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Abstract

In this paper, the notions of (L, M)-fuzzy bornological convergence and separation in (L, M)-fuzzy bornological vector
spaces are introduced. Some properties of (L, M)-fuzzy bornological convergence and separation are discussed. The
relationships between (L, M )-fuzzy bornologial convergence and separation in (L, M )-fuzzy bornological vector spaces
are proposed. Moreover, the relationships of bornological convergence and separation between the framework of (L, M)-
fuzzy bornological vector spaces and L-bornological vector spaces are discussed.
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1 Introduction

S.T. Hu [I1l 12] first introduced the axiomatic definition of bornology to define boundedness in a general topological
space. Many researchers further studied bornology from different aspects, such as different hyperspace topologies
[2, B, 15 [I7], optimization theory [], topologies in function spaces [3| [I8], and so on [6, 8 10, 21, 27]. With the
development of fuzzy set theory, three types of fuzzy bornologies have been proposed, including fuzzifying bornology
[24], L-bornology [1, 19], and (L, M)-fuzzy bornology [16], 26].

In the framework of L-bornology, Paseka et al. [19] introduced L-bornological vector spaces and L-bornological vector
systems, and studied the categorical properties of them. Moreover, it is proved that the category of L-bornological vector
spaces is isomorphic to a full reflective subcategory of the category of L-bornological vector systems. In [28], Zhang
and Zhang discussed the induced I-bornological vector spaces by general bornological vector spaces and I-bornological
linear mappings. Since bornological convergence and separation constitute the fundamental facets of the theory of
bornological vector spaces, Jin and Yan [13] proposed L-Mackey convergence and separation in L-bornological vector
spaces, and discussed the relationships between them.

In an L-bornology, the bounded sets are fuzzy, but the bornology comprising those bounded sets is a crisp subset.
Sostak and Uljane [24] introduced (L, %)-valued bornology in another way, which is considered as an L-subset of 2.
In the setting of (L, *)-valued bornology, they proposed induced L-valued bornologies by fuzzy metrics and relative
compactness-type L-valued bornologies in Chang-Goguen L-topological spaces. Adopting the terminology of fuzzy
topology, we call this bornology an M-fuzzifying bornology. In the setting of M-fuzzifying bornology, Jin and Yan [14]
dicussed bornological convergence and separation properties. Later, Shen and Yan [22] discussed fuzzifying bornologies
induced by fuzzy pseudo-norms. They proved that the degree of bornological convergence is equivalent to the degree
of topological convergence.

In 2017, Sostak and Uljane [26] introduced M-valued bornology on the L-powerset of an L-valued set (X, E) (where
E: X x X — Lis an L-valued equality on X), which is called LM-fuzzy bornology for short. Recently, Liang et al.
[16] introduced a new kind of M-valued L-fuzzy bornological vector spaces, namely (L, M )-fuzzy bornological vector
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spaces. The categorical properties were studied, and its relationships with M-fuzzifying bornology from the perspective
of category were discussed. As a continuation of [16], we will focus on bornological convergence and separation in
(L, M)-fuzzy bornological vector spaces, and disscuss the relationships between them.

The structure of this paper is organized as follows. In Section 2, we review some preliminaries that are needed in the
subsequent sections. In Section 3, we introduce separation of (L, M)-fuzzy bornological vector spaces, and study the
relationships of separation between the categories of (L, M)-fuzzy bornological vector spaces and L-bornological vector
spaces. In Section 4, we introduce (L, M)-fuzzy bornological convergence in (L, M )-fuzzy bornological vector spaces,
and discuss the relationships between (L, M)-fuzzy bornologial convergence and separation in (L, M )-fuzzy bornological
vector spaces.

