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Abstract

This study introduces the Choquet integral of fuzzifying functions with respect to a fuzzy measure. To express various
phenomena or ambiguous values in many applications may not be enough to show them as a function, in which case
a fuzzifying function can be applied to achieve better expressions or flexibility for given function values. To apply
Choquet integrals of fuzzifying functions, we consider Choquet integrals of interval-valued functions as an operator
which are a-level functions of fuzzifying functions. In this study, we investigate some properties of Choquet integral of
fuzzifying functions and present their applications. As part of this, a series of relevant examples and their subsequent
applications are provided, along with the fuzzification of two integrands: A probability density function (PDF) and a
utility function.
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1 Introduction

G. Choquet [3] first introduced the notion of the Choquet integral, which is a nonadditive integral related to a fuzzy
measure. The fuzzy measure related integrals were first applied in the area of statistical mechanics and potential theory,
as well as the criteria aggregation operators that are associated with fuzzy decision making (see [5l [7, 16} 17, 20, [21]).
As Choquet integrals are applied to decision theory, there are various ways to construct measurements in the decision-
making process by developing effective fuzzy measures. Recently, Wood and Jang [22] 23] as well as Kim and Jang [12]
introduced that fuzzy measures reflect the diversities of the economic policies, while the integrand of Choquet integrals
might be regarded as the one who will receive benefits from their policies. This integrand may not be enough to exactly
express the benefit values for the desired policies, or the constructed function for expected utilities may contain some
uncertainty by itself. To overcome these deficiencies, a fuzzifying function in the Choquet integral can be considered to
provide additional flexibility to the integrands depending on the a-level.

In this study, to propose Choquet integrals for the fuzzifying functions, we apply the concepts of the interval-valued
Choquet integral for the a-level functions f,, « € (0, 1] of a fuzzifying function f. To do this, we assume that the a-level
functions of a fuzzifying function consist of interval-valued measurable functions. Then, by using Choquet integrals of
the a-level functions, we define Choquet integrals of fuzzifying functions as an operator from a set-valued function to
another set-valued function [T}, 2] In addition, as practical applications for this work, we present the Choquet fuzzifying
probability (CFP) using Choquet integrals of probability density fuzzifying functions (PDFFs) and construct Choquet
expected fuzzifying utility (CEFU) model. Although the presented results in the paper immediately comes from the well
known properties of Choquet integrals and fuzzifying functions, the approach can provide a new insight into probability
density functions (PDFs) and utility functions as an application of Choquet integrals.
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The remainder of the study is structured as follows. Section [I] briefly recalls very basic definitions and the properties
of a fuzzy measure and the Choquet integral. In addition, we review the Choquet integrals of interval-valued measurable
functions and their associated properties. Section [2| defines the Choquet integrals of fuzzifying functions by applying
Choquet integrals, and investigates their subsequent properties. Section [3| presents two subsections with Choquet
fuzzifying probability (CFP) and Choquet expected fuzzifying utility (CEFU) model. Section [4] concludes the study,
and offers some remarks.

1.1 Fuzzy measure

Throughout this study, we denote R* as the interval [0, 00), and U as a non-empty universal set in RT, Q as a g-algebra
on U. A fuzzy set A in a family F(U) of all fuzzy subsets of U is defined by

A= {(z,mz(x))|z € U},

where a function mz : U — [0, 1] is a membership function of a fuzzy set A (see [6, 13, 14, 24] for details). In particular,

a fuzzy set A is said to be normal if there exists o € U such that my(xg) = 1.
We recall the following basic notions: fuzzy measure, its continuity, submodularity as well as the supermodularity
of a fuzzy measure.

Definition 1.1. [8,[14] Let (U, ) be a measurable space.

(i) An extended real-valued function p: Q — [0,00] is called a fuzzy measure if it satisfies

(a) u(0) =0,
(b) u(A) < u(B) whenever A,B € Q and A C B.

(il) A fuzzy measure p is said to be continuous from below if for every {A,} C Q and A € Q, A, ~ A implies
1(An) 7 p(A).

(i) A fuzzy measure u is said to be continuous from above if for every {A,} C Q and A € Q with u(A;) < oo, A, \ 4
implics j(An) . u(A).

(iv) A fuzzy measure p is said to be continuous if it is both continuous from below and from above.

(v) A fuzzy measure p is said to be submodular if

w(A) +u(B) > u(AUB) +u(ANB), YA,Be.

