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GRADATION OF CONTINUITY IN FUZZY TOPOLOGICAL

SPACES

R. THAKUR, K. K. MONDAL AND S. K. SAMANTA

Abstract. In this paper we introduce a definition of gradation of continuity in
graded fuzzy topological spaces and study its various characteristic properties.

The impact of the grade of continuity of mappings over the N -compactness
grade is examined. Concept of gradation is also introduced in openness, closed-

ness, homeomorphic properties of mappings and T2 separation axiom. Effect

of the grades interrelated with N -compactness, closedness, T2 separation and
homeomorphism of mappings are studied.

1. Introduction

After the introduction of fuzzy topology by C. L. Chang [4] many authors
worked with this concept leading to the introduction of various types of fuzzy
topologies in the last four decades. Accordingly studies with different notions of
continuity of mappings over fuzzy topological spaces have been an interesting field of
investigation. We would like to mention in brief about some of the works which are
relevant to our work. But these are mostly related to ”crisp continuity” weaker or
stronger forms, suitably matching in the context of fuzzy topology. As continuity
is such a property of transformation which enables it to preserve some spatial
characteristics while transforming one space to another, it is a natural curiosity
to study how does the ”fuzziness of continuity” passes the information of spatial
characteristics under transformation. In this connection mention may be made of
M. Demirci [6], who has introduced a concept of continuity degree using grade of
membership relation of crisp point and a fuzzy subset via neighborhood operator.
Recently in 2007 A. M. Zahran et al [27] defines degree of continuity using M. S.
Ying [24] type fuzzifying topology involving crisp subsets. Studies on continuity
like structures over other types of fuzzy topological spaces have been made by many
authors. Recently, Cong-hua Yan and Jin-xuan Fang [23] has worked on L-fuzzy
Bilinear Operator and its Continuity.

The notions of the sets and functions in fuzzy topological spaces are highly
developed and are used in many practical and engineering problems, computational
topology for geometric design, computer-aided geometric design, engineering design
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research and mathematical sciences. The notion of continuity is an important
concept in general topology and fuzzy topology as well as in almost all branches of
mathematics and quantum physics. The importance of fuzzy topology in studying
quantum physics especially related to both string theory and �∞ theory has been
shown by Ms. El. Naschie [8, 9, 11, 12]. The topology of quantum space-time is
shadowed closely by the Mobius geometry of quasi-Fuschian and Kleinian groups
and that is the cause behind the phenomena of high-energy particle physics [8, 12].
Recently continuity of functions in the topological space has been investigated by
mathematicians and quantum physicists [3, 7, 9, 18] from the different points of
views.

In this paper we give a definition of gradation of continuity in graded fuzzy topo-
logical spaces and investigate the extent of preservation of some graded topological
properties under the influence of this graded continuity. Similarly we also intro-
duce definition of gradation of mapping openness and gradation of homeomorphism
and also show the properties of graded T2 space and graded N -compactness under
gradation of continuity.

2. Notation and Preliminaries

In this paper X denotes a nonempty set, I denotes the unit closed interval [0,1],
I0 denotes the set I − {0}, IX denotes the set of all fuzzy subsets of X whereas
Pt(IX) denotes the set of all fuzzy points of X. 1X , 0X denote the constant fuzzy
subsets defined by 1X(x) = 1, ∀x ∈ X and 0X(x) = 0, ∀x ∈ X respectively. A′

denotes the complement of A (i.e. A′(x) = 1−A(x)).

Definition 2.1. [5] A function � : IX → I is called a gradation of openness (GO)
on X if it satisfies the following conditions:

(O1) : �(0̃) = �(1̃) = 1,
(O2) : �(A1 ∧A2) ≥ �(A1) ∧ �(A2), for A1, A2 ∈ IX ,
(O3) : �

(
∨i∈Δ Ai

)
≥ ∧i∈Δ�(Ai) for any {Ai}i∈Δ ⊆ IX .

The pair (X, �) is called a fuzzy topological space (fts).

Definition 2.2. [5] A function ℱ : IX → I is called a gradation of closedness (GC)
on X if it satisfies the following conditions:

(C1) : ℱ(0̃) = ℱ(1̃) = 1,
(C2) : ℱ(A1 ∨A2) ≥ ℱ(A1) ∧ ℱ(A2), for A1, A2 ∈ IX ,

(C3) : ℱ
(
∧i∈Δ Ai

)
≥ ∧i∈Δℱ(Ai) for any {Ai}i∈Δ ⊆ IX .

The pair (X,ℱ) is called a fuzzy co-topological space.

Definition 2.3. [2] Let G : IX → I be a mapping satisfying

(GF1) : G(0̃) = 0; G(1̃) = 1,
(GF2) : G(A1 ∧A2) ≥ G(A1) ∧ G(A2); ∀ A1, A2 ∈ IX ,
(GF3) : G(B) ≥ G(A) if A ⊆ B; A,B ∈ IX ,

then G is said to be a generalized filter (g-filter) on IX .



Gradation of Continuity in Fuzzy Topological Spaces 145

The following (*) marked definitions and results can be deduced directly from
[15, 16] and [26] by choosing L = I, the unit closed interval [0,1].

Definition 2.4. ∗ Let (X,ℱ) be a fuzzy co-topological space with ℱ as a GC on
X. For each r ∈ I0 and for each A ∈ IX we define cl(A, r) = ∩{D ∈ IX ; A ⊆
D ; D ∈ ℱr}, where ℱr = {C ∈ IX ; ℱ(C) ≥ r}. ‘cl’ is said to be fuzzy closure
operator in (X,ℱ).

Definition 2.5. ∗ Let (X, �) be a fts with � as a GO on X. For each r ∈ I0 and
for each A ∈ IX we define int(A, r) = ∨{D ∈ IX ; A ⊇ D ; D ∈ �r}, where
�r = {U ∈ IX ; �(U) ≥ r}. ‘int’ is said to be fuzzy interior operator in (X, �).

Definition 2.6. ∗ Let (X, �) be a fuzzy topological space with � as a GO on X and
let Q : Pt(IX)×IX → I be a mapping defined by Q(px, A) = ∨{�(U) ; pxq̂U ⊆ A}.
Then Q is said to be a gradation of q-neighborhoodness on X, where pxq̂U holds if
U(x) + p > 1.

