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Abstract

A B-soft fuzzy complement neighborhood is the initial concept proposed by Zhang and Zhan (International Journal
of Machine Learning and Cybernetics 10(2019) 1487-1502), which we will refer to in this study as ®-fS-soft fuzzy
complement neighborhood. In the present paper, we first introduce three new approximation types based on [S-soft
fuzzy covering via ®-3-soft fuzzy complement neighborhood, along with several essential features and examples. The
new approximation types are significant because they satisfy the inclusion property (i.e., the upper approximation
contains the lower approximation, which is one of the essential features of rough set models). In addition, we update
some algorithms to a very easy-to-understand state. As a result, improved decision-making procedures will be observable
and trustworthy in order to arrive at the optimal choice. Second, we offer a novel idea of ©-8-soft fuzzy complement
neighborhood and then present three other new approximation types based on [-soft fuzzy covering via ©-8 soft
fuzzy complement neighborhood, besides outlining some of its key characteristics and giving some examples. On the
theoretical side, by using three other new approximations via ©-8-FCN&Z, we also study some basic fuzzy topology
properties. Third, we use ©-8-FCN.«Z to construct a new method that can be applied to the MADM field. We illustrate
this method using a real-world problem: a candidate seeking employment in a company. Finally, to demonstrate the
advantages of the proposed work, we will compare our proposed method with published $-soft fuzzy MADM methods.

Keywords: ®-(-soft fuzzy complement neighborhood, ©-3-soft fuzzy complement neighborhood, new types approxi-
mations, inclusion property, MADM, numerical example, comparison.

1 Introduction

One useful mathematical technique to address the ambiguity of data processing and information systems are the
rough set theory, as proposed by Pawlak [28, 29]. When given an equivalence relation R on a set X (and thus an
approximation space (X, R)), a rough set theory’s main contribution is to offer a lower approximation R~ (A) and an
upper approximation R*(A) for characterizing an arbitrary given subset A of X this is much like the situation of a
lower sum, an upper sum, and the definite integral f; f(t)dt of a function f on a finite closed interval [a, b]. Numerous
studies (e.g., [4l [8, 10, 12| 20L 2T}, 86, [56]) rely on the idea of rough set theory and its nine fundamental properties (see
Table 1 in [7]), particularly the inclusion property which is essential for resolving issues in the real world, are given.
In the context of covering approximation space, Pawlak’s rough set models are relevant to the existing covering-based
rough set models were introduced in [19, 30} BT, 42]. Conversely, Dubois and Prade [9] presented the concept of fuzzy
rough sets by combining rough sets with fuzzy sets [45]. Following this line of reasoning, Li et al. [I6] offered two
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broad fuzzy covering-based rough set models, and Zhou et al. [55] defined three different types of them, as well as the
definition, traits, and relationships of each model, which were described in depth by D’eer and Cornelis [5]. Numerous
scholars studied the concepts of the aforementioned principles, in addition to S-fuzzy covering-based rough sets in
[2, [, 22, [32] 34, [36, 37, [38, 39, B1].

Soft set theory is a novel approach proposed by renowned mathematician Molodtsov [26]. According to some
interpretations, it modifies the crisp set notion for parametrically describing uncertainties and imprecise data. The soft
set theory is a parameterized family of subsets in the universal set, as opposed to the fuzzy set theory (i.e., which is
a tool for giving components membership degrees). This approach provides a dependable way to handle ambiguity,
whose numerous computer science, data analysis, and decision-making situations can benefit from its application. In
addition to being universal and able to handle a wide range of uncertainties and imprecisions, soft set theory does not
necessitate any additional quantitative measurements, unlike fuzzy theory and probability theory. It is the process of
handling and displaying undefined and ambiguous data, which makes it suitable for a variety of applications such as
pattern identification, data mining, and decision-making in imprecise circumstances. Since its original formulation, the
theory of soft sets has undergone significant improvement, leading to several extensions and generalizations. Maji et
al. [24] presented the idea of soft fuzzy sets by combining soft sets with fuzzy sets. Following that, some soft fuzzy set
extension models (e.g., [T}, 13}, 14 15l 23] 25| 35] 40, [41]) underwent rapid development. Additionally, Zhan et al. [48],52]
developed the idea of soft rough sets, which blend rough and soft sets. Zhan et al. [47] offered a unique uncertain soft
set model over soft fuzzy rough sets. Li et al. [I7] presented the idea of soft coverings and provided an algorithm for
parameter reductions by fusing soft sets and coverings. Recent publications by authors in [43] [44] [46], 49, [50] presented
the idea of soft covering-based rough sets, their key characteristics, and decision-making use.

Based on the discussion above, it should be noted that there are application-specific constraints to the notion of
soft covering-based rough sets. Take the following simplified scenario. For instance, let X = {x1,x2, 23} be a set of
three airlines (which represent: Sichuan, Turkish, and Emirates, respectively) and I = {i1,i2,i3} be a set of three
parameters (which represent: Price, Quality of meals, and Time discipline, respectively). For these three parameters,

. .92 .
we have o = {(i1),  (i2), o (i3)}, where &7 (i1), o (i2), 2 (i3) are given as & (i1) = 0.7 + 0-92 + 0.83

5 ) JZ{(ZQ) =
0.8 n 0.63 n %, and o (i3) = 0.84 n 0.78 n 0.67
z1 T2 3 Ty T2 T3
passengers if they wish to select just one airline out of X for evaluation to determine which one is the best for them.
In the case of &7 (i1)(x1) = 0.77 and &7 (i1)(z2) = 0.92, for instance, we are unable to select the optimal airline using
the soft covering-based rough sets whose critical value is 1. This example represents a common evaluation issue, where
passengers find it challenging to select an airline that meets their needs while adopting soft-covering techniques. To
overcome these limitations, Zhang and Zhan [53] generalized the soft covering to S-soft fuzzy covering based on the
ideas of Ma [21] and Yang and Hu [3§]. In addition, they presented the concepts of S-soft fuzzy covering, S-soft fuzzy
neighborhood, ®-f-soft fuzzy complement neighborhood, types of approximations based on [-soft fuzzy covering, and
described a new algorithm in the MADM field. This demonstrates the significance of the use of approximation types
in B-soft fuzzy covering due to its reliance on soft fuzzy sets. Some recent studies also used S-soft fuzzy covering (e.g.,
[27, B4]).

T2

. There is a dilemma, which is the critical value provided by the

2 Preliminaries

The key concepts needed for this article are explained in this section, as indicated below.

2.1 Fuzzy sets, soft sets, and soft fuzzy sets

Definition 2.1. [24] 26, [45] For a given set X, let 2% be the set of all subsets of X, [0,1]% (resp., ([0,1]%) =[0,1]*1)
be the set of all mappings from X (resp., I) to [0,1] (resp., [0,1]% ). Then,
(1) Each element A € [0,1)% is called a fuzzy set (briefly, FS) on X.

(2) Each element ® € 2X*1 = (2X)1 s called a soft set (briefly, SS) on X indexed by I (it can also be looked as a
subset of X x I).

(3) Each element o € ([0,1]%)! = [0,1]**L is called a soft fuzzy set (briefly, SFS) on X indexed by I (it can also
be looked as a fuzzy set on X x I).

(4) The point-wise order and the point-wise order-reversing involution on [0,1]% (resp., [0,1]%X*1) induced by the
ordinary order < and the ordinary order-reversing involution I on [0,1] is denoted by < and !, respectively.
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(5) For a subset A C [0,1] (resp., A C [0,1]%), we use A\ A and \/ A (resp., N A and \/ A) to denote the infimum
and the supremum of A (resp., of A) in ([0,1],<,1) (resp., in ([0,1]%,1) respectively.

(6) An appointment that \/® = 0 (or 0x) and AN® =1 (or 1x) is made, where by is an FS on X taking constant
valueb onY and 0 on X =Y (0 #Y C X). In addition, we identify 1y with Y.

2.2 [(-Soft fuzzy covering, $-soft fuzzy neighborhood, ®-(-soft fuzzy complement neigh-
borhood, and types of approximations

Definition 2.2. [53] A SF o € [0,1]X*! satisfying \| o = \/{«/ (i) | i € I} > Bx is called a B-fuzzy covering (briefly,
B-FC); a 1-FC is also called FC.
Definition 2.3. [53] Let o7 € [0,1]%*! be a B-FC, B € (0,1], and x € X. Then, a B-fuzzy neighborhood of x induced
by the SFS o (briefly, B-FN& ), is defined by /\[fm = N{Z() |iel,@)(x) > B} elo0,1]¥.
Definition 2.4. [53] Let .o € [0,1]%*! be a B-FC, B € (0,1], and x € X. Then, a ®-B-fuzzy complement neighborhood
of « induced by the SFS o (briefly, ®-5-FCN ), is defined by ngf(y) = Aﬁy(x) (Vy € X).

The following definition was put out by Zhang and Zhan [53] based on ®-5-FCN.« :
Definition 2.5. [53] Let A€ [0,1]%, B3 € (0,1], & € [0,1]X*! be a B-FC, and z,y € X.