(vi) A fuzzy measure p is said to be supermodular if

w(A) + u(B) < u(AUB)+u(ANB), YA,BeQ.
Note that a function f: U — R is said to be measurable if {z € U|f(x) > r} € Q, for all » > 0, and the Choquet
integral of a measurable function f with respect to a fuzzy measure p is considered, as follows.
Definition 1.2. [16, 20] Let f : U — R™ be a measurable function on (U, Q).
(i) The Choquet integral of a nonnegative measurable function f over A C U with respect to a fuzzy measure i is
defined by
oo
(C)/Af d,uz/ ,u({acEU|f(x) >r}nA)dr,
0
where the integral on the right-hand side is the Lebesgue integral.

(ii) A measurable function f is said to be integrable if the Choquet integral of f is defined and its value is finite.

We write (C)[ f du instead of (C) fU f dp and recall that two functions f and g are comonotonic, in symbol, f ~ g
if and only if for all z, 2’ € U

f(z) < f(2') implies g(z) < g(2").

Then we have the following properties about comonotonicity.
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Theorem 1.3. [5], [16, 20] Let f, g, and h be functions. Then
(i) f
(i) f
(iii) f ~ a, for all a € (0,00).
(iv) f

~ g implies g ~ f.

~ g and f ~ h implies f ~ (g+ h).
We now introduce several properties of the Choquet integrals that will be applied in the next section.
Theorem 1.4. [4,[16] Let u be a fuzzy measure on (U,Q) and let f and g be measurable functions on U.
(i) If f < g, then (C)f f du < (C)f g dp.
(ii) If f ~ g and a,b € (0,00), then (C)f (af + bg)du =a (C)f f du+b (C)f g du.
(iil) If we define (f V g)(x) = f(x) V g(x), for all x € U, then it holds that

(C)/(ng) dHZ(C)/f duV(C)/g dp.

(iv) If we define (f A g)(x) = f(z) A g(x), for all x € U, then it holds that

(C)/(ng) dug(C)/f duA(C)/g dp.

(v) If p is supermodular, then the Choquet integral with respect to u is superadditive, i.e.,

©f ¢+ 9)dn= ) [ sau-+ ) gdn.

(vi) If u is submodular, then the Choquet integral with respect to p is subadditive, i.e.,

©f ¢ +9du< @] fn+©f odn

The primary contribution of this work is to introduce the Choquet integral of a fuzzifying measurable function and

to investigate their relevant properties by applying the concept [6] of the fuzzifying function. Thus, we next briefly
recall the Choquet integral of interval-valued functions.

1.2 Choquet integrals of interval-valued functions
Let I(R™) be the set of all closed intervals in Rt whose elements are described as
IRY) :={[a",a"] | 0<a” <a" <oo}.

In particular, we allow degenerate intervals a = [a, a] for any a € R*. Then the interval operators in I(RT) are defined
as follows.

Definition 1.5. [9, 10, [I5] For each @ = [a~,a™],b = [b=,b"] € I(RY), the arithmetic, comparison, and logical
operators are given by

(i) a+b=[a" +b",at +b*],

b if and only if a= < b~ and at < b7,
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(vi) @ < b if and only if a < b and @ # b, and
(vii) @ C b if and only if b~ < a~ and at < bF.

Utilizing the operators defined in Definition [1.5} we can establish the algebraic and comparison operations of fuzzy
sets as follows.

Definition 1.6. [14] Let A and B be fuzzy sets of a nonempty measurable space U in RY and let all a-levels /~1a and
By, be closed intervals in I(RY), where the a-level A, of a fuzzy set A is defined by A, = {x € Ulmz(z) > a} .

(i) The algebraic sum A+ B of two fuzzy sets A and B of U is defined as (A+ B)o = Aq + By Vo € (0,1], provided

the sum Ay + By ={z +y € Ulz € Ay,y € By} € I(RT).

(ii) The algebraic product AB of two fuzzy sets A and B of U is defined as (gé)a = A,B, Vo€ (0,1].
(ill) Two fuzzy sets are equal if all a-levels are the same, i.e., A=B if and only if Ay =B, Vae (0, 1].
(iv) The mazimum AV B of two fuzzy sets A and B of U is defined as AV B if and only if A,V B, YVae (0,1].
(v) The minimum ANB of two fuzzy sets A and B of U is defined as ANB if and only if Ay AB, Vae (0,1].

Note that a property P is said to hold almost everywhere with respect to a measure p (p-a.e.) in U if there exists
aset N € Q with y(N) = 0 and all x € U\N has the property P. Also we recall that a set-valued function F is a
mapping from U to the power set of RT and F' is said to be measurable if its graph is measurable (see [26] for details).

