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Abstract

Han and Pang (IJFS 2024) introduced important L-convergence structures based on L-ordered co-Scott closed sets, ex-
tending strong L-concave structures. Since L-ordered co-Scott closed sets and L-convergence structures rely on L-order,
while strong L-concave structures depend on pointwise order, the relationship between them is still not clear enough.
To clarify this, we provide characterizations of both using pointwise orders, revealing that the definition of L-ordered
co-Scott closed sets can be simplified, as its stratified condition can be derived from the L-ordered condition. This
finding will streamline proofs in Han and Pang’s paper, as these conditions have been repeatedly verified. Additionally,
our insights will aid in accurately establishing the relationships between various lattice-valued co-Scott closed sets and
lattice-valued concave structures.
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1 Introduction

The concept of convex structure is an important mathematical structure [§]. As natural extensions, many kinds of fuzzy
convex structures are proposed by different scholars, see Maruyama [4], Pang and Zhang [5], [12], Shi and Xiu [6] [7],
Li [3], and Wu and Li [I0]. To overcome the defects of fuzzy convex structures in category properties, scholars have
further introduced various lattice-valued convergence structures |2, [0, 11} 13]. In particular, Han and Pang [2] recently
investigated an L-convergence structure based on L-ordered co-Scott closed set, and proved that concave L-convergence
space can describe strong L-concave space.

Let L = (L, *) be a complete residuated lattice, that is,

(1) (L, <) is a complete lattice with top (resp., bottom) element T (resp., L),

(2) * is a commutative and associative binary operation on L s.t. Ya € L,¥{b;};cs C L:

a * \/bj: \/(a*bj), axT =a.

jeJ Jje€J

The operation  has a residuated operation —: L x L — L determined by a — b = \/{c € L|a % ¢ < b}.

A mapping A : X — L is termed an L-fuzzy set in X, the set of all L-fuzzy sets in X is denoted by LX. For each
a € L, we also use a to denote the constant L-fuzzy set in X valued a.

There exists a classical order < (also called pointwise order) on LX determined by VA, u € L, X < piff M(x) < p(x)
for each x € X. The operations V, A, *, — on L can be defined onto L pointwisely.

The family {\;}ier C L¥ is referred co-directed if for every \;,, \i,, there exists \;, s.t. Aj; < Ay, and Ay, < Ay,
We use {\;}ier C€°¢ L to denote a co-directed subfamily of LX.

Moreover, there exists an L-order on LX [1], which is defined as a mapping S : LX x LX — LX with VA, u € L,
S\ 1) = é\X(A(x) — ().

By using the L-order on L*, Han and Pang gave the following notion.

Corresponding Author: Q. Jin
Received: September 2024; Revised: January 2025; Accepted: January 2025.
https://doi.org/10.22111/ijfs.2025.49905.8815


https://orcid.org/https://orcid.org/0000-0002-8666-1250
https://orcid.org/https://orcid.org/0000-0001-7939-1013

132 L. Li, Q. Jin

Definition 1.1. [2] A mapping F : L* — L is called an L-ordered co-Scott closed set (abbreviated as LCSC) on LX
provided that:
(LCSC1) F(T) =T,
(LCSC2) S\, p) < ]F(/\) F(p) for any A, € LX (L-ordered condition),
(LCSC3) A F(\;) < TF( /\ i) for any {\iYier €4 LY,
(
(

i€l
LCSCs) axF(\) <TF (a * )\) for any X\ € LX and a € L (stratified condition),

LCSCcs) a — F()T) <F(a— A) for any A € LX and a € L (co-stratified condition,).
The set of all LCSC on LX is denoted by F(X).

LCSC is a natural extension of the classical co-Scott closed set.
By using the L-order on Fy(X), Han and Pang introduced the following structure.

Definition 1.2. [2] A mapping lim : Fr(X) — L is termed an L-convergence structure on X provided that:
(LCS1) Vx € X, lim([z])(x) = T, where [x] € F(X) is defined by VA € LX, [x](\) = A(z),
(LCS2) VF,G € F(X), S(F,G) * limF(z) < limG(z) (L-ordered axiom).
The pair (X,lim) is called an L-convergence space.

Han and Pang [2] demonstrated that concave L-convergence space can describe strong L-concave space.

Definition 1.3. [12] A subfamily C C LX is called an L-concave structure on X provided that:
(1) T,LeC,

(2) V Ai € C for any {Ni}icr CC,
el

(3) A N €C for any {Aibier €4 C.
i€l
The pair (X, C) is called an L-concave space.

An L-concave space (X, C) is termed stratified if it fulfills moreover: ax A € C for any A € C and a € L.
A stratified L-concave space (X, C) is termed strong if it fulfills moreover: a — A € C for any A € C and a € L.

Note that Definition [[.3] is fully expressed in terms of pointwise order, while Definitions [I.1] and [I.2] additionally
rely on L-order. To better estabhsh the connection between the L-convergence structure and the L-concave structure,
this paper will provide a pointwise order characterization for Definitions and Specifically, we will show that
the condition (LCSC2) in Definition can be divided into two conditions defined by pointwise order, one of which
is the stratified condition (LCSCs), and the other is the condition (LCSC2’) stated in Proposition This indicates
that the condition (LCSCs) is redundant, allowing for a simplification of Definition Moreover, we will show that
the condition (LCS2) in Definition can be divided into two conditions defined by pointwise order.