(1) The first type approxzimation of A based on S-FCgf is a pair (%E?(.A),%Z?(A)), defined by

et (A)@) = N (677 W)V AW)) and ot (A)(z) =\ 677 (v) A Aw))

yeX yeX
(2) The second type approzimation of A based on 3-FCef is a pair (%ESB(AL%"C'Q@(A)), defined by
ey (A)@) = N\ (INZ W) VG W)V AW) and 55 (A) (@) =\ N, (9) ACJT (y) A Ay))-
yeX yeX
Nawar et al. [27] redefined the %g? (A) and %‘ES‘)(.A), respectively, as follows:
(2)" The second type approzimation of A based on 3-FCaf is a pair (427;,22@(,4), ,Q%"C'?(A)), defined by
ey (A)(@) =\ (N7 W) A [GT W) A AW) and 55 (A) (@) = )\ N, () v CJ7 () V A(y))-
yeX yeX
(3) The third type approzimation of A based on S-FCgf is a pair (%E?(A), %"C'?(A)), defined by

Aes (M) = N\ (NS W) A CST W) v AW) and 57 (A) (@) =\ [N, () v CrF (1) A Ay)].

yeX yeX

2.3 Fuzzy topology

Definition 2.6. [I1,[18] A subset P C [0,1]X is called a fuzzy topology on a set X if it meets the three conditions listed
below:
(ﬁl) Ox, 1x € P,
(£2) V A; € P (V{Aj}jes CP), where J is any index set,
jeJ

€.
(£3) ANBEP (VA BeDP).

Definition 2.7. [I1, 18] A subset P, C [0,1]% is called a fuzzy co-topology on a set X if it meets the three conditions
listed below:

(COl) Ox, 1x € Peo,

(CO2) N Aj € Poo (V{Aj}jes C Peo), where J is any index set,

jeJ

(CO3) AV B € Pey (VA,B € Pey).
Definition 2.8. [I1.[I8] (£LCO1) A fuzzy topological space (X, P) (resp., a fuzzy co-topological space (X, Peo)) is called
an Alezandroff space if it satisfies N\ A; € P (resp., \| A; € Peo) for each {A;}jcs C Peo)), where J is any index

jed jeJ

set.

(LCO2) A subset T C [0,1]% (resp., W C [0,1]X) is called a fuzzy semi-topology (resp., a fuzzy semi-co-topology)
on a set X, if it satisfies (L1) and (L3) (resp., it satisfies (CO1) and (CO3)) in Definition 2.6 (resp., Definition 2.7).

(LCO3) Clearly, a fuzzy topological space (X, P) is Alexandroff if and only if (X, Peo) is, at the same time, a fuzzy
co-topological space.
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2.4 The motivation for this study

(1) Zhang and Zhan [53] provided the three notions of approximations based on S-FC&/ via ®-5-FCN./, as mentioned
in Definition 2.5. However, the following example shows that these notions do not satisfy the inclusion property.

Example 2.9. Let X = {x,y,2} be a 3-element set, I = {1,2} be a 2-element parameter set, and </ € [0,1]X*] is
defined by o/ (1) = &8 4 &3 4 04 gng o7/(2) = &1 4 079 + &1 Then & € [0,1]%*1 is a B-fuzzy covering induced

T y z
by the soft fuzzy sets (0 < B < 0.6) by Definition 2.2. Take a § = 0.5. By Definitions 2.3 and 2.4, we obtain:
[ =81 084 L NRS < ADS = B4 024 0T GBS Z 6T 0T 0t goe = 04 B 40 ng B0 =
03 01 0.3
%+%+M.Agamtakea¢4:%+% 9 € [0,1]*. By Definition 2.5, %CI(A):7+?+7,%J£§(A):
0.7 03 04 o 06 01 03 o 03 01 01 .o o7 or o7
7‘*‘74‘* (k/’—12) %CQ(A) ?‘f‘? *;%cg(-A):*‘f'?“‘j;%C3<A):7+7+7;Cmd

(2) From the aforementzoned reason in (1) and in order to meet the inclusion property, we will propose three new
approzimation types based on B-FCof via ®-5-FCNa/. As a result, the methods in 2, 27, B3] will be updated to
determine the best decision.

(3) We will present a new concept of ®-5-soft fuzzy complement neighborhoods, abbreviated as ®-3-FCNga |, which is
a generalization of Definition 4 in [22]. The usefulness of this new concept is to define three other types of approzimations
of A based on B-FCof via ©--FCN&, as well as list some of its key characteristics and give some examples.

(4) We will investigate some fundamental fuzzy topology properties as a theoretical application of three new approzx-
imations of A based on 5-FCof via ®--FCN .

(5) We will propose a unique technique via C-®-approximation (in the sense of defining three new approximations)
of A, based on B-FCa/ via ©-B-FCN</ in the MADM field as a practical application.

(6) We will provide a comparison with the various B-soft fuzzy covering MADM models in [27, 53] and Algorithm 1
in Section 3 to illustrate the benefits of the proposed model.

To make the sections of the paper (from Section 1 to Section 6) easier for readers to understand, the following
organizational style will be used:

Section 1 (Introduction).

Section 2 (Preliminaries) divided into

2.1. Fuzzy sets, soft sets, and soft fuzzy sets.

2.2. B-Soft fuzzy covering, [-soft fuzzy neighborhood, ®-3-soft fuzzy complement neighborhood, and types

of approximations.

2.3. Fuzzy topology.

2.4. The motivation for this study.

Section 3: (Three new types of approximations based on 8-FC« via ®-8-FCN«) divided into

3.1. Three new types of ®-lower and ®-upper approximations of A.

3.2. Revise and update some of the algorithms found in [2] 27, [53].

Section 4: (@-8-FCN& and three new types of approximations based on S-FC&/ via ©-3-FCN.&)
divided into

4.1. Fuzzy topology with three new approximations of A based on f-FC« via @-38-FCN.</.

Section 5: (An innovative method by C-@-approximation of A based on S-FC& via @-8-FCN4/ in the
MADM field) divided into

5.1. Comparison with other MADM models based on g-FC%.

5.2. Limitations of the proposed model in this work.

Section 6: (Conclusions and future work).

3 Three new types of approximations based on -FC.« via ®-5-FCN.o/

As demonstrated in Section 2, we conclude that the Definition 2.5 (1)-(3) proposed by Zhang and Zhan [53] does not
satisfy the inclusion property based on 5-FC& via on ®-8-FCN/, as illustrated in Example 2.9. Thus, the following
will be presented in this section:

(1) Present three new types of approximations of .4 based on f-FC&/ via ®-8-FCN& which satisfies the inclusion
property, together with an explanation of some fundamental characteristics and examples.
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(2) Revise and update some of the algorithms found in [2, 27, 53] and provide several examples.

Now, we will go over this section in the manner described below:

3.1 Three new types of ®-lower and ®-upper approximations of A

Definition 3.1. Let A € [0,1]%, 8 € (0,1], & € [0,1]X*! be a 3-FC, x,y € X, and k = 1,2,3. The three new types
of approzimations of A based on B-FC/ via ®-5-FCN</ is a pair (Q&%(A), Q&%(A)), defined by

- T T —
s = { A, AD 210

(called the new type k-®-lower approzimation of A) and

+® - .
Q,rjc%(fl)(x) = { i{BCk (A)(x), jgxg § g’

(called the new type k-®-upper approzimation of A).

Ifk =1 (resp., k = 2 and k = 3), then the a pair (257 (A), 2555 (A)) (resp., (Lie5(A), Doz (A)) and (2505 (A), 255 (A)))
is called first (resp., second and third) new type approximation of A based on B-FCof via ®-5-FCNg .

An illustration of Definition 3.1 is the following two examples:

Example 3.2. Assume that X = {x,y,2} be a 3-element set, I = {1,2} be a 2-element parameter set, and o7 € [0,1]X*!
is defined by o/(1) = %8 4 % + % and &/(2) = 22 + % + &1 Then o € [0,1]%*1 is a B-FC«/ (0 < B < 0.6)
by Definition 2.2. Take a 3 = 0.5. By Definitions 2.3 and 2.4, we obtain: NJ;? = J\Q; =08 4 076 + 24 ADP =
%+%1+%§%2f® = 08 4+ 08 1 03 g00® = 00 4 05 4 04 and (0% = 84 4 02 4 0T, Agalm ta(;ﬂe6af(l)4:
? + 7 + 7 € [0,11%. By Definition 3.1, Zy 2 (A) = %2+ 2 + 9 (k= 1,3), (A = —+ 7 + 7

1 06 0.3 1 08 04
Drsea(A) = %1+ 0+ 2, B0, (A) = ~+ ™ +— e (A) = ~+ " + = and thus, 25 (A<SAL 287 (A)
(k=1,2,3).
. . 0.3 05 0.7
Example 3.3. Consider Examples .10, 4.16, and 4.20 in [53], where X = {xy,29,...,26}, A= — + — + — +
X1 Xro T3
04 04 06 . _ 0 04 0.6 0 0 0.6 04 0.5 1 0.5
—— 4+ —— + ——. By Definition 3.1, Zy o1 (A) = —+ —+ —+ —+—+—, G (A)=—+—+—+—+
06 T 0 05 06 0 0 06 .o ' 0% 05 1 04 04 T 0
. _ —® - - - — — - +® - - i - . _ -® —
i +031;6’0£60'5C(2)(A)0 xé: D +0%5 +0§6 E .5525@4)06 g T Tt T T et
2. u2 0 v U0 d ot 20 U0 2 00 00 s 9 (A< A<D (A) (k= 1.2.3).
T - T2 * T3 +334+335 T Te and Zyses(A) b i T2 +a:3 * T4 * Ts5 +x6 b fBCk(A)—A— ﬁCk(A) ( ,2,3)

The above inclusions (a fundamental characteristic of the innovative lower and upper approximation operators) actually
hold in general.

Theorem 3.4. Let A€ [0,1]%, 8 € (0,1], and o € [0,1]%*! be a B-FC. Then Q/;C%(A)SASQ&%(A) (k=1,2,3).

