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GRADATION OF CONTINUITY IN FUZZY TOPOLOGICAL
SPACES

R. THAKUR, K. K. MONDAL AND S. K. SAMANTA

ABSTRACT. In this paper we introduce a definition of gradation of continuity in
graded fuzzy topological spaces and study its various characteristic properties.
The impact of the grade of continuity of mappings over the N-compactness
grade is examined. Concept of gradation is also introduced in openness, closed-
ness, homeomorphic properties of mappings and 7> separation axiom. Effect
of the grades interrelated with N-compactness, closedness, T separation and
homeomorphism of mappings are studied.

1. Introduction

After the introduction of fuzzy topology by C. L. Chang [4] many authors
worked with this concept leading to the introduction of various types of fuzzy
topologies in the last four decades. Accordingly studies with different notions of
continuity of mappings over fuzzy topological spaces have been an interesting field of
investigation. We would like to mention in brief about some of the works which are
relevant to our work. But these are mostly related to ”crisp continuity” weaker or
stronger forms, suitably matching in the context of fuzzy topology. As continuity
is such a property of transformation which enables it to preserve some spatial
characteristics while transforming one space to another, it is a natural curiosity
to study how does the ”fuzziness of continuity” passes the information of spatial
characteristics under transformation. In this connection mention may be made of
M. Demirci [6], who has introduced a concept of continuity degree using grade of
membership relation of crisp point and a fuzzy subset via neighborhood operator.
Recently in 2007 A. M. Zahran et al [27] defines degree of continuity using M. S.
Ying [24] type fuzzifying topology involving crisp subsets. Studies on continuity
like structures over other types of fuzzy topological spaces have been made by many
authors. Recently, Cong-hua Yan and Jin-xuan Fang [23] has worked on L-fuzzy
Bilinear Operator and its Continuity.

The notions of the sets and functions in fuzzy topological spaces are highly
developed and are used in many practical and engineering problems, computational
topology for geometric design, computer-aided geometric design, engineering design
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research and mathematical sciences. The notion of continuity is an important
concept in general topology and fuzzy topology as well as in almost all branches of
mathematics and quantum physics. The importance of fuzzy topology in studying
quantum physics especially related to both string theory and €* theory has been
shown by Ms. El. Naschie [8, 9, 11, 12]. The topology of quantum space-time is
shadowed closely by the Mobius geometry of quasi-Fuschian and Kleinian groups
and that is the cause behind the phenomena of high-energy particle physics [8, 12].
Recently continuity of functions in the topological space has been investigated by
mathematicians and quantum physicists [3, 7, 9, 18] from the different points of
views.

In this paper we give a definition of gradation of continuity in graded fuzzy topo-
logical spaces and investigate the extent of preservation of some graded topological
properties under the influence of this graded continuity. Similarly we also intro-
duce definition of gradation of mapping openness and gradation of homeomorphism
and also show the properties of graded T5 space and graded N-compactness under
gradation of continuity.

2. Notation and Preliminaries

In this paper X denotes a nonempty set, I denotes the unit closed interval [0,1],
Iy denotes the set I — {0}, I denotes the set of all fuzzy subsets of X whereas
Pt(IX) denotes the set of all fuzzy points of X. 1x,0x denote the constant fuzzy
subsets defined by 1x(z) = 1, Vo € X and Ox(z) = 0, Vo € X respectively. A’
denotes the complement of A (i.e. A'(x) =1— A(x)).

Definition 2.1. [5] A function 7 : [¥ — [ is called a gradation of openness (GO)
on X if it satisfies the following conditions:

(01) : 7(0) =7(1) =1,

(02) : T(Al A\ AQ) > T(Al) /\’T(AQ), for Al,AQ c IX,
(03) : T( Viea Ai) > NieaT(A;) for any {Ai}iea CIY.
The pair (X, 7) is called a fuzzy topological space (fts).

Definition 2.2. [5] A function F : I* — I is called a gradation of closedness (GC)
on X if it satisfies the following conditions:

(C1) : F(0)=F(1) =1,
(CQ) : ]:(Al \/AQ) > f(Al) /\.7'—'(142)7 for Al,Az S IX,

(C3) - ]:(/\ZEA Ai) > NieaF(A;) for any {A;}ien CI%.
The pair (X, F) is called a fuzzy co-topological space.