Definition 1.7. [I0, 25| 26] Let F be a set-valued function and A € Q.
(i) The Choquet integral of F' on A is defined by (C)[, F dp = {(C)fA f d,u‘f c S(F)}, where S(F) is the family of
all measurable selections of F.
(ii) A set-valued function F is said to be Choquet integrable on A if (C)fA F dp # 0, which does not include oo.

For simplicity of notation, we will write (C)[ F' dyu instead of (C)[, ' du and note that obviously (C)[ F' du may be
empty.

Definition 1.8. [I11[26] A set-valued function F is said to be Choquet integrably bounded if there is a Choquet integrable
function g : U — R™ such that
|F(x)]| = sup {r} <g(x) foreachz e U.
reF(x)

Theorem 1.9. [10,26] If F = [f~, f*] is a measurable and Choquet integrably bounded interval-valued function, then

we have
©f Fdn= {(C) [ aof 5 du} .

We recall some properties of the Choquet integral of measurable interval-valued functions using the ordering of
I(R™) in Definition

Theorem 1.10. [9, 26] If F, Fy, and F are measurable interval-valued functions on (U,Q), i.e., F,Fy, Fy € I(RT),
then the followings hold true:

(i) If A, B € Q with A C B, then we have (C)f , F du < (C)[5 F dp.
(ii) If a € RY, then we have (C)f a F dp=a (C)f F dp.
(iii) If Fy < Fy (i.e., Fi(z) < Fy(x), p-a.e.), then (C)f Fy du < (C)[ F» dp.
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2 Choquet integrals of fuzzifying functions

In this section, we introduce a Choquet integrable fuzzifying function with its properties by applying Choquet integrals
to interval-valued fuzzifying functions.

The fuzzifying function f of a crisp function f is considered as a mapping from the same domain to a new range,
ie., f:U — F(RT) given by

f={(fa,a)|a € (0,1]} with f, = [fo,f}] Vae (0,1 and fi = [f7, fi] = /.

For example, we can consider a fuzzifying function ffrom a function f(r) = 422, 0 < x <1 as following: If we define

the fuzzifying function f(x) = 422, 0 < 2 < 1, where a fuzzy set 4 of 4 is given by the following membership function

ls 1 if2a<s<4,
mz(S)—{2

—s+5 ifd<s<5.

Figure 1: Membership function of a fuzzy set 1

Then, the a— cut fa is obtained by
fa(@) = [f5 (@), £ (@)] = 2(a + 1)2%, (5 — a)2?],

for a € (0,1], and fi(z) = 422 = f(x).
We now propose the Choquet integral of a fuzzifying function, which is an operator from some set to another set.

Definition 2.1. Let (U,Q) be a measurable space and f : U — Rt a measurable function.

(i) A fuzzifying function f: U — F(R") is said to be measurable if f, and f+ are measurable functions for each
a € (0,1].

(ii) The Choquet integral of a measurable fuzzifying function f with respect to a fuzzy measure p is given by

(C)/fdu: {((C)/fa du,oz)‘oz e (0, 1}}.

(iii) A measurable fuzzifying function ]7 is said to be Choquet integrable if f; and fF are Chogquet integrable, i.e.,
©) [ fy du and (C) [ f¥dp are Chogquet integrable for all a € (0,1].

(iv) A measurable fuzzifying function f 18 said to be Choquet integrably bounded if there is a Choquet integrable function
g such that for each o € (0,1]
[fa(@)| = sup {r} <g(z) Vzel.
r€ fa(x)

The definition of the Choquet integral of a fuzzifying function produces a fuzzy set of interval-valued Choquet
integrals as follows.

Theorem 2.2. Let f : U — R be a crisp function. If a measurable fuzzifying function f is Choquet integrable, then
fa are Choquet integrable for all o € (0,1].

Proof. Since fis Choquet integrable, f.; and fI are Choquet integrable and f; < f.f forall @ € (0,1]. Thus, (C)[ f du
and (C)f [ du exist and (©)f 7 du < ©)f ST d. So, (©)f Fadp = [(€)f [ (x) dys, ©)f JF(x) du] # 0 Vo € (0.1]
Therefore, by Definition (ii), fo are Choquet integrable Vo € (0, 1]. O
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The following subsequent properties are established for the Choquet integral of a measurable fuzzifying function.
Theorem 2.3. Let f: U — R be a measurable function. Then the following properties are established.

(1) If a fuzzifying function f is Choquet integrably bounded, then

©f Fan={([©f f@ du©f 1@ du].a)|ac @1},

(ii) If a measurable fuzzifying function f is Choquet integrably bounded and A, B € Q with A C B, then (C)fA fdu <
©f fdp.

