed in [22] an example of a non strongly sensitive dynamical system (Ω, σ) such that
(K(Ω), σ) is sensitive. Observe that by Corollary 3.12 and Corollary 3.8, (F∞ (Ω), σ̂), (FS (Ω), σ̂) and (F0 (Ω), σ̂) are
sensitive, but they are not strongly sensitive.
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Periodic density

We finish this work with some facts about periodic density.
Let X be a topological space. A dynamical system (X, f ) has periodic density if the set of periodic points {x ∈ X :
f n (x) = x for some n ∈ N} is dense in X. Since (K(X), dH ) and F∞ (X) are topological spaces, because they are metric
spaces, the periodic density is defined in the same way for induced dynamical systems f : (K(X), dH ) → (K(X), dH )
and fb: F∞ (X) → F∞ (X). In Example 4.4 we will deal with periodic density of an induced map fb. It is well
known that if f has periodic density on (X, d), then the induced dynamical systems f : (K(X), dH ) → (K(X), dH ) and
fb: F∞ (X) → F∞ (X) have periodic density (see [7, Corollary 3.2] and [20, Theorem 5], respectively). It is worth to
mention that in [16, Lemma 1] it was proved that the set of piecewise constant fuzzy sets in F∞ (X) is everywhere
dense. A similar result can be obtained for (F0 (X), fb) as the following theorem shows.
Theorem 4.1. Let (X, d) be a metric space. If f has periodic density on (X, d), then fb has periodic density on F0 (X)
as well. Moreover, if there exists a countable dense subset of periodic points of (X, f ), then there exists a countable
dense subset of periodic points of (F0 (X), fb), whence F0 (X) is separable.
Proof. As in the proof of [10, Theorem 4.12] if Y is a dense subset of (X, d), then the set D(Y ) is dense in F0 (X), where
D(Y ) is the set of all elements of F(X) which can be expressed in the form Σni=1 di χAi , where each An is non-empty,
{Ai : 1 ≤ i ≤ n} is a family of pairwise disjoints finite subsets of Y and 0 ≤ d1 < d2 < · · · < dn−1 < dn = 1 with
{d1 , d2 , . . . , dn } ⊆ Q. Clearly, if every element of Y is a periodic point of f , then D(Y ) consists of periodic points of fb.
If Y is countable, then it is easy to see that D(Y ) is countable, whence F0 (X) is separable. This finishes the proof.
Proposition 2.15 and Theorem 4.1 imply the following two results.
Corollary 4.2. Let (X, d) be a metric space. If f has periodic density on (X, d), then fb has periodic density on FE (X)
as well. Moreover, if there exists a countable dense subset of periodic points of (X, f ), then there exists a countable
dense subset of periodic points of (FE (X), fb), whence FE (X) is separable.
Corollary 4.3. Let (X, d) be a metric space. If f has periodic density on (X, d), then fb has periodic density on FS (X)
as well. Moreover, if there exists a countable dense subset of periodic points of (X, f ), then there exists a countable
dense subset of periodic points of (FS (X), fb), whence FS (X) is separable.
Example 4.4. Suppose that f : S 1 → S 1 is defined by f (eiθ ) = e2iθ . Devaney proved in [6, Example 3.4] that f
has periodic density, moreover S 1 has a countable dense subset containing only periodic points of f . Theorem 4.1,
Corollary 4.2 and Corollary 4.3 imply that (F0 (S 1 ), fb), (FE (S 1 ), fb) and (FS (S 1 ), fb) have periodic density; moreover
F0 (S 1 ), FE (S 1 ) and FS (S 1 ) have a countable dense subset of periodic points of fb. By [20, Theorem 5], the dynamical
system (F∞ (S 1 ), fb) has periodic density, but it does not have a countable dense subset of periodic points (see Proposition
4.5). It is worth mentioning that each u ∈ F(X) is completely defined by the compact subsets {uα : α ∈ I} ⊂ K(S 1 )
(see Proposition 3.4 and its converse in [10, Proposition 4.9]), hence fb(u) is represented by the compact sets {[fb(u)]α =
f (uα ) = f (uα ) : α ∈ I} ⊂ K(S 1 ).
It is well known that the hyperspace (K(X), dH ) is separable if and only if the metric space (X, d) is separable.
According to [13, Proposition 3.3], the metric space F∞ (Rn ) is not separable. The latter result is also cited in [12].
In [15], it is mentioned that if (X, d) is a locally compact metric space with more than one point, then F∞ (X) is
not separable. This fact is also cited in [24]. Surprisingly, the following proposition and all results mentioned in this
paragraph can be proved by arguing as in the proof of [13, Proposition 3.3]. Here, we present such a proof for an
arbitrary metric space (X, d).
Proposition 4.5. If (X, d) is a metric space with more than one point, then F∞ (X) is not separable.
Proof. Take a, b ∈ X two different points. For each r ∈ (0, 1), we define the fuzzy set ur = χa + rχb and A = {ur : r ∈
(0, 1)}. Observe that for each r ∈ (0, 1), we have that B∞ (ur , ρ2 ) ∩ A = {ur }, where ρ = d(a, b). In fact, if r, s ∈ (0, 1)
and s < r, then [us ]r = {a} and [ur ]r = {a, b}. Thus dH ([us ]r , [ur ]r ) = ρ and d∞ (ur , us ) = ρ. We have proved that A
is not separable, because it is a discrete space with cardinality c. Therefore, F∞ (X) is not separable.
According to [11], the metric space F0 (R) is separable. This result was extended in [12, Theorem 3.2]: the metric
space F0 (Rn ) is separable. Then in [10] it was proved that a metric space (X, d) is separable if and only if F0 (X) is
separable. The latter fact and Proposition 2.15 imply the following.
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Theorem 4.6. Let (X, d) be a metric space. Then the following conditions are equivalent:
i) (X, d) is separable;
ii) F0 (X) is separable;
iii) FE (X) is separable;
iv) FS (X) is separable.
The conditions i) ⇔ iii) and i) ⇔ iv) are mentioned in [15] for locally compact metric spaces. Therefore, Theorem
4.6 generalizes the latter results obtained by Kupka in [15].

5

Conclusions

In this paper, we study sensitivity and strong sensitivity. The latter notion was introduced in [1]. We consider different
metrics on F(X): the uniform metric, the endograph metric, the sendograph metric and the Skorokhod metric. We
have extended a result in [21] on strong sensitivity. On sensitivity we obtain as a corollary a result in [24]. Therefore,
the importance of this paper is in the study of sensitive properties on fuzzy hyperspaces and the extension of some
known results.
For the continuation of this research, we propose two questions (see Problem 3 and Problem 3). We also include
the following:
a) Suppose that (X, f ) is a strongly sensitive discrete dynamical system. Is (F(X), fb) strongly sensitive?
b) Suppose that (K(X), f ) is a sensitive discrete dynamical system. Is (F(X), fb) sensitive?
where K(X) is equipped with the Hausdorff metric and F(X) is equipped with a metric obtained from the metric on
X.
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