Definition 2.3. [2] Let G : IX — I be a mapping satisfying
(GF1) : G(0) = 0; G(I) = 1,
(GFQ) : Q(Al AN AQ) Z Q(Al) N Q(AQ), V A1,A2 S IX,
(GF3) : G(B)>G(A) if ACB; A, BeI¥,

then G is said to be a generalized filter (g-filter) on I-X.
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The following (*) marked definitions and results can be deduced directly from
[15, 16] and [26] by choosing L = I, the unit closed interval [0,1].

Definition 2.4. * Let (X, F) be a fuzzy co-topological space with F as a GC on
X. For each r € Iy and for each A € I we define cl(A,r) = N{D € I* ; AC
D ; D € F.}, where F, ={C € IX ; F(C)>r}. ‘el is said to be fuzzy closure
operator in (X, F).

Definition 2.5. * Let (X, 7) be a fts with 7 as a GO on X. For each r € I and
for each A € I we define int(A,r) = V{D € IX ; AD D; D € 7.}, where
7 ={U € I ; 7(U) > r}. “int’ is said to be fuzzy interior operator in (X, 7).

Definition 2.6. * Let (X, 7) be a fuzzy topological space with 7 as a GO on X and
let Q : Pt(IX)x IX — I be a mapping defined by Q(p,, A) = V{7(U) ; p,GgU C A}.
Then @ is said to be a gradation of g-neighborhoodness on X, where p,qU holds if
Ulx)+p>1.

Proposition 2.7. * Let Q be a gradation of ¢-neighborhoodness in an fts (X, 7).
Then
(QN1> ; Q(p:m i) = 1aQ(p176) =0, Vp; € Pt(IX)7
(QN2) : Q(ps, A) < Q(ps, B) if A,BEIX, ACB

and Q(ps, A) < Q(s4, A), VA€ I* if p, <s,,
(QN3) : Q(pz, AN B) = Q(ps, A) AN Q(ps, B), ¥V p. € Pt(IX) & A, B € IX,
(QN4) - Q(px; A) > K

= 3B, € IX st p,4GB, C A& N{Q(ry,By); ry € Pt(IX); rygB,} > k.

Proposition 2.8. * Let Q : Pt(IX) x I — I be a mapping satisfying (QN1) -
(QN3) of Proposition 2.7. Let 7 : IX — I be defined by 7(A) = NMQ(ps, A); ps €
Pt(I*) & p.GA}. Then (X,7) forms an fts. If further the condition (QN4) of
Proposition 2.7 is satisfied by Q then the mapping Q : Pt(IX) x I — I defined by
Q(pz, A) = V{7(U) ; pGU C A} is identical with Q.

Proposition 2.9. * Let Q be a gradation of g-neighborhoodness in an fts (X, 1)
and 7 : IX — T be defined by 7(A) = ANMQ(ps, A); pr € PHIX) & pyGA} then T is
a GO on X and T =T.

Definition 2.10. * Let (X,7) be an fts and e € Pt(IX). The g-neighborhood
system of the fuzzy point e with respect to the Chang fuzzy topology 7., denoted
by Q.(e), is defined by Q,(e) = {U € I; 3V € 7, satisfying eV C U}.

Definition 2.11. [22] Let X be a nonempty crisp set. A fuzzy filter on I is a
non-empty family G of fuzzy subsets of X such that
i) 0¢g,
ii) G is closed under finite intersection,
iii) if B€ G & B C Athen A€ GVA, B e I¥.

Definition 2.12. [16] Let X be a nonempty crisp set. A nonempty subfamily .4 C
IX is called a filter base on IX, if 0 ¢ A and A is closed under finite intersection.
For a fuzzy filter base A on IX, define the fuzzy filter generated by A by 1+ A =
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{U € I*; 3V € A satisfying V C U}.

Let f: X — Y be any mapping then for any fuzzy filter G on IX the set f[G] =
{f(A); A € G} forms a filter base on IY. The fuzzy filter generated by f[G] is
called the image fuzzy filter of G and it is denoted by 1 f[g].