Proposition 2.7. ∗ Let Q be a gradation of q-neighborhoodness in an fts (X, �).
Then

(QN1) : Q(px, 1̃) = 1, Q(px, 0̃) = 0, ∀ px ∈ Pt(IX),
(QN2) : Q(px, A) ≤ Q(px, B) if A,B ∈ IX , A ⊆ B

and Q(px, A) ≤ Q(sx, A), ∀A ∈ IX if px ≤ sx,
(QN3) : Q(px, A ∧B) = Q(px, A) ∧Q(px, B), ∀ px ∈ Pt(IX) & A,B ∈ IX ,
(QN4) : Q(px, A) > k

⇒ ∃Bp ∈ IX s.t pxq̂Bp ⊆ A & ∧ {Q(ry, Bp); ry ∈ Pt(IX); ry q̂Bp} > k.

Proposition 2.8. ∗ Let Q : Pt(IX) × IX → I be a mapping satisfying (QN1) -
(QN3) of Proposition 2.7. Let �̄ : IX → I be defined by �̄(A) = ∧{Q(px, A); px ∈
Pt(IX) & pxq̂A}. Then (X, �̄) forms an fts. If further the condition (QN4) of
Proposition 2.7 is satisfied by Q then the mapping Q̄ : Pt(IX)× IX → I defined by
Q̄(px, A) = ∨{�̄(U) ; pxq̂U ⊆ A} is identical with Q.

Proposition 2.9. ∗ Let Q be a gradation of q-neighborhoodness in an fts (X, �)
and �̄ : IX → I be defined by �̄(A) = ∧{Q(px, A); px ∈ Pt(IX) & pxq̂A} then �̄ is
a GO on X and �̄ = �.

Definition 2.10. ∗ Let (X, �) be an fts and e ∈ Pt(IX). The q-neighborhood
system of the fuzzy point e with respect to the Chang fuzzy topology �r, denoted
by Q̃r(e), is defined by Q̃r(e) = {U ∈ IX ; ∃ V ∈ �r satisfying eq̂V ⊆ U}.

Definition 2.11. [22] Let X be a nonempty crisp set. A fuzzy filter on IX is a
non-empty family G of fuzzy subsets of X such that

i) 0̃ ∕∈ G,
ii) G is closed under finite intersection,

iii) if B ∈ G & B ⊂ A then A ∈ G ∀A,B ∈ IX .

Definition 2.12. [16] Let X be a nonempty crisp set. A nonempty subfamily A ⊆
IX is called a filter base on IX , if 0̃ ∕∈ A and A is closed under finite intersection.
For a fuzzy filter base A on IX , define the fuzzy filter generated by A by ↑ A =
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{U ∈ IX ; ∃V ∈ A satisfying V ⊆ U}.
Let f : X → Y be any mapping then for any fuzzy filter G on IX the set f [G] =
{f(A); A ∈ G} forms a filter base on IY . The fuzzy filter generated by f [G] is
called the image fuzzy filter of G and it is denoted by ↑ f [G].

Definition 2.13. [26] Let (X, �) be a Chang fuzzy topological space (Cfts), A ∈
IX ,Φ ⊂ IX , � ∈ I. Then Φ is called an �-Q-cover of A, denoted by ∨Φq̂A(�), if for
every �x ∈ A, there exists U ∈ Φ such that �xq̂U. Φ is called an open �-Q-cover of
A, if Φ ⊂ � and Φ is an �-Q-cover of A. Φ0 ⊂ IX is called a sub-�-Q-cover of Φ, if
Φ0 ⊂ Φ and Φ0 is also an �-Q-cover of A. Φ is called an �−-Q-cover of A, denoted

by ∨Φˆ̂qA(�), if there exists 
 < � such that Φ is a 
-Q-cover of A.

Definition 2.14. [26] Let ((X, �) be an Cfts, A ∈ IX . A is called N-compact,
if for every � ∈ I0, every open �-Q-cover of A has a finite subfamily which is an
�−-Q-cover of A. (X, �) is called N -compact, if 1̃X is N -compact.

Definition 2.15. [26] Let (X, �) be a Cfts and � ∈ I0. Then (X, �) is called �-T2, if
for every distinguished points x, y ∈ X there exists U ∈ Q(�x)(= {U ∈ IX : ∃P ∈ �
satisfying �xq̂P ⊆ U}), V ∈ Q(�y) such that U ∧ V = 0.
(X, �) is called level-T2, if (X, �) is �-T2 for every � ∈ I0.

Theorem 2.16. [26] Let (X, �) be a stratified (i.e. containing all constant fuzzy
subsets �̄ ∀� ∈ I) level-T2 Cfts and A be N-compact subset in (X, �). Then A is
closed in (X, �).

Theorem 2.17. [26] Let (X, �) be a fuzzy topological space in the sense of Chang.
Also let A ∈ IX be N-compact, B ∈ IX be closed. Then A ∧B is N-compact.

3. Gradation of Continuity

By using Lukasiewicz’s technique, we define gradation of continuity of a mapping
over fuzzy topological spaces and studies some characteristic properties of such
gradation. A notion of gradation on N -compactness in a fuzzy topological space
is introduced and combined effect of grades of continuity and N -compactness is
analyzed.

Definition 3.1. Let (X, �) and (Y, �) be any two fts and f : (X, �) → (Y, �)
be a mapping. Then the gradation of continuity of f is defined by cont(f) =
∧V ∈IY {1− �(V ) + �(f−1(V ))}.

Proposition 3.2. Let (X, �) and (Y, �) be any two fts, and f : (X, �)→ (Y, �) be
a mapping with � and � as gradations of openness on X and Y respectively. Then
cont(f) = ∧V ∈IY {1 − ℱ̄(V ) + ℱ(f−1(V ))}, where ℱ and ℱ̄ are the gradations
of closedness on X and Y respectively, defined by ℱ(A) = �(A′), ∀ A ∈ IX and
ℱ̄(B) = �(B′), ∀B ∈ IY .

Proof. We have cont(f) = ∧V ∈IY {1− �(V ) + �(f−1(V ))}
= ∧V ∈IY {1− �(V ′) + �(f−1(V ′))}
= ∧V ∈IY {1− ℱ̄(V ) + �([f−1(V )]′)} [as f−1(V ′) = [(f−1(V ))′]
= ∧V ∈IY {1− ℱ̄(V ) + ℱ(f−1(V ))}. □
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Proposition 3.3. . Let (X, �) and (Y, �) be any two fts, and f : (X, �) → (Y, �)
be a mapping. Then for each l ∈ I, the following statements are equivalent:

(a) cont(f) ≥ l.
(b) f−1(�1−r) ⊆ �l−r,∀r ∈ I, with r < l.
(c) f−1(ℱ̄1−r) ⊆ ℱl−r,∀r ∈ I, with r < l.