(iil) If fuzzifying functions f and g g obtained from measurable functions f : U — RT and X U — RT are Choquet
integrably bounded satisfying f <y, i.e. fa < Ga for all a € (0,1], then we have (C)[ fdu < ©)f gdp.

(iv) If a fuzzifying f is Choquet integrable, then ©)fa fdu=a ©f fdu VaeRT.

Proof. (i) By Theorem we have (C)ffa dp = [ ) fo () dp, ©)f fi(x) du} for all « € (0,1]. Thus Definition
(ii) yields that
<c>/fdu - <c>/ Fal@) dis.a)|o € (0.1])

([©f £z @ du©f 1@ du.a)]a e .1},

(i) Since f is Choquet integrably bounded by Definition ( v), fa = [f, f] are Choquet integrably bounded for

all & € (0,1]. By Theorem (i), we get (C)f, Fadp < ( ©)f5 fa dp for all o € (0,1]. Therefore, Definition
(ii) provides that

(C)/Afdu— /fadu, o e (0, 1} /fad,u, ac( 01 /fdu

Similarly, one can show (iii) and (iv) and we omit the proofs. O

which shows the first assertion.

Definition 2.4. Let f and g be crisp functions. Then two Choquet integrable fuzzifying functions f and g are comono-
tonic, in symbol, f ~ g, if and only if fo ~ Ga, i.€., f5 ~ g, and ff ~ gF Va € (0,1].

From Definition [2:4] with the similar techniques of the proof in Theorem [2:3] we obtain the linear property of the
Choquet integrable fuzzifying functions.

Theorem 2.5. Let f and g be crisp Choquet integrable functions. Iff and g are Choquet integrable fuzzifying functions
satisfying f ~ g, then

(C)/ (af+ ij) du=a (C)/fd,u—&— b (C)/g du Va,beR*.
We next introduce the minimum and maximum operations of Choquet integrable fuzzifying functions.

Deﬁnltlon 2.6. Let f and g be Choquet integrable fuzzifying functions. Then we deﬁne f\/g by (f\/g)( ) f( yWg(z),
(f\/j () = fo(z) VGa(x) V2 € RT and Vo € (0,1]. Similarly, wedeﬁnef/\g by(f/\g)( ) = f( YA g(x).

Definition [2.6] immediately provides the following results, so we omit the proof.

Theorem 2.7. Iff and g are Choquet integrable fuzzifying functions, then

of Fviaz©f Fave[ga ©f Frga<e|Faine 5
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3 Applications: CFP and CEFU model

3.1 Choquet fuzzifying probability (CFP)

In this subsection, we apply fuzzifying functions to a probability density function (PDF) with the Choquet integral and
present their properties with a computational example.

Let us consider a continuous random variable X for a sample space S in RT and a Choquet integrable PDF
fx : S — RT satisfying the followings:

(i) fx is positive everywhere in the support S, i.e., fx(z) >0 Vz € S.

(ii) The Choquet integration of fx satisfies (C)f fx (z)du(z) = 1.
If fx(x) is the PDF of X at x, then the Choquet probability P that X belongs to some event E is given by the Choquet
integral of fx(z) over E with respect to a fuzzy measure p, i.e.,

P(E)=P(X € E) / fx(x (1)

By applying the PDF to the Choquet integral, we define a probability density fuzzifying function (PDFF) fX as
fx : S — F(RT) satisfying the following conditions:

(i) fx >0 Vzes, Le,mg () >0 Vzes.

©)fs fx(@)dp(z) =1, where 1 is a convex fuzzy set of 1 with my(1) = 1.

We note that if fX is a PDFF of X, then the CFP P that X belongs to some event E is given by the Choquet integral
of fx with respect to a fuzzy measure p over E, i.e.,

P(E) = P(X € E) / Fx(x (2)

Then, we introduce some properties of the CFP ﬁ(X ) without proof, which are the immediate results from .
Theorem 3.1. Let X be a continuous random variable with a PDFF fx and let P be the CFP given in . Then

(i) 0 < P(E) <1 for each event E of S.

(i) P(S) =1.
Theorem 3.2. Let {Ej, Es,---} be a sequence of events in S with E; N E; = 0 for any i # j and let P be the CFP
given in .

(1) If a fuzzy measure p is supermodular, then ﬁ(UnN:1 E,) > EnN:1 P(E,) for any N > 1.
~ N ~
(i1) If a fuzzy measure p is submodular, then P( !1 E,) < Zﬁ[:l P(E,) for any N > 1.