Definition 2.13. [26] Let (X,0) be a Chang fuzzy topological space (Cfts), A €
I*,® C I, a € I. Then ® is called an a-Q-cover of A, denoted by V®GA(«), if for
every a, € A, there exists U € ® such that «,qU. ® is called an open a-Q-cover of
A, if ® C § and ® is an a-Q-cover of A. By C IX is called a sub-a-Q-cover of @, if
dy C ¢ and Py is also an a-Q-cover of A. & is called an ™ -Q-cover of A, denoted
by V®GA(a), if there exists v < a such that ® is a v-Q-cover of A.

Definition 2.14. [26] Let ((X,6) be an Cfts, A € I’X. A is called N-compact,
if for every a € Iy, every open a-Q-cover of A has a finite subfamily which is an
a~-Q-cover of A. (X,0) is called N-compact, if 1x is N-compact.

Definition 2.15. [26] Let (X, 7) be a Cfts and a € Iy. Then (X, 7) is called a-T5, if
for every distinguished points x,y € X there exists U € Q(a,)(={U € IX : IP € 7
satisfying a,¢P C U}),V € Q(ay) such that U AV = 0.

(X, 7) is called level-Ty, if (X, 1) is a-Ty for every a € I.

Theorem 2.16. [26] Let (X,0) be a stratified (i.e. containing all constant fuzzy
subsets & Vo € 1) level-Ty Cfts and A be N-compact subset in (X,0). Then A is
closed in (X, 9).

Theorem 2.17. [26] Let (X, T) be a fuzzy topological space in the sense of Chang.
Also let A € I be N-compact, B € I be closed. Then AN B is N-compact.

3. Gradation of Continuity

By using Lukasiewicz’s technique, we define gradation of continuity of a mapping
over fuzzy topological spaces and studies some characteristic properties of such
gradation. A notion of gradation on IN-compactness in a fuzzy topological space
is introduced and combined effect of grades of continuity and N-compactness is
analyzed.

Definition 3.1. Let (X, 7) and (Y,6) be any two fts and f : (X,7) = (Y,9)
be a mapping. Then the gradation of continuity of f is defined by cont(f) =
Averr {1 =d0(V) +7(f~H(V))}

Proposition 3.2. Let (X,7) and (Y, ) be any two fts, and f: (X,7) — (Y,6) be
a mapping with T and § as gradations of openness on X and Y respectively. Then
cont(f) = Ayepr {1 — F(V) + F(f~1(V))}, where F and F are the gradations
of closedness on X and Y respectively, defined by F(A) = 1(A"), V Ae IX and
F(B)=6§(B"), VB eIY,

Proof. We have cont(f) = Ayepy {1 —0(V)+7(f~1(V))}

=Averr {1 =o(V)+7(f~1(V')}

=Averr {1 =F(V) +7([f7TV)])} [as f7HV) = [(f7H(V))]

=Aver {1 = F(V) +F(f~H(V))}. .
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Proposition 3.3. . Let (X,7) and (Y,d) be any two fts, and f : (X,7) — (Y,0)
be a mapping. Then for each l € I, the following statements are equivalent:

)cont(f)>l

) f7Y(61-r) STy, Vr €I, withr < 1.

) fHFi—r) € Fiop Vr € 1, with r < L.

) f_l(Qlfr(f( ) € Qir(e), Vrel, withr <l andV¥ e € Pt(IX)

where Q;_,(e) and Qlir(f( e)) be the g-neighborhood systems of e and f(e)
with respect to the Chang fuzzy topologies T, and 01—, respectively, defined
by Qi_.(e) ={U € IX; IV ern_, st eV CU} and Q, (fle)={U¢€
IY; 3V € 61—, such that f(e)gV C U}.
e) f(cl(A,l—7r)) Ccl(f(A),1—7r), VAecIX and Vr € I with r <I.
(f) f~(int(A,1—7)) Cint(f~Y(A),l—7r), VA IV andVr €I with r <.
(8) A {1-QUE.v)+Qe f V)] 21 where Q and Q are
(e,V)EPHIX)XIY
the gradations of g-neighborhoodness in (X, 1) and (Y, ) respectively.

Proof. (a) = (b):
We have Ayepy {1 —6(V)+7(f~1(V))} > L
=1-5(V)+7(f~Y(V) >, VYV eI,
=1-5V)>1l—-7(f~1(V)), vV el
So, 1-8(V)<r=1—7(fY(V))<r, VW eI¥ forr <lI.
ie. S(V)>1—r=7(f"t(V)>l—-rVVelI¥ forr <l
ie. Ved = fYV)en VW elI¥ withr <.
Hence (a) = (b) holds.