2 The characterization and simplification of LCSC

Proposition 2.1. A mapping F: LX — L fulfills (LCSC2) iff it fulfills (LCSCs) and (LCSCZ2).
(LCSC2') X < p implies F(\) < F(u) for any A\, u € LY

Proof. (1) (LCSC2)== (LCSCs). For any A € L* and a € L, it follows from (LCSC2) that
F(A) = FlaxA) > S\ax)) >a

hence a * F(A\) < F(a x A), i.e., (LCSCs) holds.
(2) (LCSC2)=> (LCSC2'). It follows from S(\, u) = T iff A < p.
(3) (LCSCs)+(LCSC2') = (LCSC2). For any A, u € L, it follows from (LCSCs) that

(LCSC2)
S p) *FA) SF(SA p)+A) < F(p),

hence S(A, p) <F(A) = F(p), ie., (LCSC2) holds. O
Proposition [2.1] shows that the definition of LCSC can be simplified.
Corollary 2.2. A mapping F : LX — L is an LOSC on LX iff it fulfills (LCSC1), (LCSC2), (LCSC3) and (LCSCecs).

Corollary 2.3. A mapping F : LX — L is an LCSC on L™ iff it fulfills (LCSC1), (LCSCZ), (LCSCS3), (LCSCs)
and (LCSCcs).
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Furthermore, we observe easily that (LCSC3)+(LCSC2') <= (LCSC3').
(LCSC?)I) /\ F()\z) = F( /\ )\1) for any {)\Z‘}ie[ QCd LX.
iel iel

Corollary 2.4. A mappingF : LX — L is an LCSC on L iff it fulfills (LCSC1), (LCSCS ), (LCSCs) and (LCSCcs).

Corollaries and provide the characterization of LCSC that are independent of L-order.

With the aid of the characterizations mentioned above, the proofs of Propositions 3.4, 3.5, 4.3, 4.5, 4.7 and 5.2 in
[2] can be simplified, as the conditions (LCSC2) and (LCSCs) have been repeatedly verified in these propositions.

Based on the definition of L-concave structures, we can present three types of lattice-valued co-Scott closed sets.

Definition 2.5. (1) A mapping F: LX — L is called an L-co-Scott closed set on L if it fulfils (LCSC1), (LCSCZ)
and (LCSC3).

(2) An L-co-Scott closed set is called stratified if it fulfills (LCSCs).

(3) An L-co-Scott closed set is called L-ordered if it fulfills (LCSCs) and (LCSCcs).

Definition 2.6. If the relationships between (LCSC2) and (LCSCs) have not been clarified, one may define an L-co-
Scott closed set on LX as a mapping F : LX — L satisfying (LCSC1), (LCSC2) and (LCSCS3), which indeed have been
stratified.

3 The characterization of L-convergence structure

Han and Pang [2] proved that LCSC is closed to arbitrary intersection. That is, for any {F;};c; C Fr(X), we have

/\ F; GFL(X).
iel
Let a € L and F € Fr(X). We define [a *F] = A{G € F(X)|a *F < G}, then [a*F] € Fr(X).

Proposition 3.1. A mapping lim : Fr(X) — L fulfills (LCS2) iff it fulfills (LCS2 ) and (LCSs).
(LCS2') F < G implies limF(x) <limG(x) for any F,G € F(X).
(LCSs) a xlimF(z) < lim[a * F](z) for any F € Fr(X) and a € L.

Proof. (1) (LCS2)= (LCS2'). It follows immediately since F < G implies S(F,G) = T
(2) (LCS2)= (LCSs). For any F € F(X), x € X and a € L, it follows from (LCS2) that

lim[a « Fl(z) > S(F,[a*TF])* limF(z)
N\{S(F,G)|G € FL(X),axF < G} * limF(x)
)

N\{S(F,G)|G € FL(X),a < S(F,G)} * lim F(x)
> axlimF(z),

i.e., (LCSs) holds.
(3) (LCSs)+(LCS2) = (LCS2). For any F,G € Fr(X), let a = S(F,G). Then a*F < G, so [a*F] <G, it follows
from (LCSs) that

(LCS2)
S(F,G) *limF(z) = a xlimF(z) < lim[a*Fl](z) < limG(z),

i.e., (LCS2) holds. O

The following Corollary provides a characterization of L-convergence structure that is independent of L-order.

Corollary 3.2. A mapping lim : Fr(X) — LX is an L-convergence structure on X iff it fulfills (LCS1), (LCS2 ) and
(LCSs).

Definition 3.3. It is known that concave L-convergence spaces are isomorphic to strong L-concave spaces [2]. This
implies that L-ordered co-Scott closed sets can characterize strong L-concave spaces. By comparing the definitions of
L-co-Scott closed sets, stratified L-co-Scott closed sets, L-concave spaces, and stratified L-concave spaces, we can infer
that (resp., stratified) L-co-Scott closed sets may characterize (resp., stratified) L-concave spaces. However, as noted in
Remark if the relationships between (LCSC2) and (LCSCs) are not clearly clarified, one might mistakenly conclude
that stratified L-co-Scott closed sets could characterize L-concave spaces.
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4 Conclusions

In this comment, we presented several characterizations of L-ordered co-Scott closed sets and L-concave structures
by fully utilizing pointwise orders. Through these characterizations, we discovered that the definition of L-ordered
co-Scott closed sets can be simplified, allowing for many proofs in [2] to be streamlined. Additionally, following from
that L-ordered co-Scott closed sets characterize strong L-concave spaces, we deduce that (resp., stratified) L-co-Scott
closed sets may characterize (resp., stratified) L-concave spaces.
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