Proof. Let x € X. Then, we only prove Qﬁ_cé,? (A)SASQ&% (A) when k = 1 by considering the following 6 cases:
Case 1. A(z) < 1-p < B. Then Q&?(A)(x) = 0 by Definition 3.1. Consequently, Qﬂ_c@f(x) < A(x). Again,

by Definition 3.1, we get Qgrc?(/l)(x) = é/X[ngf(y) N Ay)] > C;gf(x) N A(z) = A(z) (since Qﬁf(x) > (). That is,
A(z) < Qgrc@l)(A)(ac), and hence Q/;C?(A)(x) < A(z) < Q;C@?(A)(x)

Case 2. 1—- 38 < A(z) < 8. Then Q&?(A)(z) = é\X([C;;@(y)]' VA(y)) < [Cﬁf(x)]’ V A(z) = A(z) (because

ol
¢J2(w) = B implies (G2 ()] < Af)). Also, 255 () = VG2 () A AW)] 2 G (1) A Ale) = Ale). Hence,
B (A) (@) < Al) < 255 (A) @),
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Case 3. 1— </ < A(z). Then Q&;@%(A)(x) =1 by Definition 3.1. Consequently, A(z) < Q&?(A)(x) Again,

by Definition 3.1, we get 255 (A)(z) = A (G5 )] VAy)) < [CJ2 ()] V A(x) = A(z) (because C,% (x) > B implies

yeX
G2 (x)) <1—B). That is, A(z) < 2457 (A)(z), and hence 255 (A)(z) < A(z) < 2455 (A)(x).
Case 4. A(z) < f <1— . Then Qﬁcﬁa(}l)( ) = 0 by Definition 3.1. Consequently, 25,7 (A)(xz)
by Definition 3.1, we get 25 (A)(z) = é/X[cggf( y) AA®y)] > Co%(x) A A(z) = A(z) (since C)2 ()
y
A(z) < QE'CC?(A)(I), and hence ‘QB_C?( )(z) < A(z) < Qgﬁ( )(x).
Case 5. 8 < A(z) <1— . Then o@ﬁc(’f( )(z) = 0 and Q&?(A)(x) = 1 by Definition 3.1. Hence, Qﬂ_c(?(A)(x) <
A(z) < 57 (A) ().
Case 6. 3 <1—p38< A(z). Then QEFCC?(A)(J:) =1 by Definition 3.1. Consequently, A(z) < Q&?(A)(x} Again,
by Definition 3.1, we get 2.7 (A)(z) = é\X([ij(y)]’ VA(y)) < [CE2(x)]) v Alz) = A(z) (because C5¥ (x) > B implies
y

[Qj?(x)]’ <1-—24). That is, o@ga(A)(x) < A(zx), and hence Q&C’{)(A)(x) < A(z) < Q&?(A)(m) O

A(z). Again,
B

<
> (). That is,

Furthermore, the three new types approximations of A based on f-FC« via ®-8-FCN.o/ have the following properties
(where A € [0,1]%, B € (0,1], & € [0,1]¥*! be a B-FC, {A;}jcs C[0,1]%, J#0, and k = 1,2,3):

Theorem 3.5. (1) Q&%(A’) = [Zien (A) and Q&%(A’) = QC,C(A)]'
— bX7 bzl_ﬁa bX7 bgﬁ? . — .
@ QﬂC%(bX) B Ox, otherwise, and Q[;E%(bx) B 1x, otherwise. Bspecially, QﬁC%(bX) - Q&%(bx) =bx i
be[l—8,8, Qen0x) = 257 (0x) = 0x, and Qﬁ’c@i(lx) = Q&%(lx) =1x.
3) "@L—}C%( /\ AJ) = A QB}%( ;) (e, /3Ck is A-preserving) and Q&%( \/ A) =V Din(Ay) (ie, Qg@% is
JjeJ JjeJ

-preserving )

(
\
(4 QBCk(A1)<Q,BC%(‘A2) and Q&%(Al) Q[;FC%(.AQ) Zf .A1S.A2.
(
(
(

<.
<

)

5) V 2555 (A <Q6C%( A;) and Zi (A A)S A 255A).
j €. JjeJ jeJ

6) s [Qﬁc%(A)K%c%(A) and 255 (A< 2531255 (A)).

7) o%c%( )< Zsci[Zscr (A)] and L5 [ Zsc (A 2y (A).

Proof. (1) Let € X. We only prove QB_C%(A')(JC) = [Qg&% (A)])(x) when k = 1 by considering the following 6 cases:

Case 1. A(zx) < 5 <1-—p. Then Q&?(A)(x) =V [ngf(y) A A(y)] by Definition 3.1. As 1 -8 <1— A(x), it
yeX

folows that 23 (4)(w) = A (G677 0]V AW) = A G (0) A AW = (yevx[c;%) NAW)) = 125 A ) =
(257 (A ().

Case 2. 8 < A(z) <1—f. Then Z;57(A')(x) = 0 (since 8 < 1—A(z) < 1—f) and 25,7 (A)(x) = 1 by Definition
3.1. Thus, 2507 (A")(z) = [25:7 (A)] ().

Case 3. 3 < 1-f < A(z). Then 24;7(A)(x) = 1 by Definition 3.1. Again, Z3.7(A’)(z) = 0 (since 1-A(z) < 1-3).
Thus, Z5c7(A) (@) = [Z5e7 (A)] (@)

Case 4. A(zx) <1- 8 < . Then Q/;C?(A)(x) =V [Cﬁ?(y) A A(y)] by Definition 3.1. Again, QB_CC?(.A')(I) =
yeX

A (G52 )] v A'(y) (since 1 — 8 < 1 — A(x)) and 238 (A) () = [ 255 (A)]' () by Case 1.

yeX

Case 5. 1—-3 < A(z) < . Then QB_C@?(A')(JU) = A ([C;g(y)]’\/A'(y)) (since 1 -3 < 1—A(z)) and ,@;C?(A)(x) =

yeX

é/X[Cng?(y) A A(y)] by Definition 3.1. Thus 2.7 (A')(x) = [ 257 (A))' (z) by Case 1.
y

Case 6. If 1 — 3 <3 < A(x). Then Q&?(A)(x) =1 by Definition 3.1. Again, Q&?(A’)(x) =0 (since 1 — A(z) <
= B). Thus, Z5.7(A')(z) = [Z5e7 (A)]' ().
(2) Let x € X, k=1, and consider the following 6 cases:
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Case 1. b< < 1—p. Then c.@grcé%(bx)(x) =V [Cfb@i}m(y) Abx(y)] = b (since Cﬁf’i}z(x) >fB). Asb<1—p,
yeX

Q&?(bx)(x) = 0 by Definition 3.1.
Case 2. f<b<1—p. Then Q&?(bx)(m) =0 and Qgﬁ(hx)(m) = 1 by Definition 3.1.

Case3. <1 <b. Then 259 (bx)(z) = A [/, (y)]'Vbx(y)) = b (since cﬁf{ 1o(2) > B) and 2557 (bx) () = 1
yeX

(since B < b) by Definition 3.1.

Case 4. 1—3 < b < . Then 2,3 (bx)(z) = A ([cgg 1)) Vbx () = b (since c{ﬁbﬁ 1o(®) > B) and 255 (bx ) (z) =
yeX

1 (since 8 < b) by Definition 3.1.
Case 5. b < 1—-p < B. Then Q[;c(?(bx)(m) = 0 (since b < 1 — B) by Definition 3.1 and Qgrc@f(bx)(x) =

V (€35 po@) Abx ()] = b (since iy, (2) 2 B 2 ).
ye

Case 6. 1—f8 < <b Then 2;7(bx)(x) = A ([Choy. (1)) Vbx(y) = b (since €%, (x) > B which implies
yeX
(Choyo ()] < 1= B <b) and 255 (bx)(x) = 1 (since B < b) by Definition 3.1.

(3) Let € X. We first prove ,"Zﬁ_ﬁ( A .Aj) = A Qﬁ_c%(Aj) when k£ =1 by considering the following 2 cases:
j€J jeJ

Case 1. 1-5 < ( A Aj) (). Then 23t ( A 4)@) = A (IG2@IY A Aw) = A A (G2 W]IVAW) =

JjeJ yeX JjeJ yeX jeJ
A A G W)V A(y) = A 2567 (A;)(x) by Definition 3.1.
jeJyeX jeJ
Case 2. (A Aj)(z) < 1— 8. Then (A;)(xz) < 1 — S (thus Qﬁ_c?(At)(x) = 0) for some i € J, which implies

jeJ
A 255 (A5)(w) = 0. Therefore, 2555 ( A A;)(@) = A i3 (Ay) ().
jed JjeJ jeJ

Now, we prove Q&%( V .Aj> =V Q/;C% (A;) when k =1 by considering the following 2 cases:
jed jeJ

Case 1. (V 4)@) < 5. Then 25 (V A)@) = V [G20) AV Aw)] = V_ V) A 4] =

jeJ yeX Jj€J yeX jeJ

V VG ) A A )] = V2 (A;) (@) by Definition 3.1,
jeTyeX jeJ

Case2. B <(V Aj)(x). Then 8 < (A;)(x) (thus Q&?(Az)(x) = 1) for some ¢ € J, which implies \/ Q&G{D(Aj)(w) =

j€J jeJ
1. Therefore, gggf( \V Aj)(x) =V 258 (A))().
JjeJ Jj€J
(4) and (5) follows from (3), and (6) and (7) follow from Theorem 3.4. O

3.2 Revise and update some of the algorithms found in [2], 27, 53]

This subsection will be covered in the following manner:

(1) Update algorithms in [2] 27, 53] (i.e., these algorithms are based on rough approximations without the inclusion
property) based on Definition 3.1, in addition to some examples.