(0) = (a):
Let (b) hold.
If possible let Ay ey {1 —6(V) +7(f~H(V))} < L.
Then 3 W € I such that {1 — (W) + 7(f~1(W))} < I,
=1-6(W)<l—7(fY(W))}.
Then 3 r € Iy such that 1 — (W) <7 < —7(f~1(W)).
So §(W) > 1—rand 7(f~1(W)) < l—r which implies W € §;_,. but f~Y(W) & 7,_,
for some r < [, which is a contradiction.
Hence cont(f) > 1. So (b) = (a).

(b) < (c):
This results directly follows from the Proposition 3.2.

(b) = (d):
Let (b) hold.
Let A € f7(Q,_ (f(e)) where r(< I) € I. Then 3U € Q,_ (f(e)) such that
A= f~1U).
Now U € Qlir(f( )) = 3V € 61—, such that f(e)
= f7H(V) € iy (by (b)) and egf~1(V) € f7H(U).
= A=f"1(U) € Qi+ (e),
= f’l(Ql_r(f(e))) C Qi—-(e). So the proof follows.
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(d) = (b):
Let A € f~1(61_,) where r € I with 7 < 1. Then 3V € 6;_, such that A = f=(V).
If A= 0x then obviously 4 € 7,_,.
Solet A= f~1(V) # 0x.
Take any a, € Pt(IX) such that a,gf~1(V). Then a(x)qV where V € 61,
=Ved  (fla)),
= f7HV) € Qi—r(az) (by (d)).
So f7Y(V) € Qi_r(a) YarGf (V). Thus for each aGf~1(V), IW,, € 11—, such
that a,GW,, C f~1(V).
So f~YV)emn_,ie A€m_,.
Hence f~1(6;_,) € 7,_, and this is true for all r < I, so the proof follows.
(b) = (e):
Let (b) hold.
Let A={D e I*;D € F_, & A C D} where F;_, = {C € I; F(C) > | —r} and
B={DelI¥;De Fi_, & f(A) C D} where Fy_, ={C € IY; F(C) >1—r}.
So cl(A,l —r)=AAand c(f(A),1 —r) = AB.
Let De Bie. D€ F_, & f(A) C D,
= [7H(D) € Fioy (by (0) & 17f(4) € fA(D),
= JN(D) € Fiy & AC §1(D) (since A C f1f(4)),
= YD) e A.
Hence A D f~1(B).
Clearly F;_, is closed under arbitrary intersection. So cl(f(A),1 —r) € B. Hence
P (A) 1 7)) € A
= cl(A,l—7r) C fHc(f(A),1—1)),
= f(c(A,1—7)) C f(f~Hcl(f(A), 1 —71))) Ccl(f(A),1—r). Hence (e).
(e) = (a):
Let (e) hold.
If possible let cont(f) < lie. Ayep{1—=386(V)+7(f1(V))} <L
Then 3V € IY such that 1 —§(V) +7(f~1(V)) <,
=1—7(f7H (V) >1-4(V),
= Jr € Iy such that | — 7(f~1(V)) >r > 1-§(V),
=7(fY(V)<l—rand §(V) > 1—r.
Let Ve =W.
Then we have F(f~*(W)) < l—r, and F(W) > 1—r [since f~1(Ve) = {f~1(V)}9],
= c(f~*(W), l—r) D (#£)f~H(W) and cl(Wl—r):W.
ie 3y, € cl(fH(W),l —r) but v, & f~H(W),
= Wi=r@) € F(fH (W), 1 =r)) but v, € W f(1x)(= ff7H(W)).
ie. f(el(fH(W),l=7) D (FF(fHW) =Wnf(lx)=c(W.1-r)Nf(lx)
Ce(ff71(W),1—r)n f(1x).
ie. f(el(f~1(W),1=7)) D (F)(ff~H (W), 1-7)N f(1x),
= I, € f(lx) such that v, € f(cl(f~*(W),l—7)) but v, € cl(ff~ (W), 1 —7r)N
f(lx),
= Iy, € f(lx) such that v, € f(cl(f~Y(W),l —7)) but v, & cl(ff~1(W),1—7),
which contradicts (e). Hence cont(f) > 1.
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(a) = (f):
Suppose (a) hold and if possible let f~1(int(A,1—r) € int(f~1(A),l —r) for some
Ael”.
Then there exists « € Iy and z € X such that f=!(int(A,1 —7))(z) > a >
int(f~H(A),1 = r)(x),
= a, € f71(int(A,1 —r)) and

ap & int(fHA), 1 —1), (1)