(d) f−1(Q̃
1−r(f(e))) ⊆ Q̃l−r(e), ∀r ∈ I, with r < l and ∀ e ∈ Pt(IX) ,

where Q̃l−r(e) and Q̃
1−r(f(e)) be the q-neighborhood systems of e and f(e)

with respect to the Chang fuzzy topologies �l−r and �1−r respectively, defined

by Q̃l−r(e) = {U ∈ IX ; ∃V ∈ �l−r s.t. eq̂V ⊆ U} and Q̃
1−r(f(e)) = {U ∈

IY ; ∃V ∈ �1−r such that f(e)q̂V ⊆ U}.
(e) f(cl(A, l − r)) ⊆ cl(f(A), 1− r), ∀ A ∈ IX and ∀r ∈ I with r < l.
(f) f−1(int(A, 1− r)) ⊆ int(f−1(A), l− r), ∀ A ∈ IY and ∀r ∈ I with r < l.

(g)
⋀

(e,V )∈Pt(IX)×IY

{
1−Q(f(e), V ) +Q(e, f−1(V ))

}
≥ l, where Q and Q are

the gradations of q-neighborhoodness in (X, �) and (Y, �) respectively.

Proof. (a)⇒ (b):
We have ∧V ∈IY {1− �(V ) + �(f−1(V ))} ≥ l.
⇒ 1− �(V ) + �(f−1(V )) ≥ l, ∀ V ∈ IY ,
⇒ 1− �(V ) ≥ l − �(f−1(V )), ∀ V ∈ IY .
So, 1− �(V ) ≤ r ⇒ l − �(f−1(V )) ≤ r, ∀V ∈ IY for r < l.
i.e. �(V ) ≥ 1− r ⇒ �(f−1(V )) ≥ l − r ∀V ∈ IY for r < l.
i.e. V ∈ �1−r ⇒ f−1(V ) ∈ �l−r,∀V ∈ IY with r < l.
Hence (a)⇒ (b) holds.

(b)⇒ (a):
Let (b) hold.
If possible let ∧V ∈IY {1− �(V ) + �(f−1(V ))} < l.
Then ∃ W ∈ IY such that {1− �(W ) + �(f−1(W ))} < l,
⇒ 1− �(W ) < l − �(f−1(W ))}.
Then ∃ r ∈ I0 such that 1− �(W ) < r < l − �(f−1(W )).
So �(W ) > 1−r and �(f−1(W )) < l−r which implies W ∈ �1−r but f−1(W ) ∕∈ �l−r
for some r < l, which is a contradiction.
Hence cont(f) ≥ l. So (b)⇒ (a).

(b)⇔ (c):
This results directly follows from the Proposition 3.2.

(b)⇒ (d):
Let (b) hold.

Let A ∈ f−1(Q̃
1−r(f(e))) where r(< l) ∈ I. Then ∃U ∈ Q̃

1−r(f(e)) such that

A = f−1(U).

Now U ∈ Q̃
1−r(f(e))⇒ ∃V ∈ �1−r such that f(e)q̂V ⊆ U.

⇒ f−1(V ) ∈ �l−r (by (b)) and eq̂f−1(V ) ⊆ f−1(U).

⇒ A = f−1(U) ∈ Q̃l−r(e),
⇒ f−1(Q̃

1−r(f(e))) ⊆ Q̃l−r(e). So the proof follows.
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(d)⇒ (b):
Let A ∈ f−1(�1−r) where r ∈ I with r < l. Then ∃V ∈ �1−r such that A = f−1(V ).
If A = 0̃X then obviously A ∈ �l−r.
So let A = f−1(V ) ∕= 0̃X .
Take any �x ∈ Pt(IX) such that �xq̂f

−1(V ). Then �f(x)q̂V where V ∈ �1−r,
⇒ V ∈ Q̃

1−r(f(�x)),

⇒ f−1(V ) ∈ Q̃l−r(�x) (by (d)).

So f−1(V ) ∈ Q̃l−r(�x) ∀�xq̂f−1(V ). Thus for each �xq̂f
−1(V ), ∃W�x ∈ �l−r such

that �xq̂W�x ⊆ f−1(V ).
So f−1(V ) ∈ �l−r i.e. A ∈ �l−r.
Hence f−1(�1−r) ⊆ �l−r and this is true for all r < l, so the proof follows.

(b)⇒ (e):
Let (b) hold.
Let A = {D ∈ IX ;D ∈ ℱl−r & A ⊆ D} where ℱl−r = {C ∈ IX ;ℱ(C) ≥ l− r} and
ℬ = {D ∈ IY ;D ∈ ℱ̄1−r & f(A) ⊆ D} where ℱ̄1−r = {C ∈ IY ; ℱ̄(C) ≥ 1− r}.
So cl(A, l − r) = ∧A and cl(f(A), 1− r) = ∧ℬ.
Let D ∈ ℬ i.e. D ∈ ℱ̄1−r & f(A) ⊆ D,
⇒ f−1(D) ∈ ℱl−r (by (c)) & f−1f(A) ⊆ f−1(D),
⇒ f−1(D) ∈ ℱl−r & A ⊆ f−1(D) (since A ⊆ f−1f(A)),
⇒ f−1(D) ∈ A.
Hence A ⊇ f−1(ℬ).
Clearly ℱ̄1−r is closed under arbitrary intersection. So cl(f(A), 1− r) ∈ ℬ. Hence
f−1(cl(f(A), 1− r)) ∈ A,
⇒ cl(A, l − r) ⊆ f−1(cl(f(A), 1− r)),
⇒ f(cl(A, l − r)) ⊆ f(f−1(cl(f(A), 1− r))) ⊆ cl(f(A), 1− r). Hence (e).

(e)⇒ (a):
Let (e) hold.
If possible let cont(f) < l i.e. ∧V ∈IY {1− �(V ) + �(f−1(V ))} < l.
Then ∃V ∈ IY such that 1− �(V ) + �(f−1(V )) < l,
⇒ l − �(f−1(V )) > 1− �(V ),
⇒ ∃r ∈ I0 such that l − �(f−1(V )) > r > 1− �(V ),
⇒ �(f−1(V )) < l − r and �(V ) > 1− r.
Let V c = W.
Then we have ℱ(f−1(W )) < l−r, and ℱ̄(W ) > 1−r [since f−1(V c) = {f−1(V )}c],
⇒ cl(f−1(W ), l − r) ⊃ ( ∕=)f−1(W ) and cl(W, 1− r) = W.
i.e ∃
x ∈ cl(f−1(W ), l − r) but 
x ∕∈ f−1(W ),
⇒ 
y(=f(x)) ∈ f(cl(f−1(W ), l − r)) but 
y ∕∈W ∩ f(1X)(= ff−1(W )).