(2) Obtaining the best decision by updating the algorithms in [2 27, [53]. This is different from the procedures in
[2, 27, 53] that failed to achieve the desired outcome because of the inclusion property, which generally prevents the
right choice from being made. Stated differently, the outcomes of our updated methodologies for decision-making will
be observable and trustworthy.

Algorithm 1 (Update of algorithms in [27, [53]).

Step 1. It is the same as Step I in [53)].

Step 2. Compute the values QB_C% (A)(x) and Q&%(A) (z), as per Definition 3.1 (Vz € X).

Step 3. Compute the ranking function value .#(z) (x € X):

S (2) = Ax) + L3 (A)(2) + o3 (A) (@)
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Step 4. Getting the final optimal decision-making according to the values #(z) (x € X) of the ranking function

g.

Further, we will use Algorithm 1 as an updated version by replacing the value lower and upper approximations in
Definition 3.12 in [27] by the values Q[;c(? (A)(x) and Q&%(A) (x), as per Definition 3.1, respectively, in the second step,
the first step is the same as Steps 1 and 2 in [27], and the third and fourth steps are in Algorithm 1.

Next is an illustration of two examples.

65}7 g € [03 I]XXE;

0.5

[, and ngf@ are given as the

Example 3.6. [27, 53] X = {Il,l‘g,...,fﬂﬁ}, E = {61,62,...,
following (see also Tables 10-12 in Example 6.1 [53] and Tables 1-3 in Example 4.1 [27)):
. . 4 .
Step 1. (1) o € [0,1]%*E are o/ (e1) = 08 06 + 04 + 06 +
0.1 0.8 0.7 02 03 05 041 Og2 0563 584
S e e = 2 2 2 T T P ) =
Ty Ts Te X1 To T3 Ty Is Te
04 07 06 05 01 0.3
A(es)=—+—+—+—+ —+ —.
T ) I3 T4 Is Te
. 2 . 1 .
(2) The B-FN<f are,/\a(/})'5 = % 02 03 07 E -, j\é{i
T T2
0.1 03 05 04 0.1 O 04 06 04 05 0 0
e e T V1 e R TR Tl Wit
T T T3 T4 Iy 1‘6 T T9 I3 Ty ZZJ5 Te
0.1 0.2 0.3 0.1 0.7 0.7
and/\[j%:——i-——k— —_— + — + —.
1 o I3 T4 Ts Te
. 4 1 1
(3) The ®-B-FCNe/ are Cy® = @ 04 0—+0— 0— i A
A X3 X4 Ts Tg
03 04 05 04 03 03 59 01 0.5 04 05 0. 0.1
ot o T et et G = o
X T2 I3 CE;(;) 1 Is 0 2 0 1 0.2 O . T2 T3 Ty Is5 Te
and ngf = — 4+ — 4+ — : —_.
1 X9 X3 X4 T5 Te
_ 03 05 07 04
Step 2. 2y 505(A) (@) and Loy (A) (@) for A= —=+ — 4 ——+ —
0 05 06 0 0 o6 o™
llows: = : _
as follows: 5 2, (A - — + v s ms o e e (A)

Step 8. Compute the ranking function & (x):
0.8, and # (xg) = 2.2.

Step 4. Ranking results: xs = xg = To = T4 = T5 > T1.

0.3 0.1 05 02 03
— 4+ —, () = — + 7+7
x5 X6 X1 T2 Zs3
0.1 0.3 0.6 O 4 0 7 0.8
— =+ — + —, and
T To T3 Ty 335 Te
J04,06, 04,05, 01,01y _
1 @2 Ty x5 w0
O 1 0.2 03 0.1 05 0.2
s NG = = —
T T2 T3 Ty 5 Te
_% 06 03 06 02+027C£5®
1 x2 T 3
0.5 0.3 0.1 0.1 0.1 0.5 0.7
Cd% =—+t—+—+t—+—+—,
xr1 Zo xs3 Ty Ts Te
0.4 0.6
+ — 4+ — are computed by Definition 3.1
0.3 0.5 1 04 04 1
—+—+ =+ —+ + —.
xr1 T2 X3 X4 Ts5 Te

F(x1) = 0.6, F(x2) =1.5, F(x3) =23, I(x4) =038, I(x5) =

The comparison of the Algorithm 1 based on Definition 3.1, Zhang and Zhan’s approach [53], and Nawar et al.’s

approach [21] are listed in the following Table 1:

Table 1: Comparison of the two approaches for Example 3.6
Ranking Best Decision
Algorithm 1 T3 > Tg > T2 - T4 R T5 > T1 T3
Zhang and Zhan’s approach [63] x3 =~ > T2 > xa =25 > 21 3 and g
Nawar et al.’s approach [27] T3 R ITg -T2 =T Rxy x5 3 and g
Example 3.7. [53] X, E, o € [0,1]%*! are as in Ezample 3.6, and NY;* and C):*® are given as the following (see
also Tables 13-14 in Example 6.3 [53]):
02 03 04 04 1 0.1 04 06 04 05
Stepl. (1) The B-FNa are N + N =
3 T4 Ts5 T6 T2 T3 Ty
0.1 01 03 04 O 4 0.1 01 0.1 03 04 0.4 0.1 O 1
L AR = T S o o T AR = T T e o A =
Ts5 x(, 3 T To T3 Ty 5 Tg 4 To T3 Ty x5 26 5
01 02 03 01 05 02 0q4 01 02 03 01 07 07
- - - - - + ) d '/\[Z{Zg - o o o o + o
T1 T2 T3 T4 T5 T6 1 T2 Ty s Te
02 04 01 01 01 0.1 03 06 03 03 02 02
(2) The ®-3-FONs/ are G} = —= 4 —— =+ -+t ,q;;fa_ o o Dl
I T Tg
04 04 04 04 03 0.3 ()4 05 04 04 01 0.1 01 01 0.1 0.1 05 0.7
ettt —+—, % = — 4= —, )P = — =+ —
Z1 Z2 Zs3 Ty Ts Zg Z1 xz I3 T4 1'5 Ze Z1 x2 Zs3 Ty Is z6 '
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01 01 01 01 02 0.7
and C)p® = — 4+ — 4+ —+ —+ =+ —.
¢ Ty ®2 T3 Ty Ts  Te
03 05 07 04 04 0.6
Step 2. 92, (A)(z) and 2, (A)(z) for A= ==+ == + —— + —— + —— + —— are computed by Definition 3.1

0 05 06 0 0 toer BT GE 08 1 04 04
as follows: QO_A(’?Q(A):——F - - i — 24 27 2= IE

1

—t—F+—F—F+—and G (A= —+ —F —+ —+ — + —

1 Xy X3 T4 Ty  Te 1 Ty X3 T4 Ty T
Step 8. Compute the ranking function S (x): S (x1) = 0.6, F(xz) = 1.5, F(x3) = 2.3, F(x4) =0.8, F(a5) =

0.8, and & (xs) = 2.2.

Step 4. Ranking results: x3 > xg > To > Tg = Ty > T1.

The comparison of the Algorithm 2 based on Definition 3.1 and Zhang and Zhan’s approach [53] are listed in the

following Table 2:

Table 2: Comparison of the two approaches for Example 3.7
Ranking Best Decision
Algorithm 1 T3 > Te > T2 > T4 R T5 > T T3
Zhang and Zhan’s approach [63] 6 > 3 = x2 > x4 > T1 R x5 Te

Algorithm 2 (Update of algorithm in [2]).

Step 1. It is the same as Steps 1-3 in [2].

Step 2. Define and compute the new OMGCFRLAO @575;;1 ¢, (A)(z) and the new OMGCFRUAO L7
in the sense of Definition 3.1 as follows (A € [0,1]%, 8 € (0,1], and z,y € X):

Tl o (Ae) = VA CEGY VAW, AR = 1-8,

B el ye X

0, Alz)<1-4

and

(A)(z) = .Z\I Q/X[Cgi(y)AA(y)L Alz) < B,
C; - 7 Yy

1, A(z) > B.
Step 3. Compute the ranking function value .#(z) (x € X):
H(z) = Alz) + @[;%;1 c,(A)(z) + @;gn ¢, (A) ().

—+®
Tg'son.

pyn, o (A)@)

Step 4. Getting the final optimal decision-making according to the values .#(z) (z € X) of the ranking function

.

Next is an illustration example.