2 Preliminaries

Throught this paper, L (resp. M) is a frame with order-reversing involution. The smallest element and the largest
element in L (resp. M) are denoted by L and T, (resp. Ly and Tas). An element a in L is called a prime element
[9) if @ > b A c implies a > b or a > ¢. An element a in L is called co-prime element if @ < bV ¢ implies a < b or a < c.
The set of non-unit prime elements in L is denoted by P(L). The set of non-zero co-prime elements in L is denoted by
J(L).

For a nonempty set X, 2% denotes the powerset of X, and LX denotes the set of all L-subsets on X. For all a € L
and U € LX, Uy ={z € X |U(z) > a}, U ={z € X | U(z) £ a} [23].

Let f: X — Y be a mapping between two nonempty sets X,Y. The forward L-power operator f= : LX — LY
and the backward L-powerset operator f< : LY — LX induced by f are defined as follows [20]:

()VAeLX yeY, [~ (A)(y) = f(\)/, A(z);

(2)VBeLY,f<(B)=Bof.
Let X be a vector space over the field of real or complex numbers K. Then for any A, B € LX, z € X, and k € K,
the scalar multiplication and addition operator in L¥ are defined as follows:

(1) (A+B)(x) = V (Aly) AB(2));

y+z=x
(2) (kA)(z) = A (\;) lz 7)5 0;
Aly), z= =20,
(3) (04)(x) = {yex ’
J_L, T 75 0.

Definition 2.1. [19] Let {X;}icr be a family of sets. For all A; € LX¢, define a mapping [] A; : [ Xi — L as

iel iel
follows [ Ai(z) = N\ Ai(P;(x)), where P; : [[ X; — X, is the projection.
iel iel iel

Definition 2.2. [IL[19] An L-bornology on a set X is a subfamily B C LX satisfying:

(LB1) V B(z)=T.,VzeX;
BeB

(LB2) VBeB, Ac LX with A< B = Ac B;
(LB3) A,BEB= AV BE¢€B.

The pair (X, B) is called an L-bornological space.

Proposition 2.3. [13] Let (X, B) be an L-bornological space. Then (X,K, B) is an L-bornological vector space if and
only if B satisfies the following conditions:

(LB4) U,V eB=U+V € B;
(LB5) YVt e K,U € B=tU € B;
(LB6) Ue B= \ tU€B.

[tI<1

Definition 2.4. [13] Let (X,K,B) be an L-bornological vector space. Then (X,K,B) is L-separated if and only if
suppM = {0} for all fuzzy vector subspace M € B, where suppM = {x € X | M(z) # L1} is the support set of M.
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Definition 2.5. [16], 25] An M -valued L-fuzzy bornology, or an (L, M)-fuzzy bornology for short on a set X is a map-
ping B : LX —s M that satisfies:

(LMB1)/B(x7,) = Twm;
(LMB2) for each A,B € LX, A< B = B(A) > #(B);
(LMB3) Z(AV B) > B(A) N B(B), VA, B € LX.

The pair (X, P) is called an (L, M)-fuzzy bornological space. Given (L, M)-fuzzy bornological spaces (X, Bx) and
(Y, PBy), a mapping f : X — Y s called (L, M)-fuzzy bounded provided that Bx(A) < By (f~(A)) for any A € LX.

Proposition 2.6. [16] Let (X, %) be an (L, M)-fuzzy bornological space. Then
(1) VreP(M), B ={AecLX:B(A) £r} is an L-bornology on X.
(2)VreM, By, ={AecLX:PB(A)>r}is an L-bornology on X.

Proposition 2.7. [16] Supposed that {(X;, %;)},c; is a family of (L, M)-fuzzy bornological spaces and X = ] X;.

iel
Define [] %; : L — M by
i€l
[[z= \ N\%)vAeL
iel A<, e; Ai i€l
Then (X, [[ %:) is an (L, M )-fuzzy bornological space, which is called the product space of {(X;, %;)}icr-
iel

Proposition 2.8. [I6] Let X be a vector space over K, and let (X, B) be an (L, M)-fuzzy bornological space. Then
(X, K, B) is an (L, M)-fuzzy bornological vector space if and only if B satisfies the following conditions:

(BV3) ( ) (B) < B(A+ B), VA, B e LX;
(BV4) & B(ANA), VA € LX) € K;
(BV5) # V M|, VA e LX.