i.e. f(cl(f−1(W ), l − r)) ⊃ (∕=)f(f−1(W )) = W ∩ f(1X) = cl(W, 1− r) ∩ f(1X)
⊆ cl(ff−1(W ), 1− r) ∩ f(1X).
i.e. f(cl(f−1(W ), l − r)) ⊃ (∕=)cl(ff−1(W ), 1− r) ∩ f(1X),
⇒ ∃
x ∈ f(1X) such that 
x ∈ f(cl(f−1(W ), l− r)) but 
x ∕∈ cl(ff−1(W ), 1− r)∩
f(1X),
⇒ ∃
x ∈ f(1X) such that 
x ∈ f(cl(f−1(W ), l − r)) but 
x ∕∈ cl(ff−1(W ), 1 − r),
which contradicts (e). Hence cont(f) ≥ l.
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(a)⇒ (f):
Suppose (a) hold and if possible let f−1(int(A, 1− r) ∕⊆ int(f−1(A), l− r) for some
A ∈ IY .
Then there exists � ∈ I0 and x ∈ X such that f−1(int(A, 1 − r))(x) > � >
int(f−1(A), l − r)(x),
⇒ �x ∈ f−1(int(A, 1− r)) and

�x ∕∈ int(f−1(A), l − r), (1)

Now �x ∈ f−1(int(A, 1− r)),
⇒ �y ∈ int(A, 1− r) where y = f(x).
Again int(A, 1− r) ∈ �1−r. So taking W = int(A, 1− r) we have

�(W ) ≥ 1− r and �x ∈ f−1(W ) ⊂ f−1(A). (2)

From (1) we have �x ∕∈ int(f−1(A), l − r) = ∪{U ∈ �l−r : f−1(A) ⊇ U},
which shows that ∀ U ∈ IX with �x ∈ U ⊆ f−1(A)⇒ �(U) < l − r.
This condition holds for U = f−1(W ),
Hence we have,

�(f−1(W )) < l − r. (3)

From (2) and (3) we have l − �(f−1(W )) > r ≥ 1− �(W ),
⇒ 1− �(W ) + �(f−1(W )) < l⇒ cont(f) < l, which is a contradiction.
Hence f−1(int(A, 1− r)) ⊆ int(f−1(A), l − r).

(f)⇒ (a):
Suppose (f) hold.
Then we have to show that ∧V ∈IY {1− �(V ) + �(f−1(V ))} ≥ l.
If possible let ∧V ∈IY {1− �(V ) + �(f−1(V ))} < l.
Then ∃V ∈ IY such that 1− �(V ) + �(f−1(V )) < l,
⇒ 1− �(V ) < r < l − �(f−1(V )) for some r ∈ I0,
⇒ �(V ) > 1− r and �(f−1(V )) < l − r,
⇒ int(V, 1− r) = V and int(f−1(V ), l − r) ⊂ (∕=)f−1(V ).
So, int(f−1(V ), l − r) ⊂ ( ∕=)f−1(V ) = f−1(int(V, 1 − r)), which contradicts our
assumption.
Hence cont(f) ≥ l.

(b)⇒ (g):

Suppose (b) hold and if possible let
⋀

(e,V )∈Pt(IX )×IY

{
1−Q(f(e), V )+Q(e, f−1(V ))

}
< l.

Then there exists (e0, V 0) ∈ Pt(IX)×IY such that 1−Q(f(e0), V 0)+Q(e0, f−1(V 0)) <

l.
i.e. 1−Q(f(e0), V 0) < l −Q(e0, f−1(V 0)),

⇒ ∃r ∈ I0 such that 1−Q(f(e0), V 0) < r < l −Q(e0, f−1(V 0)

i.e. ∃r ∈ I0 such that Q(f(e0), V 0) > 1− r and Q(e0, f−1(V 0)) < l − r.
Now Q(f(e0), V 0) > 1− r,
⇒ ∨{�(U); f(e0)q̂U ⊂ V 0} > 1− r,



150 R. Thakur, K. K. Mondal and S. K. Samanta

⇒ ∃U0 ∈ IY such that f(e0)q̂U0 ⊂ V 0 and �(U0) > 1− r.
⇒ ∃U0 ∈ IY such that e0q̂f−1(U0) ⊆ f−1(V 0) and �(f−1(U0)) ≥ l − r[by (b)].

(4)

Again Q(e0, f−1(V 0)) < l − r,
⇒ ∨{�(U); e0q̂U ⊂ f−1(V 0)} < l − r,
⇒ ∀U ∈ IX satisfying e0q̂U ⊂ f−1(V 0), we have �(U) < l − r, which contradicts
the condition (4). Hence (b)⇒ (g).

(g)⇒ (b):
Suppose (g) hold and if possible let ∃ r ∈ I0 such that r < l and f−1(�1−r) ∕⊆ �l−r.
Then ∃ V ∈ �1−r but f−1(V ) ∕∈ �l−r,
⇒ �(V ) ≥ 1− r but �(f−1(V )) < l − r.
Now �(f−1(V )) < l − r,
⇒ ∧{Q(e, f−1(V )); e ∈ Pt(IX) & eq̂f−1(V )} < l − r.(from Proposition 2.9) So
∃ e0 ∈ Pt(IX) such that e0q̂f−1(V ) and Q(e0, f−1(V )) < l − r. (5)

Again �(V ) > 1− r,
⇒ ∧{Q(e, V ); e ∈ Pt(IY ) & eq̂V } ≥ 1− r,
⇒ Q(e, V ) ≥ 1− r ∀ e ∈ Pt(IY ) with eq̂V. As e0q̂f−1(V )⇒ f(e0)q̂V , so Q(f(e0), V ) ≥
1− r,
⇒ 1−Q(f(e0), V ) ≤ r. (6)

From (5) and (6) we have 1 −Q(f(e0), V ) + Q(e0, f−1(V )) < r + l − r = l, which
is contradictory to (g). Hence (g)⇒ (b). □

Definition 3.4. Let (X, �) be an fts, G ⊆ IX be a fuzzy filter on X, e ∈ Pt(IX).
Then e is called a cluster point of G with grade l, denoted by G∞le iff l′ = ∧{r ∈
I0 : U ∩A ∕= 0̃, ∀ U ∈ Q̃r(e) and ∀A ∈ G}.
And e is called a limit point of G with grade l, denoted by G →l e, iff l′ = ∧{r ∈
I0 : Q̃r(e) ⊆ G}.