Example 3.8. [2] X = {z1,22,...,26}, C1 = {C11,C12,...,C15} C [0,1]%, Co = {Co1,Caa,...,Cos} C [0,1]%, C2O¥

and C(gfz@) are given as the following (see also Tables 56 in Example 15 [2]):

Ciz

0.8 04 0.7 03 06 0.7 04 0.1 05 07 05 0.3
Step 1. (1) C1,Co € [0,1]¥ areC1y = —+—+—+—+—+—, Clo= —+—+—+—+—+—, Ci3 =
X1 X9 I3 Xyq Is Te X1 i) T3 Zq I5 Te
0.6 05 04 0.8 07 0.2 0.5 06 03 0.7 08 0.1 0.7 03 06 0.8 09 0.8
44—, Cu = S+ Oy = —+—+—+—, O =
X1 To I3 T4 Is Te X1 To I3 T4 Iy Te X1 To I3 T4 Iy Te
0.7 06 06 0.2 07 0.3 0.3 02 07 06 0.3 .6 0.7 08 03 0.7 6 0.1
S 4 T Oy = S T Oy = — A Oy =
Tl To T3 Ta  Ts  Te Tl Te T3 Xa Ts Tg Ty 9o T3 xa Tz T
06,07, 06,03, 05, 06" 40,=03,01,09, 04, 07, 07
T X2 Tz T4 Ty T 27 3 T4 T 6
06 05 07 04 05 0.7 0.3 06 0.3
(2) The ®-B-FCNgt of 01'6$® and 02'?”69 are C&Gﬁ =—+t—+—+—+—+—, C&sz =—+—+—+
0.1 03 03 04 03 06 03 03 06 .. 05 07 0F o7 03" 03
x;+;+;7c&6x®3:;+;+%+;+ . +;’C(0:-16£@;>:;+ SR T T +;,C(gvl6£§
4 Tz Xg Ty Ty T3 T4 Ty Te 'y s x3 @ T5 g
0.6 0.8 0.6 0.5 0.6 0.6 0068 _ 0.2 0.1 0.7 0.1 0.1 0.7 0.6® _ 0.6 0.6 0.3 0.3
T T T T T e T o T T T T T e T T T T
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0.3 0.3 06 06 01 02 01 0.1 03 03 06 03 03 06

=+ =, 0% = — =+ —, C8® = = S, 0358 =

Is Te T T2 I3 T4 Is Tg X1 I3 Ty Is5 Te

02 02 02 06 02 03 s 05 05 03 03 06 03 06e 01 01 03 01 0.1 0.6

——F—+—+— Copme = —F—+—+—+—+—, andC¢,p = —+—+—+—+—+—.
xr1 T2 T3 X4 T5 Ze

T2

T6 » YCaxs

ry T2 X3 T4 Ts ry X2 X3 T4 ITs T

06 03 07 01 05 08
—® +® — .
Step 2. 9 s¢,1c,(A) (@) and Dlse ¢, (A)(x) for A= o + xz + s + s + . + 26 are computed as follows:
05 0 07 0 05 07 0.6 0.3 1 03 05 1
9@ =22, 0 07 0 05 07 ig+e _06,08 1 03 05 1
bocire,(A) = -+~ ot and G e, (A) = S o o
Step 3. Compute the ranking function S (x): S (x1) = 1.7, F(x3) = 0.6, I(x3) =24, S (x4) =04, F(a5) =
1.5, and I (xg) = 2.5.

Step 4. Ranking results: xg = x3 > T1 = T5 > To > T4.

The comparison of the Algorithm 2 based on new OMGCFRLAO and the new OMGCFRUAO in the sense of
Definition 3.1 and Atef and El Atik’s approach [2] are listed in the following Table 5E| :

Table 3: Comparison of the two approaches for Example 3.8
Ranking Best Decision
Algorithm 2 XTe > X3 > T1 > T5 > T2 > T4 T
Atef and El Atik’s approach [2] 3~z = 25 = 71 = z2 ® x4 3 and zg

4 ©-p-FCN.« and three new types of approximations based on (-FC.o/
via ©--FCN.

This section’s goal is as follows:

(1) Introduce a new notion of ®-4-FCN&7, whose idea is taken from Definition 4 in Ma [22] and present three new
approximations of A based on f-FC& via ©-5-FCN.«/, along with using examples and an explanation of certain basic
properties.

(2) Study the fundamental characteristics of the fuzzy topology related to three new approximations of A based on
B-FC« via ©-5-FCN«.

As seen below, we now start with the idea of ©@-5-FCN.o/.
Definition 4.1. Let &7 € [0,1]*X*! be a 3-FC, 8 € (0,1], and x € X. Then Qj? =M@ |iel [0 (z) >
1-8=MNMZ@) |iel,d0i)(x) < B} = [V{Z() | i€l ) (x) < B} on X is called a ©-B-fuzzy complement
neighborhood of element x induced by the SFS < .
Example 4.2. (Continued from Ezample 3.2). As [«/(1)] = 22 + % + 28 and [&(2)) = &L + % + %3 Then,
ngf@ = Qg;@ =074 06403 g ngf@ =02 044 OjG by Definition 4.1.

x Yy z x Yy

Remark 4.3. The notions ofC;f and C;;;’B are different. For example, (;ng@ #+ C;fi’g, qg‘j(@ #+ C;';(’B, and QZ%’@ #+ C;{);@
by Examples 3.2 and 4.2.

Theorem 4.4. Let A € [0,1]%, B3 € (0,1], and & € [0,1]X*! be a B-FC. Then

(1) ¢%(x) >1- 8 (vr e X) [}

(2) If1-8< Cﬁf(y) and 1 - < C;;@(z), then 1 — 8 < ngf(z) (V{x,y, 2z} C X).

(3) For each i€ I, {C5® | & € X, o/ (i)(x) < B}<[«/(i)].

(4) GAO<CI® if B < Bz (B1, B2 € (0,1)).

Proof. (1) and (4) are obvious.

(2) Notice that ngi@(y) >1-—p4 iff [&(1)]'(y) > a (whenever [« (7)) (z) > 1 — 3) for some a > 1 — 8 and that
ng;@(z) >1-0 iff [«(:)]'(z) > b (whenever [«7 ()]’ (y) > 1 — ) for some b > 1 — 3, we have [/ (i)]'(z) > min{a, b}
(whenever [/ (4)]'(x) > 1 — 3), which implies ngf(z) >1-8.

(3) Assume &7 (i)(x) < S, then C£@<[4a/(i)]' by Definition 4.1, which implies \/{C;f | o (i)(x) < B}<[Z (D). O

T —

I The ranking functions . (z) of Atef and El Atik’s approach [2] are .#(z1) = 0.42, #(x2) = . (z2) = 0.36, F(x3) = .#(x6) = 0.66, and
4 (x5) = 0.5 by Step 4 in Subsection 7.3 [51]
2¢89(z) > 1 B holds if {1 — &/ (i)(z) | i € I,1 — o/(i)(z) > 1 — B} a finite set.
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Three new approximations of A based on f-FC& via @-8-FCN.& are what we propose in the following:

Definition 4.5. Let A € [0,1]%, 8 € (0,1], o € [0,1]X*! be a B-FC, and x,y € X.

(1) The first new type of approzimation of A based on B-FCef via ©®-5-FCNg/ is a pair (Qﬁ_c? (A), Qg‘c?(A)), defined
by
A (G5 W)V AW), Ax) =1- 8,

Q_?A xTr) = yeX
se1 (A) () {07 Alw) <18

(called the new type 1-®-lower approzimation of A) and

VG2 (y) AAW), Ax) < 8B,
%@fu)(x):{ oex S s

(called the new type 1-®@-upper approzimation of A).
] ﬁ(Z)d Zhe second new type of approximation of A based on B-FC</ via ©--FCN</ is a pair (Q/B_C%(A)’Q/;_C%(A))’
efined by

" z)<1-p

(called the new type 2-®-lower approzimation of A) and
VN ) A G W) AW, Ale) < 8
i - { o
1, Alz) > p
(called the new type 2-®-upper approxzimation of A).

(3) The third new type of approximation of A based on B-FC</ via ®-5-FCN is a pair (Q&%(A),Q&%(A)),
defined by

B / B8O ’ " B
229(A)(x) = { A () A GV AW). jﬁ ; >1 2
0, r)<1l-—

(called the new type 3-©@-lower approximation of A) and

NﬁT \/C’@? ANA . Alx) < B
252(A)(x) :{ %/X[( () V Gy () N A(y)] Aix; y

(called the new type 3-®@-upper approximation of A).

The next numerical example is provided to serve as an illustration of Definition 4.5.
Example 4.6. (Continued from Ezamples 3.2 and 4.2). By Definition 4.5, we obtain Zp so, (A) = %4 + % +9 (k=
1,2,3), 2 (A) = 2 + %0 4+ 82 (k= 1,2), and G 24(A) = £ + 08 4 03,

The three new types approximations of A based on 8-FC« via ©-8-FCN&/ have the following properties (where
A€ 0,1)%, B€(0,1], o € [0,1]X*! be a B-FC, {A;}jes C[0,1]%, J#0, and k =1,2,3):
Theorem 4.7. (1) ,@B_C%(A)SASQEC%(A).

(2) Zoci (A) = [Z5R (A and Z53 (') = [Z5eR (A

_ bX7 b Z 1- Ba

(3) Zaci(bx) = {

Ox, otherwise,

be[l-B,8], 2in(0x) = 255(0x) = 0x, and 2555 (1x) = 24 (1x) = 1x.

(4) Q&%( A Aj) = A 2&%(/&») (i.e., Q/;c% is A-preserving) and Qg@%( V Aj) =V Z55(A;)) (ie., Qgrc% is
jes jet jeJ jeJ

V-preserving).
(5) Zicr (AN Zeh (A2) and 2557 (A1) <2557 (Ag) if A< As.

bX7 bgﬁ?

d 279 (bx) =
an ﬁCk( x) 1x, otherwise.

Especially, Q/;C%(bx) = Qg@%(bx) =bx if



196 A. M. Khalil, S. G. Li, H. L. Yang

©) V ZRAISGE(V Ar) and ZIR( A A< A 25,
J J J

(1) 23125 (AN L5 (A) and ZiK (A< 22125 (A

(8) Zscr (<257 [Zsci (A)] and 2501253 (A< 2 (A).