A1

3 Separation of (L, M)-fuzzy bornological vector spaces

In this section, we introduce separation of (L, M)-fuzzy bornological vector spaces, and discuss the relationships of
separation between the categories of (L, M)-fuzzy bornological vector spaces and L-bornological vector spaces.

Definition 3.1. Let (X,K, 2) be an (L, M)-fuzzy bornological vector space. Define the degree Sep(X,K, %) to which
(X, K, B) is separated as follows:

Sep(X,K,2) = N\ {%(A)/:EI)\GL,A(’\)#{G}},
AeVecs(X)

where Vees(X) = {A € LX :V r € L, A" is a vector subspace of X}.

Remark 3.2. Let L = M = {0,1}, and Sep(X,K, B) = 1. Then for all A € 2%, if A is the vector subspace of X and
A # {0}, we have B(A) =1, i.e., B(A) = 0. This is exactly the definition of separation in classical bornological vector
spaces.

By combining Propositions 2.3 and we have the following conclusion.

Lemma 3.3. Let (X,K, B) be an (L, M)-fuzzy bornological vector space. Then
(1) For any r € P(M), (X,K,B™) is an L-bornological vector space.
(2) For anyr € M, (X, K, B[T]) is an L-bornological vector space.

Proposition 3.4. Let (X, K, %) be an (L, M)-fuzzy bornological vector space. Then for anyr € P(M), Sep(X,K, %) >
r if and only if (X, K, %(T)) is L-separated.
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Proof. Necessity. Take any r € P(M). If (X , K,QE(T)) is not L-separated, then there exists a fuzzy vector subspace
A € LX such that A € 2(") and suppA # {#}. Hence there exists A € L such that A # {#} and A € Vecs(X). This
implies
Vo {231,420} £
AeVeces(X)

It follows immediately that

Sep(X. K, 2)= )\ {,%’(A)/ cIne L, AN £ {9}} %0,
AeVeces(X)

which is a contradiction.
Sufficiency. Take any 7 € P(M). If Sep(X,K,%) # r, then there exist A € Vecs(X) and A\ € L such that

AN £ {0} and B(A) * . This implies that A is a fuzzy vector subsapce of X and A € ™), but suppA # {6}.
Thus (X , K, %’(T)) is not L-separated, which is a contradiction. O]

Proposition 3.5. Suppose that (X, KK, Bx) and (Y,K, By) are two (L, M)-fuzzy bornological vector spaces, and that
f: X — Y is an (L, M)-fuzzy bounded linear mapping. Then Sep(Y, K, By) < Sep(X, K, Bx).

Proof. Since f is a linear mapping, it follows that for all A € Vecs(X), f7(A) € Vecs(Y). This implies

Sep(V,K.Zy) = N\ {#v(B) :3ue L, BY £ {0y}
BeVecs(Y)

A B ) Bue L (a)» £ (v}

AeVeces(X)

Az 3uena® £ joxy}
A€eVeces(X)

= Sep(X,K, Bx).

N

N

This completes the proof. O

Proposition 3.6. Let (X, K, %) be an (L, M)-fuzzy bornological vector space and let Y be a vector subspace of X.
Define Bly : LY — M by
Bly(U) = \V/  ®V),vUuelL
VeLX,V|y=U

Then (Y, K, B|y) is an (L, M)-fuzzy bornological vector space, which is called the subspace of (X, K, A).
Proof. Tt suffices to show that %y satisfies (LMB1)-(LMB3) and (BV3)-(BV5).