Proposition 3.5. Let (X, �) and (Y, �) be any two fuzzy topological spaces and
f : (X, �)→ (Y, �). Then the following two statements are equivalent:

(a) cont(f) ≥ l for some l ∈ I0.
(b) For any fuzzy filter base A in (X, �) and e ∈ Pt(IX), ↑ A →m e⇒ f [A]→k

f(e) for some m, k ∈ I0 with k ≥ l +m− 1( provided l +m > 1).

Proof. (a) ⇒ (b): Suppose (a) hold. Let Q̃r(e) and Q̃
r
(f(e)) be q-neighborhood

systems of e and f(e) with respect to the Chang fuzzy topologies �r and �r
respectively. Let A be a fuzzy filter base in (X, �) s.t. ↑ A →m e for some
e ∈ Pt(IX) and f : (X, �) → (Y, �) be a mapping with cont(f) ≥ l, where
l +m > 1.
As ↑ A →m e means m′ = ∧{s ∈ I0; Q̃s(e) ⊆↑ A}.
Also, l +m > 1⇒ m′ < l. So, ∃s ∈ I0 such that s < l and Q̃s(e) ⊆↑ A.
Let r = l − s, then Q̃l−r(e) ⊆↑ A.

Then V ∈ Q̃
1−r(f(e)) ⇒ f−1(V ) ∈ Q̃l−r(e)(by Proposition 3.3(d)) ⇒ f−1(V ) ∈↑

A [as Q̃l−r(e) ⊆↑ A].
⇒ ∃A ∈ A such that f−1(V ) ⊇ A.
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⇒ f(A) ⊆ ff−1(V ) ⊆ V ⇒ V ∈ f [↑ A].

So Q̃
1−r(f(e)) ⊆↑ f [A].

i.e. if Q̃s(e) ⊆↑ A then Q̃
1−l+s(f(e)) ⊆↑ f [↑ A],

i.e. ↑ A → e with respect to �s,
⇒↑ f [↑ A]→ f(e) with respect to �1−l+s.
Let Δ1 = {t ∈ I0; ↑ A → e with respect to �t} and Δ2 = {t ∈ I0; ↑ f [↑ A] → f(e)
with respect to �t} thus s ∈ Δ1 ⇒ 1− l + s ∈ Δ2.
Let m′ = ∧{t ∈ I0; t ∈ Δ1} and k′ = ∧{t ∈ I0; t ∈ Δ2}.
We shall now show that k′ ≤ 1− l +m′. i.e. k ≥ l +m− 1.
If possible let k′ > 1− l +m′ ⇒ m′ < l + k′ − 1,
⇒ there exists p ∈ Δ1 such that m′ ≤ p < l + k′ − 1.
Now p < l + k′ − 1⇒ k′ > 1− l + p⇒ 1− l + p ∕∈ Δ2, which is a contradiction.
Hence if ↑ A →m e then ↑ f [↑ A]→k f(e) where k ≥ l +m− 1.

(b)⇒ (a): Suppose (b) hold. If possible let ∧V ∈IY {1− �(V ) + �(f−1(V ))} < l.
Then there exists W ∈ IY such that 1− �(W ) + �(f−1(W )) < l,
⇒ �(f−1(W )) < �(W ) + l − 1 ⇒ ∃k1, k2 ∈ I0 such that �(f−1(W )) < k1 < k2 <
�(W )− l′.
Now �(f−1(W )) < k1,
⇒ ∧{Q(e, f−1(W )); e ∈ Pt(IX) & eq̂f−1(W )} < k1, [by Proposition 2.9]
⇒ ∃e0 ∈ Pt(IX) such that e0q̂f−1(W ) and Q(e0, f−1(W )) < k1.
Again Q(e0, f−1(W )) < k1 ⇒ ∨{�(U); e0q̂U ⊆ f−1(W )} < k1.
So ∀ U ∈ IX , �(U) ≥ k1 and e0q̂U ⇒ U ∕⊆ f−1(W ),

⇒ f−1(W ) ∕∈ Q̃k1(e0),

⇒W ∕∈ f(Q̃k1(e0)), for some e0 ∈ Pt(IX). (7)

Again �(W ) > k2 + l′ and f(e0)q̂W ,(since e0q̂f−1(W ))

⇒W ∈ Q̃
k2+l′

(f(e0)). (8)

By (7) and (8) we have f(Q̃k1(e0) ∕⊃ Q̃
k2+l′

(f(e0)).

This means if ↑ f [↑ Q̃k1(eo)]→k f(e0) then k′ ≥ k2 + l′.

Again Q̃k1(e0) is a fuzzy filter and by definition Q̃k1(e0)→m e0 then m′ ≤ k1.
Hence k′ ≥ k2 + l′ > k1 + l′ ≥ m′ + l′

⇒ k < (m′ + l′)′ = (2 −m − l)′ = l + m − 1, which is a contradiction. Hence the
result. □

Definition 3.6. In a fts (X, �) a fuzzy subset A is said to be N -compact of grade
m, if m′ = ∧{r ∈ I0;A is N -compact in (X, �r)}, symbolically we say A is Nm-
compact.

Proposition 3.7. Let (X, �) and (Y, �) be any two fuzzy topological spaces and
f : (X, �) → (Y, �) be a mapping with gradation of continuity l. If A be any fuzzy
subset of X with m as gradation of N-compactness such that l +m > 1, then f(A)
is N-compact with gradation ≥ l + m − 1, i.e. if A is Nm-compact then f(A) is
N (≥l+m−1)- compact.



152 R. Thakur, K. K. Mondal and S. K. Samanta

Proof. Let A be Nm-compact and if possible let f(A) be N t-compact where t <
l +m− 1.
Then we have t′ = ∧{r ∈ I0; f(A) is N-compact in (Y, �r)},
⇒ (l +m− 1)′ < ∧{r ∈ I0; f(A) is N-compact in (Y, �r)},
⇒ ∃s ∈ I0 such that (l+m− 1)′ = 2− (l+m) < s < ∧{r ∈ I0; f(A) is N-compact
in (Y, �r)}. So, f(A) is not N -compact in (Y, �s).
Let k = 1− s. Then s = 1− k and f(A) is not N-compact in (Y, �1−k).
So there exists a � ∈ I0 and ∃�-Q-cover  (⊆ �1−k) of f(A) such that no finite
sub-collection of  is an �−-Q-cover of f(A).
Let � = {f−1(V );V ∈  }. Then by Proposition 3.2 (b) � ⊆ �l−k. Then clearly � is
an �-Q-cover of A. Now we show that no finite sub-collection of � is an �−-Q-cover
of A.
If possible let �0 = {f−1(Vi), i = 1, 2, 3........n} be a finite sub-collection of � which
is an �−-Q-cover of A.
Then ∃
 < � such that ∨�0q̂A(
).
Take � such that 
 < � < �. Now for every �y ∈ f(A), by definition we have
� ≤ f(A)(y) = ∨{A(x) : x ∈ X, y = f(x)}. Since 
 < �, ∃ x ∈ X such that
f(x) = y, x
 ∈ A. Since ∨�0q̂A(
), ∃ i ≤ n such that x
 q̂f