Proof. By Definition 4.5, the proof of (1) and (2)-(8) are similar to those of Theorem 3.4 and Theorem 3.5, respectively.
O

4.1 Fuzzy topology with three new approximations of A based on 5-FC.«7 via ©-3-FCN.«/

Definition 4.8. Let A € [0,1]%, 8 € (0,1], & € [0,1]X*] be a B-FC, and k = 1,2,3. If Q[;C@,z(fl) = A (resp.,
QE'C%(A) = A), then A is called a ®-lower (resp. ®-upper) [0, 1]-definable with respect to <. The set of all ®-lower
and @-upper definable fuzzy sets is denoted by, respectively,

HO ={Ac[0,1]%: 2 3(A) = A} and H® = {A € [0,1]*: i (A) = A}

We offer some fundamental features on H~° and H =9, as shown below.

Theorem 4.9. Let A€ [0,1]%, 3 € (0,1], & € [0,1)X*] be a 3-FC, and k = 1,2,3. Then

(1) H™© and HT® are Alexandroff fuzzy topologies.

(2) H® ={A e [0,1]X: ,@B_C%(A) = ,@[;FC%(A)}
Proof. (1) Firstly, we only prove H~© is an Alexandroff fuzzy topology when k = 1 by considering the following (£1)
and (£2) of Definition 2.6 and (LCO1) of Definition 2.8:

(£1) 0x,1x € H™© can be obtained from Theorem 4.7(3).

(£2) V{A;}jes CH © and J is any index set, one gets that

\/ Aj = \/ /3c1 (by the definition of H~®)
jed JjeJ

<=@ﬁc(?( \/ Aj) (by Theorem 4.7(6))

jeJ
< \/ A;  (by Theorem 4.7(1)).
jed
Consequently, it may be concluded that QBCl( V Aj) =V A;, and thus, \/ A; € H™®.
JjeJ jeJ jeJ

(LCO1) V{A;}jcs CH™© and J is any index set, one gets that

/\ A= /\ 2:7(A;j)  (by the definition of #~®)

j€J jeJ
Zier ( /\ Aj; > (by Theorem 4.7(4)).
jedJ
Consequently, it may be concluded that Q@ﬁ_c?( A A;)= A Aj, and thus, A\ A; € H™©. Hence, H™© is an Alexandroff
JjeJ JjeJ jeJ

fuzzy topology.

Secondly, we only prove H'® is an Alexandroff fuzzy topology when k = 1 by considering the following (£1) and
(£2) of Definition 2.6 and (LCO1) of Definition 2.8:

(£1) 0x,1x € HT® can be obtained from Theorem 4.7(3).
(£2) V{A;}jes CHT® and J is any index set, one gets that

\/ Aﬁ@jﬁ( \/ A]-) (by Theorem 4.7(1))

JjeJ jeJ
=\ 2/5(4;)  (by Theorem 4.7(4))

J
= V A;  (by the definition of HT®).
jeJ
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Consequently, it may be concluded that Qgg( V Aj) =V Aj, and thus \/ A; € HTO.
jed jed jeJ

(LCO1) V{A;}jcs CH™© and J is any index set, one gets that

A Ajso@gg( A Aj) (by Theorem 4.7(1))

JjeJ JjeJ
/\ Qgrc? (by Theorem 4.7(6))
JjeJ
= /\ A;  (by the definition of H®).
jeJ
Consequently, it may be concluded that Qgc?( A A;) = A Aj, and thus, A\ A; € HT®. Hence, H*® is an Alexandroff
jeJ jeJ jes

fuzzy topology.

(2) We only prove H is an Alexandroff fuzzy topology when k = 1 by considering the following (£1) and (£2) of
Definition 2.6 and (£CO1) of Definition 2.8:

(£1) 0x,1x € H® can be obtained from Theorem 4.7(3).
(£2) V{A;}jcs C H® and J is any index set, one gets that

Qgﬁ( \/ Aj>sgﬁ+c@f( \/ Aj) (by Theorem 4.7(1))

jet jeJ
=\ ggc?(Aj) (by Theorem 4.7(4))
JjeJ
\/ ﬂa (by the definition of H®)
j€J
<°@5C<;>< \V Aj> (by Theorem 4.7(6)).
JjeJ
Consequently, it may be concluded that Q&j@f( V Aj) = Qgc?( \V A;), and thus, \/ A; € H®.
J€J jeJ i€t

(LCO1) V{A;}jcs CH® and J is any index set, one gets that

,@ﬁ—c@f( A AJ><QB+C?< A Aj) (by Theorem 4.7(1))

jeJ jeJ
< N\ 2i7(A;)  (by Theorem 4.7(6))
JjeJ
= /\ Qgc@f(Aj) (by the definition of H®)
jeJ
Zier < /\ Aj; ) (by Theorem 4.7(4)).
jeJ

Consequently, it may be concluded that o@ﬁ_c?( N Aj) = e@&ﬁ)( A Aj), and thus, A A; € H®. Hence, H® is an
jeJ jeJ jed
Alexandroff fuzzy topology. O

Theorem 4.10. Let A € [0,1]%, 8 € (0,1], & € [0,1]*X*] be a B-FC, and k = 1,2,3. Then, H® = H~© AN HTO.

Proof. We will prove H® = H~® A HT® and take k = 1. Firstly, by Definition 4.8, for each A € H~® A HT®, we

obtain QB_CC? (A) = Q;C?(A) = A and thus, A € H®. Secondly, for each A € H® and by Theorem 4.7(1), we obtain
Qﬁc?(A)SA<Qﬁ+C? (A). Also, by 2.5 (A) = Qgc(? (A) for each A € H®, we obtain 2.5 (A) = A = 2;:7(A), and thus
AcH©@AHT® Hence, H® = H ©@ AHT®. O

In the follow-up, we indicate Z=© = {Z;7(A) : A € [0,1]*} and Z+© = {Q&%(A) A€ [0,1)%) (k=1,2,3).
Theorem 4.11. Let A € [0,1]%, g € (0,1], & € [0,1]X*! be a B-FC, and k = 1,2,3. Then,

(1) 279 is a fuzzy semi-topology.
(2) 29 is a fuzzy semi-co-topology.
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Proof. (1) We only prove Z~9 is a fuzzy semi-topology when k = 1 by considering the following (£1) and (£3) of
Definition 2.6 (see, Definition 2.8 (£LCO2)):

(£1) 0x,1x € H™© can be obtained from Theorem 4.7(3).

(£3) By Theorem 4.7(4) and by definition of Z~©, that is available for any Qgg (A), QBE?(B) € 279 (VA, Be
[0,1]%) and 255 (A) A 257 (B) = 237 (A A B). Then, 2557 (A) A 255 (B) € 27° (V255 (A), 257(B) € 27°) and
thus, Z@ is a fuzzy semi-topology.

(2) We only prove Z7@ is a fuzzy semi-co-topology when k = 1 by considering the following (CO1) and (CO3) of
Definition 2.7 (see, Definition 2.8 (£LCO2)):

(CO1) 0x,1x € HT® can be obtained from Theorem 4.7(3).

(CO3) By Theorem 4.7(4) and by definition of Z7© that is available for any QB‘%@? (A), QEC?(B) € Z79 (VA, Be
[0,1]%) and QQJFC@I(A) v Qgc@f(l?) = Qg{ff(A A B). Then, ,@BJ’C?(A) A 32523@1)(8) cZ@ (VQE”CC?(A), Q&?(B) € Z19) and
thus, Z1@ is a fuzzy semi-co-topology. O

5 An innovative method by C-©-approximation of A based on (-FC.&
via ©-0-FCN.% in the MADM field

The aim of this section is to:

(1) Use the C-@-approximation of A (in the sense of Definition 4.5) based on S-FC& via ©®-5-FCN./ to propose a
novel method to solve the decision-making problem (i.e., an application of 3-FC& in MADM field).

(2) An innovative method aims to select the best scheme or rank all schemes based on the assessment data of the
attribute set supplied by decision-makers.

(3) To illustrate the efficacy and benefits of our suggested methodology, we will present a comparative analysis and
discussions with the various methods, such as the Algorithm 1, Zhang and Zhan’s method [53], and Nawar et al.’s
method [27].

(4) The proposed method has certain limitations, which will be discussed in this study.

Regarding our proposed method (i.e., Algorithm 3), we will outline the fundamentals of our methodology in this
section, covering Steps 1 through 8 as indicated below.

Assume that X be an element set of option schemes, I be an element parameter set of schemes, . = {2, (4) | i €
I,k € N} C[0,1]%*! be a family of 3-FC/, and 8 € (0, 1].
Algorithm 3. Description of the decision-making method based on -FC« via ©-8-FCN.«/.

Step 1. Input the . = {4 (i) | i € [,k € N} C [0,1]%*! be a collection of 5-FC.
Step 2. Define and compute &) (the V—ideal solution) and &> (the A—ideal solution) of {<#(i) | i € I,k € N},
respectively, as

PV (i) = \/ (%(i)(@) (VzeX) and (i) = )\ <dk(i)(a:)> vV z € X).

Step 3. Define and compute 2, () (the V—similarity between the z € X and 22 (#,(4))) and 2} (z) (the A—similarity
between the € X and 2} (##,(i))) for each x € X, respectively, as

5|t x i (o) 5 |l x 7o)
= (VieI) and 2{(z) = (Vi eI).