(LMB1) Take any z € Y C X. Since Z(z7,) = T, we have Bly (z1,) = T um.
(LMB2) Take any A, B € LY with A < B. For any U € LX with Uly = B, let

_ JA(z), zeY;
V(z) = {U(x), z &Y.

For any x € YV, V(z) = A(z) < B(z) = Uly(z) = U(x), it follows that V' < U. This implies Z(U) < (V). Since
V|y = A, it holds that
2vB)= B0 <\ BV)=2yA)

UeLX,U|ly=B VeLX Viy=A

(LMB3) For any A, B € LY, we can obtain that
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Bly (A) N By (B)

V  2v) A \V  20)

VELX V]y=A UeLX,U|y=B

= V V (@) az@)

VeLX V]iy=A UeLX U|y=B

< V \/ sV
VGLX,V‘YIA UGLX,U|YZB

< \ BW)
WeLX W|y=AVB

e <%"Y(A\/B).

In a similar way, we can check (BV3).
(BV4) For any U € LX and X € K, we have A(Uly) = (AU)|y. Then for any A € LY,

By (4) = \VAR{(%)

UeLX Uly=A

< \/ BNU)
UeLX,(AU)|y=XA

= V BW)
WELX ,W|y=AA

= By ().

In a similar way, we can check (BV5). Therefore, (Y, K, 8|y) is an (L, M)-fuzzy bornological vector space. O

Proposition 3.7. Let (X,K,B) be an (L, M)-fuzzy bornological vector space and (Y,K,B|y) be the subspace of
(X, K, %). Then Sep(X, K, #) < Sep(Y, K, B|y).

Proof. For any B € LY, let
_ [B(z), zeY;
A(””)_{ Ly, xz¢Y.

First, we show that %B|y (B) = #(A). On one hand, since Aly = B, it follows that 8|y (B) > %(A). On the other
hand, for any C' € LX with C|y = B, we have C' > A, consequently, Z(C) < %(A). This implies

By (B) = \ B(C) < B(A).

CELX,C‘YZB,

Therefore, 8|y (B) = %(A). Since for any r € L, A" = B(") it holds that

Sep(X K, 2) = N\ {#24) :3ne L4 £ (0}
AeVecs(X)
< A {ZvB® eLBY £ (0}
BeVecs(Y)
= Sep(Y,K, Bly).
This completes the proof. O

By combining Definition [2.5| and Proposition [2.8, we have the following result.
Proposition 3.8. Let {(X,K, %;)}icr be a family of (L, M)-fuzzy bornological vector spaces. Define \ %; : LX — M
il

by (/\ 931> (A) = A\ %:(A),VA € L*. Then (X, K, A 931) is an (L, M)-fuzzy bornological vector space.
iel iel iel
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Proposition 3.9. Let {(X,K, %8;)}icr be a family of (L, M)-fuzzy bornological vector spaces. Then A Sep(X,K, %;) <
iel

Sep (X,JK7 A 531> .

iel

Proof. By Definition it holds that

)\ Sep(X,K, %)

A A {#@ e a o}

iel i€l AeVees(X)
< A (/\ %’i(A)) :3INe L, AN £ {6}
AeVecs(X) i€l
= Sep (X,K7 /\%’1> .
icl
This completes the proof. O

Proposition 3.10. Let {(X;,K,%;)},c; be a family of (L, M)-fuzzy bornological vector spaces and X = [[ X;. Then
iel
(X, K, [ %) is an (L, M)-fuzzy bornological vector space, which is called the product space of {(X;, K, B;)}icr. More-
iel
over, the projection P; : X — X; is (L, M)-fuzzy bounded.

Proof. By Proposition it suffices to show that (X, K, [ %;) satisfies (BV3)-(BV5).