−1(Vi). That is to say,

 > (f−1(Vi))

′(x) = f−1(V ′i )(x) = V ′i (f(x)) = V ′i (y).
By 
 < �, we have �y q̂Vi. So  0 = {Vi : i = 1, 2, 3, ...n} is an open �-Q-cover of
f(A) and hence an �−-Q-cover of f(A) which is a contradiction.
Hence A is not N-compact with respect to �l−k. i.e. m′ ≥ l − k ⇒ 1−m ≥ l − k,
⇒ 1−m ≥ l − 1 + s,
⇒ s ≤ 2− l −m, which is a contradiction. Hence the result follows. □

4. Gradation of Mapping Openness

In this section concept of gradations are introduced in openness, closedness and
homeomorphic properties of mappings and their properties are studied. Problem
of defining initial fuzzy topology through a mapping f under this graded situation
is considered and it is shown that corresponding to a preassigned value l ∈ (0, 1]
there exists an initial fuzzy topology with respect to which the grade of continuity
of f is l. Apart from this a gradation in the T2 separation axiom is also introduced
and the famous result that every continuous function from a compact space to a
T2-space is homeomorphism, has been fuzzified under this graded form.

Definition 4.1. Let (X, �), (Y, �) be any two fuzzy topological spaces with � and
� as gradations of openness on X and Y respectively. We define the gradation of
mapping openness of the mapping f : X → Y by O(f) = ∧U∈IX{min{1, 1−�(U)+
�(f(U))}} = ∧U∈IX{1− �(U) + �(f(U))}.

Proposition 4.2. Let (X, �) and (Y, �) be any two fts, and f : (X, �)→ (Y, �) be
a mapping. Then for each l ∈ I, the following statements are equivalent:

(a) O(f) ≥ l.
(b) f(�1−r) ⊆ �l−r,∀r ∈ I, with r < l.
(c) f(int(A, 1− r)) ⊆ int(f(A), l − r), ∀ r < l and ∀ A ∈ IX .
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(d) f(Q̃1−r(px)) ⊆ Q̃
l−r(f(px)), ∀r < l & ∀px ∈ Pt(IX), where Q̃1−r(px) and

Q̃
l−r(f(px)) are the q-neighborhood systems of px and f(px) with respect to

Chang fuzzy topologies �1−r and �l−r respectively.

Proof. (a)⇔ (b):
In fact l ≤ ∧V ∈IX{1− �(V ) + �(f(V ))},
⇔ 1− �(V ) + �(f(V )) ≥ l, ∀ V ∈ IX ,
⇔ 1− �(V ) ≥ l − �(f(V )), ∀ V ∈ IX ,
⇔ 1− �(V ) ≤ r implies l − �(f(V )) ≤ r, ∀ V ∈ IY , ∀ r ∈ [0, l).
⇔ �(V ) ≥ 1− r implies �(f(V )) ≥ l − r, ∀ V ∈ IX and ∀r ∈ [0, l),
⇔ V ∈ �1−r implies f(V ) ∈ �l−r, ∀ V ∈ IX and ∀r ∈ [0, l).

(b)⇒ (c):
Suppose (b) holds.
We have to show that f(int(A, 1− r)) ⊆ int(f(A), l − r),∀ r < l and ∀ A ∈ IX .
If possible, let f(int(A, 1 − r)) ∕⊆ int(f(A), l − r) for some r < l and for some
A ∈ IX .
Then ∃ y ∈ Y such that f(int(A, 1− r))(y) > � > int(f(A), l − r)(y).
Now f(int(A, 1− r))(y) > �,
⇒ supx∈f−1(y){int(A, 1− r)(x)} > �,

⇒ ∃ x ∈ f−1(y) such that int(A, 1− r)(x) > �.
i.e. ∃ x ∈ f−1(y) such that sup{U(x);U ∈ �1−r and A ⊃ U} > �,
⇒ ∃ U0 ∈ �1−r such that U0(x) > � and U0 ⊆ A.
i.e. ∃U0 ∈ �1−r and �x ∈ U0 ⊆ A for some x ∈ f−1(y). (9)

Again � > int(f(A), l − r)(y),
⇒ � > sup{V (y);V ∈ �l−r and f(A) ⊇ V },
⇒ V (y) < �, ∀ V ∈ �l−r with V ⊆ f(A) (10)

From (9), we have U0 ∈ �1−r. So by (b), f(U0) ∈ �l−r. Again �x ∈ U0 ⊂ A implies
�y ∈ f(U0) ⊆ f(A), which is contradictory to (10). Hence f(int(A, 1 − r)) ⊆
int(f(A), l − r), ∀r < l and ∀ A ∈ IX .

(c)⇒ (a):
Assume (c) holds. If possible, let (a) does not hold.
Then l > ∧V ∈IX{1− �(U) + �(f(U))},
⇒ ∃ W ∈ IX such that 1− �(W ) + �(f(W )) < l,
⇒ 1− �(W ) < l − �(f(W )),
⇒ ∃ � ∈ I0 such that 1− �(W ) < � < l − �(f(W )),
⇒ �(W ) > 1− � and �(f(W )) < l − �,
⇒W ∈ �1−� and f(W ) ∕∈ �l−�,
⇒ f(int(W, 1− �)) = f(W ), but int(f(W ), l − �) ⊂ (∕=)f(W ),
⇒ int(f(W ), l−�) ⊂ ( ∕=)f(int(W, 1−�)), which contradicts (c). Hence (c)⇒ (a).

(b)⇒ (d):

Suppose (b) holds. Choose any r < l and any px ∈ Pt(IX). Let U ∈ Q̃1−r(px).
Then ∃V ∈ �1−r such that pxq̂V ⊆ U and hence f(px)q̂f(V ) ⊆ f(U).

Now from (b), f(V ) ∈ �l−r, sof(U) ∈ Q̃
l−r(f(px)).