D P (D)) VY (i) (x) ) ’ PRZACAGINDIEAGIEY:
Step 4. Define and compute GV (z) (the V—group similarity) and G”(z) (the A—group similarity) for each r € X,
respectively, as

7§ (z)

GY(z) = w12 (z) + wa Dy (z) + ... + Wi, D) ()
and

GMNx) = w1 20 (2) + wa 25 (z) + ... + wr D} (),
where w = (w1, wa, ..., wy) is the weight vector, entered by the decision-makers.
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Step 5. Define and compute the C-®@-approximation of G¥, G" € [0,1]% based on f-FC«/ via ©@-B-FCN& with
respect to . are separately for each z € X, respectively, as

cBe / % ’ Viz) >1- 8,
%C@(gv)(x>:{ A (Cop W) VGY(y), GY(x)21-8

yeX

0, GgV(z)<1-p
(called the C-@-lower approximation of G¥),

CI2(y) NGV (y)], GY(x) < B,
ggc@@vxx){gl/x[f” v NGl o

(called the C-@-upper approximation of GV),

(COs W) VG W), GMw)>1-5,
e@ﬁ_ﬁc©(g/\)(x){ '(y)é\x[y vl ) gA(gs;<1—ﬂ

(called the C-@-lower approximation of G"),

yeX

Cﬁf A G . GMNx) < B,
QBTC@(QA)(x)z{ 1V [Coa (W) NG (v)] gAEx;>B

= A Qqéik% (Vz € X), where CQZ
eSS

(called the C-@-upper approximation of G*), and (Cfﬁ is given in Definition 4.1.

x x

Step 6. Define and compute %V, %" € [0,1]% (the aggregation evaluation value) of the C-@-approximation of
GY, G €[0,1]X based on 5-FC & via ®-8-FCN.&/ with respect to . for each z € X, respectively, asE|

U (x) = 227 (GV) (@) + (1 = M) Z5”(GY)(2)
and
U (x) = A 2;¢7(G7) (@) + (1 = N)Z5” (") (2),
where the decision-makers preference is represented by A € [0, 1]; that is, the higher the value of A, the more risk-
preferring the decision-maker is, and the lower the value of A, the risk-averse.
Step 7. Define and compute the relative closeness R, for each x € X with respect to ¥, %" € [0,1]% as
B AU (x)
MV () + (1= N Nx)
Step 8. Rank the schemes based on the values R.(x) (2 € X). The larger the value of R.(z), the better the ranking
order of scheme .

Re(x)

The following can be depicted to illustrate the steps of the aforementioned algorithm:

Algorithm 3. An algorithm that uses C-®@-approximation to determine the ranking of all schemes.

Input: A .Y = {4 (i)|ic€l, ke N} C[0,1]%*! be a family of 3-FC .« (i.e., a set of option schemes) and z € X.
Output: Decision Making.

1. Compute &) (e#,(i)) and P (());

: Compute 2y () and 2 (x);

: Compute GV (x) and G"(z);

. Compute 252 (G¥)(x), Z5(G") (@), 25:2(G)(x), and Zi(G")(@):

: Compute %V (x) and %" (z);

: Compute R(z);

: Obtain the decision.

N O O s W N

The following numerical example of a candidate wanting to get a job in a company, as referred to in [53], and we will
demonstrate the applicability of the present C-@-approximation of 4 based on f-FC.« via ©-8-FCN.« in the MADM
field through the aforementioned steps.

3 Motivated from the fuzzy set on decision set found in Subsection 5.2 [33].
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Example 5.1. A company wants to select the best candidates from a list of sixz applicants. Let us say X = {x1, x2, T3, T4, 5,
x6} are siz applicants. Three expert groups (decision-makers) of the company want to help the manager choose the best
candidate depending on evaluating the four parameters I = {i1,ia,43,14}, where i1 stands for the ‘language expression
skills 7, i5 stands for the ‘comprehensive analysis capabilities ’, i3 stands for ‘self-control ability ’, iy stands for ‘in-
terpersonal skills’, and three different weights (i.e., wy = 0.5, wg = 0.2, ws = 0.3) are described by decision-makers.
The three expert groups give a critical value of f = 0.5 (0 < 8 < 0.6) to judge whether the candidate reaches the skill
requirements. We prefer to select candidates who possess a strong grasp of the abilities rather than those who are only
familiar with them. Therefore, ¥ = {.(i) | i € I,k = 1,2,3} C [0,1]X*! denotes the value for each candidate has
skill requirements as declared by experts according to their experience. By Algorithm 8, we obtain the following:

Step 1. The evaluation result can be described by . C [0,1]X*! is a collection of f-FCa/ (0 < B < 0.6) which is
given as

, 08 03 04 06 0.1 0 0.7 7 04 01 02 06 038
(i) =—+—+—+—+— , W (iz) = —t—t+—+—+—,
X1 T2 I3 Ty xIs 336 T 1‘2 X3 Ty Is Te

) 03 06 05 04 05 07 . 05 09 07 09 09 01
A(ig)=—+—+—+—+—+—, Ala)=—+——+_—+——+——+——,
X1 T2 I3 T4 xIs Te T To X3 Ty Is Te

) 07 04 02 05 04 03 . 09 03 07 01 01 07
(i) =—+—+——+—F+—+—, )= ——+ —+—+—+——+—,
X1 T2 I3 Ty xIs Te T To X3 Ty Is Te

. 02 08 05 02 0.8 0.4 05 04 06 09 05 0.6
(iz) = —+—+—+—+— y (i) = —+—+—+—+—+—,
X1 T2 I3 Ty ZIs 336 T To X3 Ty Is Te

. 07 02 06 01 0.1 O 3 04 06 02 03 08 0.6
(i) = —+—+—+—+— y Walig) = —+—+—+—+—+—,
X1 T2 I3 T4 xIs 336 T To X3 Ty Is Te

) 05 08 05 04 03 07 . 01 04 07 09 07 0.2
iz)=—+—+——+—+—+— HBla)=—+ —+—+—+——+—.
X1 T2 I3 Zq ZIs Te X1 To X3 Xq Is Te

Step 2. The V—ideal solution 2, and N—ideal solution 2} from Step 1 are computed, respectively, as follows
(k=1,2,3):

PV (H(i1)) = (1) (x1) V @A (i) (x2) V... V ) (i1) (26) = 0.8 V0.3V ... V 0.3 = 0.8. Similarly,

Alis) = PN (h(in) = P (h(in) = 0T,
PV (A (ia)) = Py (i) = Py (o(ia)) = Py (#3(ia)) = 0.9,
P (A (in)) = PP (A (i2)) = PP (A (ia)) = Py (hliz) = Py (d3(in)) = P35 (s(ia)) = 0.1,
P (Alis) = P (lis) = 03, P (h(in) = P (sth(is)) = P (Hiz)) = 0.2,
and P45 (o (is)) = 0.4.

)

PV (i) = Py (h(is)) = P5 (i) = P25 ((i5)) = 0.8,
(
)

Step 3. The V—similarity 2} () and N—similarity 2} (x) from Step 2 are computed, respectively, as follows (k =
1,2,3, Vo € X) :

> [muxxo x %(ﬁfl(m] s
S TS A = 55 = 0.5812, where Z[ ) (x1) x PY (e (i) = [(6i1)(z1) %
PV (A (1)) + (i) (x1) x PY (ﬁfl(lz))) (ﬂfl(is)(wl) x 2 (ﬂfl(iz))) (A (i3)(21) x Py (A(i4)))] = [(0.8 x 0.8) +
(0.7%0.8)+(0.3x0.7)+(0.5x0.9)] = 1.86; Y 2\ (#(i))VY_ 1 (i)(21) = (2 (9 (1)) + DY (o (i2))+ P (e (is)) +
PV (h (i2)))V (@4 (i1)(21) + 4 (i) (21) + A (i3) (21) + 1 (14) (21)) = (0 8+0 8+0.74+0.9)V(0.84+0.74+0.340.5) = 3.2.

Similarly, we can arrange it as following list:

2y (11) =

v 0.5812  0.5594 0.4312 = 0.5406 = 0.5375 = 0.4562

s + + + + + ;
T To T3 T4 x5 Ze
v 05788 04697 ~0.5182 0.4273 0.4424 0.5152
Dy = + + + + + ,
X1 Zo xrs3 Ty T5 Te
v 04062 0.5062 0.5031 0.45 0.4937  0.4469
D3 = + + + + + ,

x1 T2 €3 T4 Ts Te
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A 0.1261 0.1545 0.1588 0.1381 0.1476 0.1737
9{ = + + + + + s
X1 T2 T3 T4 x5 Te
A 0.2043 0.2265 0.225 0.3 0.25 0.225
D4 = + + +—+ —+ ,
T To T3 T4 T5 Ze
A 0.1823 0.21 0.16 0.1647 0.1737 0.2111
D3 = + + + + + .
1 Zo xs3 Ty T5 Te

Step 4. The V—group similarity GV (x) and the A—group similarity G"(x) from Step 8 are computed, respectively, as
follows (Vx € X) :

GY(z1) = w1 2y (21) + wo D5 (21) + w3 Dy (z1) = 0.5 x 0.5812 4+ 0.2 x 0.5788 + 0.3 x 0.4062 = 0.5282.
Similarly, we obtain:

v 0.5282 0.5255 0.4702 0.4907 0.5053 0.4652
G’ = + + + + +
X1 T2 &3 T4 Ts Te
and
A 0.1586  0.1855 0.1724 0.1785 0.1759  0.1952
G" = + + + + + .
Z1 T2 T3 T4 Ts Te

Step 5. The C-@-approzimation of GV, G € [0,1]X based on B-FCsf via ©-3-FCNa/ with respect to . from Step 1
and Step 4, is computed, respectively, as follows:

First: Take a B = 0.5 and by Definition 4.1, we obtain:

07 04 05 06 05 03 02 06 06 04 04 02
Gl =—4+—+—+—+ o Gl =0 =" —+ =+ —+—+—=

1 Xy XT3 T4 T 1 Ty T3 T4 Ty T

03 04 05 06 04 02 02 07 06 04 09 07
=+ —+——+ —+—+ =, 2 =—+ —+ —+—+ —,
1 2 T3 O ] oon T2 T3 Xy D5 T6

2 1 . 1 .1 . . 2 . . .2 .