(BV3) Take any A, B € LX and A;, B; € LX¢ such th;teIA < [] 4s and B < [] B;. Since for any © € X,
icl iel
(A+ B)(z) < (H A+ H Bi> (z)

_ <<H A A (] B,-><z>>
y+z=x el i€l

. (/\ Az—(a(y))) A (/\ Bi<P1-<z>>>
y+z=x \iel el

< /\ \/ (Ai(Pi(y)) A Bi(Pi(2)))
i€l y+z=x

g H(Al + Bl)(x)a
iel

it follows that A + B < [](4; + B;). Then

el

H%i(A) /\H%i(B) = \/ Bi(Ai) | A \/ /\%i(Bi)
icl icl A<IT As i€l B<II Buiel
-V V (%i(Ai) N Bi(Bi))
AT As BT B icl

\V N\ #:i(Ai + B)

A+B< I (Ai+B;) i€l
iel

N

= [[#(A+B).

i€l
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In a similar way, we can check (BV4) and (BV5). Therefore, (X, K, [[ %) is an (L, M)-fuzzy bornological vector
iel

space. Next, we show that P; is (L, M)-fuzzy bounded. For any [] 4; € LX ;eI and z; € X;,
il
P (H Ai) (zi) = \/ (H Ai) (z)
iel Pi(z)=z; \i€l

=V AA4r@)

Pi(z)=x; i€l
= /\ AZ(LL'Z)
i€l
Ai ('ri)a

N

it follows that P;? (H Ai) < A;. Then for any A € LX and i € I,

i€l
\VARANCAY

|J 2

il AT Aq i€l
i€l
< \/ Bi(Ai)
ALTT Aq
1€l
< \/ Bi(Aq)
P (A)<A;
< (P (A)).
This completes the proof. O

Theorem 3.11. Let {(X;,K, B;)}ier be a family of (L, M)-fuzzy bornological vector spaces and X = [[ X;. Then

el
/\iEI Sep(X’iaKv gl) g Sep(Xv K7 H ‘@1)
el

Proof. Take any a € M with a £ Sep(X,K, [[ %;). Then there exist A € Vees(X) and A € L such that A # {6}

iel
and o £ [] %i(A)'. Since (P77 (A))™ = P,(AN), we know that there exists ig € I such that (P (A)DN £ {6;,} and
i€l
P;7(A) € Vees(X,). Tt follows from Proposition [3.10] that g%i(A) < Biy (P (A)), hence a £ %’io(Pi;’(A))/. This
implies

a & A {#aan) e Al £ 6.}

AjyEVees(Xiy)
= Sep(Xio7K7=@io)7
consequently, o £ A Sep(X;,K, %;). Therefore, A\ Sep(X;,K, %;) < Sep(X,K, B) as desired. O

i€l i€l

4 (L, M)-fuzzy bornological convergence

In this section, we introduce (L, M)-fuzzy bornological convergence in (L, M)-fuzzy bornological vector spaces, and
discuss the relationships between (L, M)-fuzzy bornologial convergence and separation in (L, M)-fuzzy bornological
vector spaces. In [I0], the author introduced circled sets as follows.

Definition 4.1. [7] Let X be a vector space over K and A € LX. We say that A is circled if tA < A for any t € K
with [t| < 1. The set of all circled L-subsets is denoted by Cir(X,K).
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Definition 4.2. Let (X, K, %) be an (L, M)-fuzzy bornological vector space. For any A € L, x™ € X, and {x} }nen C

J(LX) with \/ N\ Am = X, define the degree Con(x% ,0) to which {x} }nen is (L, M)-fuzzy bornologically conver-
neN m>2n
gent to 0y as follows:

Con(a},0,) = \/ {%(A) L2l & A Vn € N} .
AECirT(X,K), 1, —0
Moreover, for any x € X, the degree Con(x} ,xx) to which {z% }tnen is (L, M)-fuzzy bornologically convergent to x
is defined as follows:
Con(zy, ,xx) = Con((z" —x)x,,0\).
Remark 4.3. Let L = M = {0,1}, and Con(z% ,0\) = 1. Then there exist A € Cir(X,K) and {pn}nen C K such
that Z(A) =1, lim p, =0, and for alln € N,z¥ « unA/. This is exactly the definition of bornological convergence
n—oo n

in classical bornological vector space.