Hence f(Q̃1−r(px)) ⊆ Q̃
l−r(f(px)), ∀r < l & ∀px ∈ Pt(IX).
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(d)⇒ (b):
Suppose (d) holds and let V ∈ �1−r with r < l.
If V = 0̃X , then obviously f(V ) = 0̃Y ∈ �l−r. Let V ∕= 0̃X , then f(V ) ∕= 0̃Y .
So ∃y0 ∈ Y such that f(V )(y0) > 0 i.e (f(V ))′(y0) < 1,
⇒ ∃� ∈ I0 such that (f(V ))′(y0) < � < 1. i.e. �y0 q̂f(V ).
Now for each �y q̂f(V ), we have � > (f(V ))′(y) i.e. �′ < f(V )(y),
⇒ �′ <

⋁
{V (�); � ∈ f−1(y)},

⇒ ∃x ∈ f−1(y) such that �′ < V (x),
⇒ �xq̂V.
So, �xq̂V and V ∈ �1−r ⇒ V ∈ Q̃1−r(�x).

Then by (d), f(V ) ∈ Q̃
l−r(f(�x)),

⇒ ∃W ∈ �l−r such that �y q̂W ⊆ f(V ). This shows that for each �y q̂f(V ),∃W ∈
�l−r such that �y q̂W ⊆ f(V ), and this is true ∀y with f(V )(y) > 0 and for all �
satisfying (f(V ))′(y) < � < 1. So f(V ) = ∨�y q̂f(V )W ⇒ f(V ) ∈ �l−r.
Hence f(�1−r) ⊆ �l−r, ∀r < l. □

Definition 4.3. Let (X, �) be a fuzzy topological space with � as gradation of
openness then (X, �) is said to be T2 space with grade l if l = ∨{r ∈ I; (X, �r) is a

T2 Cfts}. Symbolically this is written as T
(l)
2 .

Proposition 4.4. Let (X, �) be an fts which is N l-compact and A be a fuzzy subset
such that ℱ� (A) = k > l′. Then A is N (≥l)-compact, where ℱ� (A) = �(A′).

Proof. We have l′ = ∧{r ∈ I0; (X, �r) is N-compact }.
Let r0 ∈ I0 such that l′ < r0 < k.
Then r0 > ∧{r ∈ I0; (X, �r) is N-compact},
⇒ ∃ s ∈ I0 such that r0 > s and (X, �s) is N-compact.
As r0 > s⇒ �r0 ⊆ �s.
So (X, �) is N l-compact ⇒ (X, �r0) is N-compact. Also ℱ� (A) ≥ r0 means A is
closed in N -compact space (X, �r0).
So, A is N-compact in (X, �r0)(by Theorem 2.17). i.e. for any r0 with l′ < r0 < k,
we have A is N-compact in (X, �r0). (11)

Now let a′ = ∧{r ∈ I0;A is N-compact in (X, �r)}.
i.e. a is the gradation of compactness of A.
So a′ ≤ l′ i.e. A is N (≥l) compact. Hence the proof. □

Proposition 4.5. Let (X, �) be an fts such that �(�̄) = 1 ∀� ∈ [0, 1]. Let (X, �)

be T2
(k) where k > 0 and A be a fuzzy subset of X which is N (l) compact, where

l > k′ . Then ℱ� (A) ≥ k.

Proof. We have k = ∨{r ∈ I0; (X, �r) is a T2 Chang fts}.
l′ = ∧{r ∈ I0;A is N-compact in (X, �r)}.
Let r0 ∈ I0 be such that l′ < r0 < k. Then ∃sO ∈ I0 such that r0 < s0 and (X, �s0)
is T2 Cfts. Since r0 < s0 implies �r0 ⊃ �s0. So, (X, �r0) is T2 Cfts. Again we have
�(�̄) = 1 ∀ � ∈ I.
So, (X, �r0) is stratified level-T2 Chang fuzzy topological space. On the contrary
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l′ < r ⇒ ∧{r ∈ I0;A is N -compact in (X, �r)} < r0,
⇒ ∃ t0 ∈ I0 such that l′ < t0 < r0 and A is N -compact in (X, �t0) and since
�t0 ⊇ �r0 . So, A is N -compact in (X, �r0). So A is closed in (X, �r0)(by Theorem
2.17). This holds for every r0 satisfying l′ < r0 < k. Hence b = ∨{r ∈ I0;A is
closed in (X, �r)} ≥ k. i.e. ℱ� (A) ≥ k. j □

Proposition 4.6. Let X be a non-empty set, (Y, �) be a fuzzy topological space and
f : X → (Y, �) be an onto mapping and l ∈ (0, 1). Let � : IX → I, be defined by

�(A) =

⎧⎨⎩
1 if A = 0̃X or 1̃X
l + �(V )− 1 if A can be expressed as A = f−1(V ); for some V ∈ IY

such that �(V ) ≥ 1− l}
0 otherwise.

Then � is the smallest gradation of openness on X to make cont(f) = l.

Proof. O1. Follows from the definition of � .

O2. Let A1, A2 ∈ IX :

If at least one of A1, A2 is 0̃X or 1̃X then the case is obvious.
Now let A1, A2 be two proper fuzzy subsets of X. Then if at least one of
�(A1), �(A2) is 0 then the case also holds trivially.
So let A1, A2 be two proper fuzzy subsets which can be expressed as A1 =
f−1(V1) & A2 = f−1(V2) for some V1, V2 ∈ IY with �(V1), �(V2) ≥ 1− l.
So, A1 ∩A2 = f−1(V1)∩ f−1(V2) = f−1(V1 ∩ V2) and �(V1 ∩ V2) ≥ �(V1)∧
�(V2) ≥ 1− l.
So, �(A1 ∩A2) = l + �(V1 ∩ V2)− 1
≥ l + �(V1) ∧ �(V2)− 1 = (l + �(V1)− 1) ∧ (l + �(V2)− 1) = �(A1) ∧ �(A2)

O3. Let {Ai; i ∈ Λ} be a family of fuzzy sets in X. If either of the following two
cases
i) one of �(Ai) = 0, ii) �(∪i∈ΛAi) = 1 holds then O3 holds trivially.
So, let us consider the case when ∪i∈ΛAi ∕= 1̃X and �(Ai) ∕= 0, ∀ i ∈ Λ.
So, for each i ∈ Λ, Ai can be expressed as Ai = f−1(Vi) for some Vi ∈ IY
such that �(Vi) ≥ 1− l,
⇒ ∪i∈ΛAi = ∪i∈Λf

−1(Vi) = f−1(∪i∈ΛVi). Also �(∪i∈ΛVi) ≥ ∧i∈Λ�(Vi) ≥
1− l.
Hence �(∪i∈ΛAi) = l + �(∪i∈ΛVi)− 1
≥ l + ∧i∈Λ�(Vi)− 1
= ∧i∈Λ(l + �(Vi)− 1)
= ∧i∈Λ�(Ai)

To show that cont(f) = l consider the following cases:

1. Let V = 0̃Y or 1̃Y then 1− �(V ) + �(f−1(V )) = 1.
2. If V ∈ IY be such that �(V ) < 1− l then 1−�(V )+�(f−1(V )) > 1−1+ l+0 = l.
3. If V (∕= 0̃Y , 1̃Y ) ∈ IY be such that �(V ) ≥ 1− l then 1− �(V ) + �(f−1(V )) = l.