Now a, € f~1(int(A, 1 —r)),
= oy € int(A,1 —r) where y = f(x).
Again int(A,1 —r) € §;_,. So taking W = int(A,1 —r) we have

§(W)>1—rand a, € f~ (W) C f7'(A). (2)

From (1) we have ay, & int(f~1(A),l —r) =U{U € 11—, : f~1(A) D U},
which shows that V U € IX with a, € U C f~1(A) = 7(U) <1 —r.
This condition holds for U = f~1(W),

Hence we have,

T(f7H W) <1 —r. (3)

From (2) and (3) we have | — 7(f~Y(W)) >r > 1—§(W),

=1-6(W)+7(f~1(W)) <= cont(f) <, which is a contradiction.

Hence f~1(int(A,1—r)) Cint(f~1(A),l —r).

(f) = (a):

Suppose (f) hold.

Then we have to show that Aycpy {1 —6(V)+7(f~1(V))} > 1.

If possible let Ayepv {1 —6(V) +7(f~2(V))} < L.

Then 3V € IY such that 1 —§(V) +7(f~1(V)) <,

=1-6(V)<r<l—7(f~%V)) for some r € I,

=0(V)>1—rand 7(f~1(V)) <l—r,

= int(V,1—r) =V and int(f~1(V),l —r) C (#)f (V).

So, int(f~1(V),l —r) C (#)f (V) = f~(int(V,1 — r)), which contradicts our

assumption.

Hence cont(f) > 1.

(t) = (9)

Suppose (b) hold and if possible let /\ {I—Q(f(e), V)+Q(e, ffl(V))} <l
(e,V)EPt(IX)xIY

Then there exists (€2, V) € Pt(I*)xI" such that 1-Q(f(e"), VO)+Q(e°, f~1(V?)) <

l.

e, 1— QUI(E), V) < 1— Q(e2, f1(V9)),

= 3r € I such that 1 — Q(f(e"), V%) <r <1—Q(e", f~H(V)

i.e. 3r € Iy such that Q(f(e?),V?) >1—rand Q(e%, f~1(V?) <l —r.

Now Q(f(€°),V?) > 1 —r,

= V{§(U); f(egU Cc V} >1—r,
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= 3UY € IV such that f(e®)qU° Cc V° and 6(U°) > 1 —r.
= JUY € IV such that %Gf~1(U°) C f~1(V?) and 7(f~1(U°)) > 1 — r[by (b)].

Again Q(¢0, fL(V) <11,
= V{1(U);eqU C f7{(VO} <l—r,
= YU € I* satisfying e%GU C f~1(V?), we have 7(U) < [ — r, which contradicts
the condition (4). Hence (b) = (g).
(9) = (b):
Suppose (g) hold and if possible let 3 7 € Iy such that r <l and f~1(81_,) 7.
Then 3V € §;_, but f~1(V) &7,
=§V)>1—rbut 7(f~H(V)) <l—r.
Now 7(f~Y(V)) <l—m,
= MQ(e, f~H(V));e € PHIX) & eqf~1(V)} < | — r.(from Proposition 2.9) So
J €% € Pt(IX) such that °¢f~1(V) and Q(e°, f~1(V)) <1 —r. (5)

(4)

Again (V) >1—r,
= NQ(e,V);e € Pt(IY) & eqV} > 1—r,
= Q(e,V)>1—rVee Pt(I") with egV. As ®Gf =" (V) = f(e”)qV, so Q(f(e°),V) >

1—r,

= 1-Q(f(e),V) <. (6)
From (5) and (6) we have 1 — Q(f(€"), V) + Q(e”, f~1(V)) <7+ 1 —r =1, which
is contradictory to (g). Hence (g) = (b). O

Definition 3.4. Let (X, 7) be an fts, G C IX be a fuzzy filter on X, e € Pt(I¥).
Then e is called a cluster point of G with grade I, denoted by Goole iff I’ = A{r €
In:UNA#0, VU € Q,(e) and VA € G}.