Proposition 4.4. Let (X, K, %) be an (L, M)-fuzzy bornological vector space. Then for all {x;\ln}nGN){yfn}neN C
J(LX), and xx,yx € J(LX) with \/ A\ Am =,

neN m>2n
Con(zy ,zx) A Con(yy ,yx) < Con(zX +yx ,Txr + Yr)-

Proof. Take any A, B € Cir(X,K), and {a, }nen, {Bntnen C K such that lim a, =0, lim B, =0, and for all n €
n—oo

N, (z"—2)r, £ and, (Y"—y)r, & B,B . Thenforalln € N, \, & a, A (2" —x)\/ﬁnB/ (y"—y). Since A, B € Cir(X,K),
it follows that A+B E Cir(X,K) and A, £ (V) (A+B) (" —z+y"—y), i.e., (z" —z+y"—y)a, % (anV Bn)(A+B)'.
Therefore,

Con(z ,xx) ACon(yy ,yn) = Con((z" —x)x,,0x) ACon((y" —y)a,,0x)
=V {B): 6" o), Laad e N A

AeCir(X,K)
an—0

\/ {'%(B) W=y, %ﬁnB/,VneN}

BeCir(X,K)
Bn—0

= V {55( )N #(B) : o Ean A, y),\nyi,BnB,,VneN}

A,BeCir(X,K)
an—0,8p,—0

<V {BA+B) @ —aty -y £ (@ VBI(A+B) Vne N}
A,Be%*ig(x,rg)
< \/ {,@(C)( -4+ y" =y ;(’ynC VnEN}
CeCir(X,K)
Yn—0
= Con((@" —z+y" =y, 0)
= Con(z} +yX ,zx+yr).
This completes the proof. O

Proposition 4.5. Let (X,K, %) be an (L, M)-fuzzy bornological vector space. Then for any {a% Ynen S J(LX) ,
zx € J(LX), {tntnen CK andt e K with \/ A\ Am = X and lim t, =t,
neN m>2n n—oo

Con(zy ,xx) < Con(tn,xy ,txy).

Proof. Take any A € Cir(X,K) and {ay, tnen € K such that li_}rn o, =0 and for all n € N, (2" — x), £ anA’. Let
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Bn =tnan V (t, —t),¥Yn € N. Then lim f, =0, and
n— 00

Bn | A+ \/ prr, | 2" —tx) = B, | A+ \/ prr, | (tha”™ —tpx + tyx — tx)
lnl<1 |pul<1
> BuA(tal@ — ) A B |\ st | (6 — 1))

[pl<1

= BuA(tn(2" —x))

> A" —x).

This implies (t,2" — tx)r, £ Bn (A+v|u|<1 WETL) ,Vn € N. Since A, V pzt, € Cir(X,K), we have A +
<1

V pzr, € Cir(X,K). By combining (LMBI1), (BV3) and (BV5), it holds that #(4) < £ <A+ \ ,ux-rL>.
|1 lul<1
Therefore,

Con(zy ,x)) = \/ {%’(A) (2" —x)s, £ anA Vn € N}

AECir(X,K)
anp—0

N

\/ B(A) : (tpa" —tax)r, & Bn | A+ \/ prT, | ,vneN

AcCir(X,K) <1
gy [1|<

\/  {Z(B): (tnz" —ta)s, £ BB ,Yn € N}

BeCir(X,K)
Bn—0

N

= Con(tp,xy ,txy).
This completes the proof. O

Proposition 4.6. Let (X, K, Bx) and (Y,K, By ) be two (L, M)-fuzzy bornological vector spaces, and let f : X — Y
be an (L, M)-fuzzy bounded linear mapping. Then for any {z% } C J(LX) and xx € J(LX) with \/ N\ Am = X,
neN m>2n