These three cases show that cont(f) = l.
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Then � is a gradation of openness (GO) on X such that cont(f) = l.
Lastly we have to show that � is the smallest gradation of openness to make
cont(f) = l. Let � be any gradation of openness on X such that cont(f) = l
then
i) obviously, �(0̃X) = �(1̃X) = 1.
ii) For A = f−1(V ) such that �(V ) ≥ 1 − l, 1 − �(V ) + �(f−1(V )) ≥ l,(since
cont(f) = l w.r.t. � and �)
⇒ �(A) ≥ l + �(V )− 1.
iii) For A = f−1(V ) such that �(V ) < 1 − l, then obviously �(A) ≥ �(A) = 0.
These three cases show the result. □

Example 4.7. Let X be a non-empty set and I be the unit closed interval [0, 1].
Let � : IX → I be defined by

�(A) =

⎧⎨⎩
1 if A = 0̃X or 1̃X
1
n if A = 1̃

n , (n ∈ ℕ-set of natural Nos.)
0 otherwise.

�(A) =

⎧⎨⎩
1 if A = 0̃X or 1̃X

0.2 + 1
n if A = 1̃

n , (n ≥ 2 and n ∈ ℕ -set of natural Nos.)
0 otherwise.

Then clearly � and � are gradations of openness on X.
Let f : (X, �) → (X, �) be the identity mapping . Then as we have �0.6 = {0̃, 1̃}
and �0.6 = {0̃, 1̃, 1̃

2}, so, f−1(�0.6) ∕⊆ �0.6.
Hence f is not a gradation preserving (gp) mapping.
Now to find the gradation of continuity of f we see that cont(f) = ∧V ∈IX{1 −
�(V ) + �(f−1(V ))}
= min{1− 0.2− 1

n + 1
n}

= 0.8

Example 4.8. Let U and T be the usual and lower limit topology on R respectively(R-
the set of real numbers).
Let � : IR → I be defined by
�(�A) = 1 if A ∈ U
= 0 otherwise,
where �A denotes the characteristic function of A.
Let � : IR → I be defined by
�(�A) = 1 if A ∈ U
= 0.5 if A ∈ T − U
= 0 otherwise.

Then � and � are gradations of openness (GO) on R and the identity map
f : (R, �)→ (R, �) is not a gp-map.
However cont(f) = ∧U∈R{1− �(V ) + �(f−1(V ))} = 0.5

Definition 4.9. Let (X, �), (Y, �) be any two fuzzy topological spaces with �, � as
gradations of openness on X,Y respectively. We define the gradation of mapping
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closedness of the mapping f : X → Y by C(f) = ∧U∈IX{1 − �̃(U) + �̃(f(U))},
where �̃ and �̃ are the gradations of closedness on X and Y respectively.

Definition 4.10. Let (X, �), (Y, �) be any two fuzzy topological spaces with � and
� as gradations of openness on X and Y respectively and f : X → Y be a mapping.
The pair (cont(f), O(f)) is called the homeomorphism grade of f and is denoted
by ℋ(f)

Proposition 4.11. Let (X, �), (Y, �) be any two fuzzy topological spaces with �, � as
gradations of openness on X,Y, respectively. Then a bijective mapping f : X → Y
has a gradation of mapping closedness l iff f has a gradation of mapping openness
l, where �̃ and �̃ are the gradations of closedness on X and Y respectively.

Proof. We have
C(f) = ∧V ∈IX{1− �̃(V ) + �̃(f(V ))}
= ∧V ′∈IX{1− �̃(V ′) + �̃(f(V ′))},
= ∧V ′∈IX{1− �(V ) + �̃(f(V ))′} (since f is bijective) ,
= ∧V ′∈IX{1− �(V ) + �(f(V ))},
= ∧V ∈IX{1− �(V ) + �(f(V ))}, = O(f). □

Proposition 4.12. Let (X, �) and (Y, �) be any two fuzzy topological spaces with
� and � as gradations of openness respectively and f : (X, �)→ (Y, �) be a mapping

with gradation of mapping closedness ≥ l iff for any U ∈ �̃1−r ⇒ f(U) ∈ �̃l−r, ∀ r <
l. i.e. f(�̃1−r) ⊆ �̃l−r, ∀ r < l.

Proposition 4.13. Let (X, �), (Y, �) be any two fuzzy topological spaces with �, �
as gradations of openness on X,Y respectively. Now if (X, �) is N1-compact and
(Y, �) is T2 with grade 1, where �(�̄) = 1 ∀� ∈ [0, 1] and f : X → Y is a bijective
mapping with grade of continuity l. Then ℋ(f) = (l,m), where m ≥ l.

Proof. Now there are two cases:

1. Let A be any fuzzy set having gradation of closedness r where l + r > 1.
Let 0 < s < r. Then (X, �s) is N -compact and A is closed in (X, �s). So by
Theorem 2.17 A is N -compact in (X, �s). Since A is N -compact in (X, �s) for
every s satisfying 0 < s < r. Hence A is N (1)-compact. So by Proposition 3.7
f(A) is N (≥l)-compact. i.e. f(A) is closed with grade ≥ l(by Proposition 4.5). i.e.
1−ℱ(A) + ℱ̄(f(A)) ≥ 1− r + l ≥ l.

2. l + r ≤ 1 then 1 − ℱ(A) + ℱ̄(f(A)) ≥ 1 − r ≥ l. i.e. in both cases 1 − ℱ(A) +
ℱ̄(f(A)) ≥ l. Now since A is arbitrary this relation holds for any A ∈ IX .
i.e. f has a gradation of mapping closedness ≥ l. i.e. f has a gradation of mapping
openness ≥ l.i.e. ℋ(f) = (l,m), where m ≥ l. □

5. Application

With topological spaces defined for design and manufacturing representation, it
is possible to investigate the mapping from the design space to the manufacturing
space. One of the most important properties of such a mapping is its continuity,
the crisp version of which might be failed because of the manufacturing process
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[25]. But under the fuzzy approach, introduced in this paper, where a gradation of
continuity is used and also topologies of domain and codomain spaces are fuzzified,
a theoretical background can be developed with soft reasoning which will be very
useful in this field.
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