Example 3.3. Suppose that m is the Lebesgue measure and p = m? is a fuzzy measure. Let S be a sample space in
RT and let X : S — [0,1] be a random variable with the PDF fx(x) =2z, 0 < & < 1. Then, the PDFF is considered

s—1 ifl1<s<2,

as fx(z :§x,0<:c<1, where 2 is a fuzzy set on R given by ms(s) =
fx (@) fuzzy 9 y m3(s) Clet2 ifl<s<d

|
|
|
|
l
0l 1 2 4

Figure 2: Membership function of PDFF mz
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Thus, the CFP Py ([0, 11) can be computed at o-level for all o € (0,1] as follows:
Pa([0.5]) =
2 [0

Thus, P([0, 1) is given by 16( 0, %D = {([“24;11 Q;Ta},a) ‘a € (0, 1]} Therefore, the membership function of P([0, )

](5)aw dp = [(C)/

a—+1 2—04}
[0,3]

(a-+ 1)a du ) +1 =

[0,%](4 —2a)x d,u} = {

1
’2

24s —1 if £ <s< L ~ =

can be empr@ssed as mﬁ([o,%])(s) = {2 _S 195 z; E ; z ; iz’ which shows that P([O, %]) 18 G,fUZZy set %
12 — 6’
m3
(3, 1)
ot e
my(s) =24s — 1 | my(s) =2 —12s
L S
1 1 1
0l 24 12 6

Figure 3: Membership function of PDFF msz

3.2 Choquet expected fuzzifying utility (CEFU) model

In this subsection, we apply the Choquet integral of a fuzzifying utility function in decision-making under uncertainty
as follows. Let £ be the set of Choquet integrable functions f : S — R* for a sample space S and (C)f u(f)du > 0.

Definition 3.4. [I8 [19] Let u: Rt — RT be a utility function and f € L. Then, the Choquet expected utility model
stimulates the decision maker to rank act f with the help of u. In detail, the ranking C\ ,, of act f is performed through

Con(f) = (© / u(f)dp,

where p is a fuzzy measure. Denote f =, g when Cy ,(f) > Cy u(g) for two acts f and g in L.

Applying Theorem [I.9] to Definition [3.4] we propose a new model, called the CEFU model, which provides more
flexible ranking information to the decision maker to rank an act function f with the help of a fuzzifying utility function

u.
Definition 3.5. 1. For a utility function u: RT — R, we define the fuzzifying utility function 0 of u by

U:RY = FRY) viau = {(Ua,a) | @ €(0,1], Us=[uy,ul]} andu; =u
2. A fuzzifying utility function U is continuous if and only if for each o € (0,1], Uy = [u;,ul] if and only if for each
sequence {x,} with lim, o x,, =z,

dy —nh_g.lo Uo (2n) = Ua(2),

where dy is the Haussdorff measure on R™T.

3. We say that U is strictly increasing when U, = [u;,ul] is strictly increasing for each o € (0,1], i.e., Uy (x) <u

U (z') whenever x < z’, which means u, (z) < ug (z') and u}(z) < ul(z') for each a € (0,1] whenever z < x'.
Thus, we say that U, is strictly increasing for a € (0, 1] if and only if u, and u} are strictly increasing.

Remark 3.6. 1. We recall that dy — li_>m U (Tn) = Un(z) if and only if li_>m u, () = ug (z) and li_)m ut(z,) =
n o n e} n oo

ul (z). Thus, for each a € (0,1], Uy is continuous if and only if u,, and ul are continuous.

2. Ifu: Rt — RT is a continuous and strictly increasing utility function, then the fuzzifying utility function U is
also a continuous and strictly increasing function.
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The CEFU model provides a fuzzy set containing rank information that can help a decision maker ranks act f with
variant fuzzifying ways depending on the preferred policies. From the model, the fuzzifying ranking Cg ,, of acts f is
performed through

Canlf) = © / A(f)dp,

ie., f <59 Cqu(f) <« Cqu(g), where p is a fuzzy measure and Cy ,(f) <« Cg,.(9) if and only if for each a € (0, 1],
Cs, u(f) =+ C5,,u(g), which means C\ - (f) <C,- ,(9) and C+ (f) <C.+ ,(g) for each o € (0,1].

Definition 3.7. (i) A function u:RT — RT is said to be linear if for any x1,x2 € RT,
u(try + (1 —t)za) = tu(zy) + (1 — Hu(ze) VE €[0,1].

(i) A fuzzifying utility function 0 : RT — F(R™) is said to be linear if for all a € (0,1], u = [u,,ul] is linear, i.e.,

) «
u, and ul are linear.