And e is called a limit point of G with grade [, denoted by G —! e, iff I’ = A{r €
IO : Qr(e) g g}

Proposition 3.5. Let (X,7) and (Y,d) be any two fuzzy topological spaces and
f:(X,7) = (Y,0). Then the following two statements are equivalent:
(a) cont(f) >1 for some 1€ Iy.
(b) For any fuzzy filter base A in (X,7) and e € PHIX),+ A =™ e = f[A] =
f(e) for some m,k € Iy with k > 1+ m — 1( provided [ +m > 1).

Proof. (a) = (b): Suppose (a) hold. Let Q,(e) and Qr(f(e)) be g-neighborhood
systems of e and f(e) with respect to the Chang fuzzy topologies 7. and 9,
respectively. Let A be a fuzzy filter base in (X,7) st. 1 A —=™ e for some
e € Pt(IX) and f : (X,7) — (Y,0) be a mapping with cont(f) > I, where
l+m>1

As T A =™ e means m' = A{s € Ip; Qs(e) CT A}

Also, I +m > 1= m’ <. So, 3s € Iy such that s < [ and Q,(e) C1 A.

Let r =1 — s, then Ql_r(e) Ct A

Then V € Ql_r(f(e)) = f~1(V) € Q;_(e)(by Proposition 3.3(d)) = f~1(V) et
A [as Qi—(e) CT A].

= 3A € A such that f~1(V) D A.
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= fA)Cff I (V)SV=VefrA.
So Q,_ (f(e)) <1 fIA].
fe. if Qu(e) C A then @, . (£(e)) 1 J1 A,
i.e. T A — e with respect to 7y,
=1 f[t A] — f(e) with respect to d1_;4.
Let Ay = {t € Ip;T A — e with respect to i} and Ay = {t € In; T f[T Al — f(e)
with respect to 0;} thus s € Ay = 1—1+ s € A,.
Let m' = /\{t € Iyt e Al} and k' = /\{t € Iyt e AQ}
We shall now show that £’ <1 —-14+m'.ie. k>1+m —1.
If possible let &' > 1 —1+m'=m/ <l+k' —1,
= there exists p € Ay such that m’ <p <l+ k' — 1.
Nowp<l+k —1=kK >1-1l4+p=1—1+p¢& Ay, which is a contradiction.
Hence if + A —™ e then 1 f[t A] =" f(e) where k > [ +m — 1.
(b) = (a): Suppose (b) hold. If possible let Aycpv {1 —8(V)+7(f~1(V))} <.
Then there exists W € IY such that 1 — §(W) + 7(f~1(W)) <,
= 7(f7Y(W)) < §(W) +1—1= 3k, ke € Iy such that 7(f =1 (W)) < ky < ko <
(W) —1.
Now 7(f~*(W)) < ki,
= MQ(e, f7H(W));e € Pt(IX) & eGf ~1(W)} < ki, [by Proposition 2.9]
= Je¥ € Pt(IX) such that e%Gf =1 (W) and Q(e°, f~LH(W)) < k;.
Again Q(e%, f1 (W) < k1 = V{7(U);e0qU C f~1 (W)} < k1.
SoVU€I* 7(U)>ky and °qU = U € f~1(W),
= f_l(W>~€ Qk1 (60)?
=W & f(Qk, (), for some €® € Pt(I¥). (7)

Again §(W) > ky +1" and f(e%)gW ,(since e®Gf (W)
=WeQ, .(f(e). (8)

By (7) and (8) we have f(Qx, (¢") 2 @, (f(e")).

This means if 7 f[1 Qx, (¢°)] = f(e°) then k' > ky + ',

Again Qg (€°) is a fuzzy filter and by definition Q, (€°) —™ €° then m/ < k.
Hence k' > ko +U > ki +U!' >m' + 1

=k<(m+1) =(2-m-1) =1+m—1, which is a contradiction. Hence the
result. O

Definition 3.6. In a fts (X, 7) a fuzzy subset A is said to be N-compact of grade
m, if m’ = A{r € Iy; A is N-compact in (X, 7,.)}, symbolically we say A is N™-
compact.