Conx (x},,2x) < Cony (f(2")x,, f(x)x)-

Proof. Take any A € Cir(X,K) and {a,}neny € K such that hm an = 0 and for all n € N, ( A % anA

Since f is an (L, M)-fuzzy bounded linear mapping, it follows that f_)( ) € Cir(Y,K), #x(A) < %y(f_)( )), and
Az — z) < an f7(A)(f(z" — ). This implies (f(z") — f(x)), £ anf~(A)". Therefore,

Conx(zy ,xy) = \/ {%’X(A) D2 =), y{anA/7VneN}

AECir(X,K)

<V B urange - @), £anf (4 Y ne N}
f7(A)eCir(Y,K)

<V {%’Y(B) (f(z™) = f(@)n, £ anB ¥ n € N}
BeCir(Y,K)

= Cony (f(z")x,, f(2)r),

as desired. O

By Proposition we have the following result.

Proposition 4.7. Let (X,K, %) be an (L, M)-fuzzy bornological vector space, and let (Y, K, B|y) be the subspace of
(XK, %). Then for any {z% tnen C J(LY), and zx € J(LY) with \/ N\ Am = A,

neN m>2n

Conx(zY, ,xx) < Cony(z} ,xx).
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In classical bornological vector spaces, a bornological vector space is separated if and only if every bornologically
convergent sequence has a unique limit. Next we disscuss the many-valued logical counterpart of this classical result.
In [13], the authors introduced the relationship between bornologial convergence and separation in the setting of L-
bornological vector space as follows:

Definition 4.8. [I3] Let (X,K,B) be an L-bornological vector space and X € J(L), S = {z% }nen C J(L™), where

V' A A=A Then S is said to converge bornologically to 0y if there exists a circled L-subset B € B and a sequence
neN m>2n

{sn} of scalars tending to 0 such that z% & snB' for alln € N. Moreover, S = {2} }nen is said to convergent to x

if (" — ), converges to 0x, and it is denoted by z% M, Ty.

Proposition 4.9. [13] Let (X,K,B) be an L-bornological vector space and X\ € J(L). If z¥ 2 2y and zy M, Yx,
then (X, K, B) is L-separated if and only if x = y.

By combining Lemma [3.3] Definitions [£.2] and we have the following lemma.

Lemma 4.10. Let (X,K, %) be an (L, M)-fuzzy bornological vector space, X € L and {z% }nen S J(LX) with

VA A = A Then for any v € P(M), Con(z ,x\) & v if and only if {a} }nen is convergent to xx in L-
neN m>2n )

bornological vector space (X7 K, %’(’“)).

Theorem 4.11. Let (X,K, %) be an (L, M)-fuzzy bornological vector space. If there exists r € P(M) such that
Con(z} ,x\) &7 and Con(a% ,yx) & r, then Sep(X,K, %) > r if and only if x = y.

Proof. By Lemma Con(z% ,x\) & r and Con(z} ,yx) £ r if and only if 2% M, 2y and zy M, gy By
combining Propositions and it follows that Sep(X,K, %) > r if and only if x = y. O

5 Conclusions

In this paper, we endowed the concepts of bornological convergence and separation in (L, M)-fuzzy bornological vector
spaces with some degrees. We presented the lattice-valued forms of elementary conclusions related to these concepts.
Moreover, we discussed the relationships between (L, M )-fuzzy bornologial convergence and separation in (L, M )-fuzzy
bornological vector spaces. As we all know, pseudo-norms play an important role in the theory of bornological vector
spaces. In the future, we will consider how to induce (L, M)-fuzzy bornological vector spaces by fuzzy pseudo-norms,
and discuss the relationships between bornological convergence and topological convergence in the framework of (L, M)-
fuzzy bornological vector spaces.
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