We now investigate properties of the preference relation for the CEFU model in the axioms [I9]. Let UF be the set
of all utility functions u : Rt — R* which are continuous and strictly increasing.

Theorem 3.8. For all u € UF, the relation =, satisfies the following azioms:

(i) WEAK ORDER: (a) For all f and g in L with f # g p-a.e., f >y g or g =y f. (b) For all f,g and h in L, if
frwgand g >y h, then f =4 h

(ii) INDEPENDENCE: Forall f, g, and h in L with f ~ h and g ~ h: If f >, g for a linear utility u, then sf+(1—s)h =,
sg+ (1 —s)h for all s € (0,1).

(iii) CoNTINUITY: For all f,g, and h in L with f ~ h and g ~ h and a linear utility u: If f >, g and g =y h, then
there are s and t in (0,1) such that (sf + (1 — s)h) =y g and g = (tf + (1 —t)h).

(iv) MoNOTONICITY: For all f and g in L: If f(x) > g(x) for all x € RT with f # g p-a.e., then f =, g.

Proof. (i) Since f # g p-a.e. and u is strictly increasing, u(f) # u(g) p-a.e., so that Cy ,(f) < Cu,u(g) or Cy (f) >
Cuu(g). Thus, f >, g or f <y g, which proves part (a). The second part (b) directly follows from Deﬁnition

(i) Let f ~h and g ~ h, then sf ~ (1 — s)h and sg ~ (1 — s)h. Thus, u(sf) ~ u((1 — s)h) and u(sg) ~ u((1 — s)h)
from a strictly increasing u. Using the linearity of u and C\, ,(f) =« Cyu (g) for f >, g, we have
©f ulss + (1= ) = (@ [ w( -+ (1= ) (b
> 5(0)[ ulg)d+ (1= 5)© [ ulg)dn
= (C)/u (sg+ (1 —s)g)du,

which proves that sf + (1 — s)h >, sg+ (1 — s)h for all s € (0,1).

Cu,u(g) > Cy,p(h). Thus, there exist s,t € (0,1)

(iii) Since f >, g and g >, h for a linear u € UF, we have C ,(f) > u(h
> tCy,u(f) + (1 —t)Cy u(h). Using the linearity of u,

such that sCy ,(f) + (1 —s)Cy,u(h) > Cuu(g) and Cy . (9)
we have
Consf + (1= i = (€ wsf + (1 = )y =€) (su(1) + (1= s)ub))dn
= 5Cuu(f) + (1 = 8)Cuu(h) > Cupu(g),
which shows sf + (1 — s)g >y g. Similarly, g >, (¢f + (1 — ¢)h can be obtained.

(iv) Since u is strictly increasing, u(f) # u(g) p-a.e. and u(f(z)) > u(g(z)) for all z € R, so that u(f) > u(g) p-a.e.
and Cy . (f) > Cu,u(g), which shows f >, g.
O
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Let FUF be the set of all fuzzifying utility functions 1 : R™ — F(R™) that are continuous and strictly increasing
with 1; = u where u € UF. The relation <g provides the following properties and we omit the proof since it is easily
established by Theorem

Theorem 3.9. Ifu € FUF, then the relation <y satisfies the following axioms:

(i) WEAK ORDER: (a) For all f and g in L, f =5, g or g >, f. (b) For all f,g and h in L, if f =5 g and g >3 h,
then f =g h

(ii) INDEPENDENCE: For all f,g, and h in L with f ~ h and g ~ h and for all s € (0,1) and a linear utility u: If
f=wg, then sf + (1 —s)h =g sg+ (1 — s)h.

(iii) CoNTINUITY: For all f,g, and h in L with f ~ h and g ~ h and a linear utility W: If f >3 g and g =5 h, then
there are s1,s2 and t1,ty in [0,1] such that for all « € (0,1],

[Cuz u(s1f + (A =s1)h), Cyp (51 + (1 = s1)h)] > Cx,, u(9);

ug i
and
Canu(9) > [C (s1f + (L =s1)h),C oz (s1f + (1 —s1)h)].
(iv) MONOTONICITY: For all f and g in L: If f(x) > g(x) for all v € RT with f # g p-a.e., then f =5 g.