Proposition 3.7. Let (X,7) and (Y,d) be any two fuzzy topological spaces and
f:(X,7) = (Y,9) be a mapping with gradation of continuity I. If A be any fuzzy
subset of X with m as gradation of N-compactness such that l +m > 1, then f(A)
is N-compact with gradation > 1+ m — 1, i.e. if A is N™-compact then f(A) is
NEHm=D _ compact.
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Proof. Let A be N™-compact and if possible let f(A) be Nt-compact where t <
l+m—1.

Then we have t' = A{r € Ip; f(A) is N-compact in (Y,d,)},

= (l4+m—1) < AN{r e Iy; f(A) is N-compact in (Y,d,)},

= ds € Iy such that {+m —1) =2—(I+m) < s < AM{r € Iy; f(A) is N-compact
in (Y,6,)}. So, f(A) is not N-compact in (Y, ;).

Let k=1—s. Then s =1—k and f(A) is not N-compact in (Y, d1_g).

So there exists a a € Iy and Ja-Q-cover ¢(C d1_k) of f(A) such that no finite
sub-collection of ¢ is an a™-Q-cover of f(A).

Let ¢ = {f~%(V); V € 4}. Then by Proposition 3.2 (b) ¢ C 7;_j. Then clearly ¢ is
an a-Q-cover of A. Now we show that no finite sub-collection of ¢ is an a~-Q-cover
of A.

If possible let ¢g = {f~1(Vi),i =1,2,3........ n} be a finite sub-collection of ¢ which
is an a~-Q-cover of A.

Then 3y < « such that VgogA(y).

Take A such that v < A < a. Now for every A\, € f(A), by definition we have
A< f(A)(y) = V{A(x) : © € X,y = f(z)}. Since v < A, 3 = € X such that
f(z) = y,z, € A. Since VgoGA(7), 3 i < n such that z,Gf~(V;). That is to say,
v > (F7HVA) (@) = fH V) (@) = Vi (f () = V] (y).

By v < A, we have \y¢V;. So ¢ = {V; : i = 1,2,3,..n} is an open A-Q-cover of
f(A) and hence an a~-Q-cover of f(A) which is a contradiction.

Hence A is not N-compact with respect to 7j_;. i.e. m' >l —k=1—-m>1—k,
=1-m>1l—-1+s,

= s <2 —1[—m, which is a contradiction. Hence the result follows. Il

4. Gradation of Mapping Openness

In this section concept of gradations are introduced in openness, closedness and
homeomorphic properties of mappings and their properties are studied. Problem
of defining initial fuzzy topology through a mapping f under this graded situation
is considered and it is shown that corresponding to a preassigned value [ € (0,1]
there exists an initial fuzzy topology with respect to which the grade of continuity
of fisl. Apart from this a gradation in the 75 separation axiom is also introduced
and the famous result that every continuous function from a compact space to a
Ts-space is homeomorphism, has been fuzzified under this graded form.

Definition 4.1. Let (X, 7), (Y, d) be any two fuzzy topological spaces with 7 and
0 as gradations of openness on X and Y respectively. We define the gradation of
mapping openness of the mapping f : X — Y by O(f) = Ayerx{min{l,1—7(U)+
S(fUN} = Averx{1 —7(U) +6(f(U))}.

Proposition 4.2. Let (X, 7) and (Y,0) be any two fts, and f: (X,7) — (Y,d) be
a mapping. Then for each l € I, the following statements are equivalent:

(a) O(f) = 1.

(b) f(ri—r) C 61—p,¥r € I, with r <.

(c) f(int(A,1—7)) Cint(f(A),l—7), Yr<landV AcIX.
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(d) f(@l_r(px)) - Ql_r(f(px)), Vr <1 & Vp, € Pt(IX), where Ql_,«(pgc) and

szr(f(pw)) are the g-neighborhood systems of p, and f(p,) with respect to
Chang fuzzy topologies 11—, and §;_, respectively.