Zg ) Ml 2x;y T

T x2 T3 T4 Tp T x2 Tz T4 Ty T

01 06 03 01 05 03 5 03 06 08 05 06 0.7
Gl = —F —+ —+ —+—+ =, )=+ —+ — 4 —,
1 X9 xs3 Ty T5 Te
01,06 03 05 06 03
X1 i) I3 T4 Is Tg ’
06 04 03 01 02 04
—_—t—t—+ — 4+ — + —,
T To T3 T4 X5 Te
0050 _ 0050 _ 03 06 03 01 03 0.7 0050 _ @ 4 % % n ﬂ Q 4 %

=22yt T o -
o/ 3o o/ 3xg 1 9 3 T4 5 Zg ) “af3x3

1 To X3 T4 Ty T

01 02 03 08 02 03
Crad=—+ —+—+—+—+—, G® =
xr1 o xs3 X4 Ts Te

050 _ 03 02 05 05 02 06 .50

—+—+—+—+—, Gy =
X T2 I3 T4 Is 5667 o 311

)

I xIo I3 T4 Is Te

05 03 02 04 06 02 03 .0 03 02 04 06 07 03
CM3$4:7+7+7+7+7+77 Cd3$5:7+7+7+7+7+7.
X1 T2 I3 Ty xIs Te X1 T2 I3 Xy xIs Te
Second: As (Cf,x = A C;ﬁ (Vz € X), then we obtain:

o€

06 02 03 01 02 03 0.1 06 03 01 03 02
P =— 4+ —4+—4+—4+= Co®=—+—+—+—+—+—

S x1 o ? S xy + )

T X2 €3 Ty x5 Te 1 T2 €3 T4 Ts Te

01 02 03 06 02 02
(CO. , (CO~5@ - - - _ - i —_—
Z s T i) I3 T4 Is Te 7w T + T + T3 + Ty + Is Tg

0.1 02 03, 04 06 03 02 01 03 01 01 06
B R b e b I I T
° r1 T2 T3 Ty s Tg

55 02 04 06 04 02 02
=4+ 4+ —+—+-=

xr1 X9 X3 X4 T5 Te
Third: 25 2.(GY), 2,'2.(GY), 252.(G") and 2,'2.(G), for each x € X, are computed, respectively, as follows:

0.5282  0.5255 0 0 0.5053 0

—© (aVY) — -~ -~ -~
30'5C(g ) T + ) + I3 Ty T5 + ‘1367
1 1 0.4702  0.4907 1 0.4652
fe (@)= —+—+ + +—+ ,

T T2 T3 L4 L5 L6
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2,9.(G") = 0x(each element of X equals 0), and 2,'5.(G") = 0.1952x (each element of X equals 0.1952).

Step 6. Let A = 0.6 and by Step 5, the aggregation evaluation values %V (x) and %" (x) are computed, respectively,
as follows (Vx € X) :
Y (1) = (0.6)(0.5282) + (1 — 0.6)(1) = 0.7169.

Similarly, we obtain:
0.7169 0.7153 0.1881 0.1963 0.7032 0.1861
= + + + + +

I T2 T3 T4 Ts L6

%\/

and
%" = 0.0781x (each element of X equals 0.0781).

Step 7. The relative closeness Re(x) from Step 6 is computed as follows (Vx € X) :

(0.6)(0.7169)
(0.6)(0.7169) + (0.4)(0.0781)

Re(a1) = = 0.9322.

Similarly, Re(z2) = 0.9321, Re(x3) = 0.7832, R.(x4) = 0.7904, R.(x5) = 0.9311, and R.(x¢) = 0.7814.

Step 8. By the result of Step 7, we obtain the ranking of six candidates x1 > xo = x5 = x4 = T3 = Tg. In our decision
method, the best candidate is x1.

5.1 Comparison with other MADM models based on -FC.</

The following comparisons and discussions are conducted to illustrate the efficacy and benefits of our proposed C-©-
approximation of A based on S-FC« via ©--FCN& in the MADM field. Regarding the illustrative Example 5.1, we
will compare the proposed approach (i.e., Algorithm 3) with the approaches of Algorithm 1, Zhang and Zhan [53], and
Nawar et al. [27], respectively, where Table 4 displays all rankings and best decision that were determined using the
aforementioned methods.

Table 4: Comparison and ranking results

Method Ranking Best Decision
Algorithm 3 C-@-approximation depend on ©-8-FCN.o/ T > X2 > T5 > T4 - T3 > Te X1
Algorithm 1 ,@[;c%) (A) and Qgc% (A) depend on ®-5-FCN&/ 3 > a6 > T2 > T4 R T5 > T1 T3
Zhang and Zhan’s approach [53] %Eg) (A) and %’gg) (A) depend on ®-3-FCN& x3=x6 > T2 = T4 =25 = 1 3 and =g
Nawar et al.’s approach [27] %E? (A) and Q%ESB (A) depend on ®-3-FCNo/ z3~we > 22 > 21 ®x4a~2x5 3 and Tg
1 1 1 1 1 1
2.4 -
2.2 -
2.0 -
1.8 -
1.6 - L
1.4 - L
1.2 -
1.0 -
0.8 -
0.6 -
0.4 T T T T T T
x1 x2 X3 x4 x5 X6
—M— Algorithm 3, —@— Algorithm 1,—&— Zhang and Zhan's method [53], —w— Nawar et al.'s method [27]

Figure 1: The ranking results of MADM models based on 5-FC.g.
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As indicated in Table 4 and Figure 1, the final results and the ranking position of candidates of Algorithm 3 of
Example 5.1 differ from those of Algorithm 1, Zhang and Zhan’s method [53], and Nawar et al.’s method [27]. Below,
we discuss the distinctions.

(1) Our proposed approach (i.e., Algorithm 3) is based on C-@-approximation via @-8-FCN/. It also accomplishes
the inclusion property, regarded as one of the most crucial characteristics of rough sets. As a result, our approach
succeeds in obtaining the strict order via ©-8-FCN.Z and the best decision is a candidate x;.

(2) Algorithm 1 depends on QB_C@Q)(A) and Qgg (A) via ®-8-FCN&/ and was able to satisfy the inclusion property
but failed to obtain the strict order (which is 24 & x5), and the ranking results are not fully ranked. Consequently, the
outcome is untrustworthy.

(3) Zhang and Zhan [53] (vesp., Nawar et al. [27]) depend on 5 (A) and %2? (A) (resp., %Cé@ (A) and %JEE@(A))
via ®-8-FCN&/ can not satisfy the inclusion property and also failed to obtain the strict order which are x3 =~ xg and
x4 = x5 (resp., x3 = xg and 1 = x4 = x5). Furthermore, the company will need to invest more time and energy in
comparing the two candidates (x3 and xg, which are the best decisions in [27, 53]) again. In contrast, the company
needs to hire a single individual. Consequently, we discover that the methods of [27, [53] have numerous shortcomings,

which leads to inaccurate and untrustworthy conclusions.

We find that our developed decision-making strategies by C-@-approximation of A based on S-FC« via ©-8-
FCN« produce better results than Algorithm 1 and approaches of [27], [53] and have observable and reliable results
when compared to the two distinctions discussed above.

5.2 Limitations of the proposed model in this work

During our analysis of the proposed method, we found the following limitations:

(1) Examining the proposed method reveals that Steps 2, 3, and 5 require more calculation time and have a more
complex procedure. Therefore, it is challenging to compute further examples when taking into account the complexity
of these stages. So, we only computed one example using Algorithm 3 in Section 5.

(2) The existence of large sets of alternatives and parameters in several MADM issues is another limitation of the
proposed method, which is difficult to calculate manually. So it requires appropriate code to be built using various
mathematical software programs, including MAPLE and MATLAB.

(3) Steps 6 and 7 in the proposed method require rephrasing with more precision in how to reach challenges like
sensitivity to parameter selection () or the impact of soft fuzzy set configurations on outcomes.

6 Conclusions

This paper uses ©-8-FCN.# to solve MADM problems based on S-soft fuzzy covering through the introduction of new
types of approximations. For this, a number of clear benefits and advantages are studied, such as defining new types of
approximations via ®-5-FCN.e/, meeting the inclusion property, understandably updating some algorithms, introducing
a novel idea of @-B-FCN.e7, researching some fundamental fuzzy topology properties, and developing a novel approach
that can be used in the MADM field. Regarding the directions of future research:

(1) Biswas et al. [3] presented a spherical fuzzy set based on multi-criteria group decision-making (MAGDM). In
the future, we define a spherical fuzzy based on S-soft fuzzy covering via @-8-FCN.< to get further results that should
be applied.

(2) Using a family of S-fuzzy complement neighborhoods, Atef and ElAtik [2] constructed covering-based optimistic
(pessimistic) multigranulation fuzzy rough sets. Therefore, in the future, we will expand our work to include optimistic
(pessimistic) multigranulation fuzzy rough sets by using a family of ©-8-FCN&Z.

(3) Redefine the notion of soft fuzzy covering-based rough model (see, Definition 4.4 in [49]), which satisfy the
inclusion property.

(4) Generalization of the new types of approximations based on S-fuzzy covering via ©-8-FCN.« produced two
different universes.
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