Example 3.10. In [22, 23], the authors examined these respective trading relationships between Republic of Korea
(KR) and four trading partners, USA (US), New Zealand (NZ), India (IN), and Turkey (TR) (i.e., KR-US, KR-NZ,
KR-IN, and KR-TR) by incorporating a clearly defined set of Harmonized System (HS) product code categories for
years 2010, 2011, 2012, and 2013: (cy1) Live animals; animal products, (ca) Meat and edible meat offal, (c3) Fish and
crustaceans, mollusks and other aquatic invertebrates, (c4) Dairy produce; birds’ eggs; natural honey; edible products of
animal origin, not elsewhere specified or included, (cs5) Products of animal origin, not elsewhere specified or included.
Denote that t; : year, v(t) : trading value taken from [22, 23], u(v(t)) : the utility of v(t), and Ucgr(u(v(t)) : the
Choquet expected utility function of u from v(t). The discrete Choquet integral of f with respect to a fuzzy measure p
is considered, as follows:

/fdu Zf [ (EW) — (E(i+1))}7 B0 — {Z(iys T(ig1)s - 7$(n)}’E(n+1) —0,

where (-) indicates a permutation on {1,2,3,--- ,n} satisfying f(xn)) < f(x@) <+ < f(2@m)). Then, by considering
fin Theorem to be u and x to be v(;) = U(t(z ) fori=1,2,3,4,

© / i(v) dys = { ([0 / uz (v) dy, (€) / w3 () du,0)[a € 0,17}, 3)

Define a fuzzy measure y on RT by
pE®) =0, uw(EW)=pu{vn}) =01, pwED) = p({us),vw}) =03,
pE®) = p({v@), vs), va}) =06, w(ED) = p({vw), vz, vs), v }) = 1,

where v(;) represent the trading values at year t(;y in US dollars. We consider the scaled wutility defined as u(v;)) =
\ /%, where max{v(;)} represents the mazimum value of trading values v(t) for the four countries, which is equal
to $100,141,401. Using formula @), Ucpr(G(v)) can be computed for u(v(t)) = Tu(v(t)), where 1 is a subset of R

given by
s if0<s<1,
my(s) = 1 3
—55+5 ifl1<s<3.

Note that Ucgr(U(v)) for trading values is a fuzzy set representing South Korea’s trading relationship with each partner
country for the years 2010,2011, 2012, and 2013. In fact,

Ucer ([(o(t)) = { ([Uepr(uz (1), Uopr(uf (e(t)] o) | € 0,11},
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where the Choquet expected utilities of u;, and ul for v(t) are respectively given by
4 . .
Ucrr(ug (v(t) =D ug (o) [(ED) — p(ECH))]
i=1
=0.4u, (v(1)) + 0.3u, (vi2)) + 0.2u, (v(z)) + 0.1u, (v(a)),

4
Ucpr(ug(v(t))) = Zuj(v(i))[u(E(i)) _ /L(E(”l))]
i=1

=0.4uf (v(1)) + 0.3uf (v(2)) + 0.2u} (viz)) + 0.1u; (v4)).

Categories Ucrr((v)) of KR-US Ucrr(u(v)) of KR-NZ
c1 0.0566c, 0.1699 — 0.1133¢] | [0.0066¢¢, 0.0198 — 0.0132a/]
Ca 0.0670c, 0.2010 — 0.1340cx [0.0, 0.0 —0.0]
c3 0.9389«, 2.8168 — 0.8778c] | [0.8590¢r, 2.5770 — 1.7180a/]
Cy4 0.2064c, 0.6191 — 0.4127a] | [0.0394¢, 0.1181 — 0.0787q/]
Cs 0.0530cr, 0.1591 — 0.1061c| | [0.0156c, 0.0468 — 0.0312¢]
Categories Ucpr(u(v)) of KR-IN Ucpr((v)) of KR-TR
c1 [0.0030cr, 0.0089 — 0.0059«] | [0.0029«, 0.0087 — 0.0058¢]
co 0.03250, 0.0974 — 0.06500] 0.0, 0.0]
c3 0.0063, 0.0190 — 0.0127a] | [0.0609¢, 0.1826 — 0.12170]
C4 [0.0079¢, 0.0238 — 0.0158¢] [0.0, 0.0]
o 0.0, 0.0] 0.0, 0.0]

Table 1: Ucpr(Ti(v)) of KR-US, KR-NZ, KR-IN and KR-TR

KR-US KR-NZ
15 15
=" T
—— a=1
1+ e U;J,s 1
— < —Uss
05 05
4 3
0 0
c, c, C, c, cs c
KR-IN KR-TR
02 02
 — | (S Py Vb | U, 5. U5 6l
0.15 a=t 0.15 a=1
Uos Uos
01 ——Ugs 0.1 ——Uss
0.05 0.05 A
0 — 0 ~ -
c, c, c, c, Cs c c, c, c, Cs
: . — — - _ 1
Figure 4:  [Uy ,UT] := Ucpr(ug (v(t))), Ucer(ul(v(t)))] at o = 5 of each category
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KR-US KR-Nz2
1 1
08k Ut e=2.8168-0.8778a ] UGgr=2.5770-1.7180a
06
0.4 F
cer=0.9389a
0.2
0
0 0.5 1 1.5 2 25 3
KR-IN KR-TR
1 1
U%-=0.0190-0.0127a
08t CEF 0.8 Uge=0.1826-0.1217a
0.6 0.6
0.4F 0.4
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Figure 5: CEFU Ucgr(U(v)) for category cs

For further examinations of the CEFU, we display the values of Ucpr(u(v(t))) at a-levels with a = 0.5 and oo =1
for each trading partner country in Figure[J] As is known, the Choquet expected fuzzifying utility at a-level with o = 0.5
is represented by the following interval values

Ucer (Tos(v(t))) = [Ucsr(ugs(v(t)), Ucer(uds(v(t))],

which are expressed by colored areas with respect to the categories in the figures. As seen in Fig. [{], the widest range of
Ucrr[os(v(t)) for KR-US, KR-NZ, and KR-TR occurs in category 3, while that for KR-IN appears in category 2.
Also, we display the Ucgr(0(v(t))) of each country, for the fized category cs in Fig. [5 Note that from [3)), Ucgr(u(v))
are represented by interval-valued normal fuzzy sets of the Choquet expected utility of u(v), (see [23]).

The Choquet expected utilities for each category are computed, and the values are shown in Fig. @ (top), and the
percentages of the utilities from KR-NZ, KR—IN, KR-TR trading values are investigated, in comparison to the utilities
of KR-US trading values, which are shown in Fig. @ (bottom). Note that these values correspond to those of the Choquet
expected fuzzifying utilities at a-level with o = 1. For example, the Choquet expected utilities of KR-NZ, KR-IN, and
KR-TR are shown as 91%, 1%, and 6%, respectively, compared to that of KR-US for category 3.

We next compute the interval-valued percentages of Ucpr(To.s(v(t))) at a-level with o = 0.8 with respect to those
of KR-US trading values, which are formulated by

[uo_.&u(is] = [MCEF(U(Is(U(t)))v UCEF(UBF,S(U(t)))] / [UI?R—US’ UIJQR—US] X 100(%)’

where [UI;RfUSW U}RfUS] is the CEFU of KR-US trading values at a-level with o = 0.8. Here, the division of interval
is computed by

a” a at at a” a  at a+] = >0

e A SR A = R

The computed results are plotted in Fig. @ (right) with each bar charts containing values of Uy S,UJ s, and Ave =
%(u& g+ Z/lgf ) for each category. For example, the Choquet expected fuzzifying utilities of KR-NZ and KR-TR trading
values for category 8 provide interval-valued percentages [52%,160%)] and [4%, 11%)] in comparison to those of the KR—
US trading values. As seen in Fig. [§ (right), these interpretations of Ucpr(U(v)) can provide more flezibility for a
decision maker depending on the type of trade policies that are being implemented between South Korea and other trading
partner countries by imposing different a-levels. Thus, the fuzzifying utility can be developed by preferred policies to
improve the effect on the measurement of policy preferences.

[a_v a+]/[b_, b+] =
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Choquet expected utilities @ Interval-valued percentages at o= 0.8
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Figure 6: Choquet expected utilities (left-top) and percentage with respect to the values of KR-US (left-bottom) and
Interval-valued percentages [U; g, U] of Ucrr with respect to the values of KR-US at a-level with a = 0.8 (right)

4 Conclusion

In this paper, we introduced the Choquet integral of fuzzifying functions with respect to a fuzzy measure by applying
interval-valued Choquet integrals in Definition The Choquet integrals of fuzzifying functions are considered as
the set of the Choquet integral at a-level intervals for all a’s between 0 and 1. We presented some basic properties
of the proposed Choquet integral of fuzzifying functions in Theorems and As examples, by applying a
fuzzifying function to a PDF and a utility function we have presented the CFP and CEFUs in Examples and
In addition, we have shown their properties in Theorems [3.8] and and a practical application to obtain various
a-levels for the CEFU in Fig. [} These integrals can provide insights into the diversities of the uncertainty surrounding
utility functions as well as the uncertainty of measures that are being used to drive a country’s economic and trade
policy agenda given today’s increasingly uncertain global landscape. Moreover, our findings can also be used to assist
decision-making processes by providing additional flexibility through the construction of more meaningful fuzzification
of integrands.
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