Proof. (a) < (b):
In fact I < Ayerx {1 —7(V)+8(f(V))},
S1-—7(V)+6(f(V)>1, VYV eTIX,
S1-7V)>1-8(f(V)), VYV eIX,
& 1—7(V)<rimpliesl —§(f(V))<r, VV €I¥, Vrel0l).
< 7(V)>1—rimplies 6(f(V)) >1—r, VV € I* and Vr € [0,1),
&V ern_, implies f(V) € §_,, YV € I*X and Vr € [0,1).
(b) = (¢):
Suppose (b) holds.
We have to show that f(int(A,1—7r)) Cint(f(A),l —r),¥Yr <landV A € IX.
If possible, let f(int(A,1 — 1)) € int(f(A),l —r) for some r < [ and for some
AeTIX.
Then 3 y € Y such that f(int(A4,1 —r))(y) > a > int(f(A),l —r)(y).
Now f(int(A,1—7))(y) > a,
= Supyep-1(y1int(A, 1 —7r)(z)} > a,
= Jx € f~!(y) such that int(4,1—r)(z) > a.
ie. 3z € f~1(y) such that sup{U(z);U € 11—, and A D U} > «a,
= 3 Uy € 11—, such that Up(xz) > a and Uy C A.
ie. Uy € 11—, and a, € Uy C A for some z € f~1(y). (9)

Again o > int(f(A4),l —r)(y),
= a > sup{V(y);V € é_, and f(4) DV},

=V(y) <a,VVed_, withV C f(A) (10)
From (9), we have Uy € T1—r. So by (b), f(Up) € 6;—r. Again o, € Uy C A implies
ay € f(Uy) € f(A), which is contradictory to (10). Hence f(int(A,1 — 1)) C
int(f(A),l —r), V7“<landVAEIX.

(¢) = (a):

Assume (c¢) holds. If possible, let (a) does not hold.

Then | > Ayerx {1l —7(U) +8(f(U))},

= 3 W € I¥ such that 1 —7(W) + §(f(W)) <,

= L—7(W) <1=4(f(W)),

= Ja € lpsuch that 1 —7(W) < a <1 —4§(f(W)),

=7W)>1—aand 6(f(W)) <l —a,

=We Tl—a and f(W) g 6l—o¢a

= (W1 — o)) = (W), but int(F(W), 1 - a) C (A)f(W),

= int(f(W),l—a) C (#)f(int(W,1 —«)), which contradicts (c¢). Hence (c) = (a).
(b) = (d): )

Suppose (b) holds. Choose any r < [ and any p, € Pt(IX). Let U € Q1_,(pz)-

Then 3V € 71—, such that p,¢V C U and hence f(p,)¢f(V) C f(U).

Now from (b), f(V) € §—, sof(U) € Ql,r(f(]?m))'
Hence f(Q1-r(px)) € Q,_ (f(p2)), ¥r <1 & Vp, € PHIX).
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(d) = (b):
Suppose (d) holds and let V € 7 _, with r < [.
If V = Ox, then obviously f(V) =0y € &_,. Let V # Ox, then f(V) # Oy.
So Jyo € Y such that f(V)(yo) > 01ie (f(V)) (yo) <1,
= Ja € Ij such that (f(V)) (yo) < o < 1. ie. oy G f (V).
Now for each a,¢f(V'), we have o > (f(V)) () i.e. & < f(V)(y),
=o' <V{V():€e ()}
= 3z € f~(y) such that o/ < V(z),
= a,qV.
So, azGV and Ver_, =V e Ql_r(aw).
Then by (@), (V) €Q,_, (F(exr).
= 3W € §,_, such that a,¢W C f(V). This shows that for each a,gf(V),3IW €
di—r such that a,¢W C f(V), and this is true Vy with f(V)(y) > 0 and for all «
satisfying (f(V))'(y) <a < 1. So f(V) = Va,5:( )W = f(V) € b1
Hence f(711-y) C 01—, Vr <. O

Definition 4.3. Let (X, 7) be a fuzzy topological space with 7 as gradation of
openness then (X, 7) is said to be Ty space with grade [ if | = V{r € I;(X,7,.) is a
Ty Cfts}. Symbolically this is written as TQ(l).

Proposition 4.4. Let (X, ) be an fts which is N'-compact and A be a fuzzy subset
such that F.(A) =k >1'. Then A is N -compact, where F,(A) = 7(A’).

Proof. We have I’ = A{r € Iy; (X, 7,) is N-compact }.

Let rg € Iy such that I’ < rg < k.

Then ro > A{r € Ip; (X, 7,) is N-compact},

= 3 s € I such that rg > s and (X, 75) is N-compact.

Asrog>s= 7, CTs.

So (X,7) is N'-compact = (X, 7,,) is N-compact. Also F,(A) > ro means A is
closed in N-compact space (X, 7).

So, A is N-compact in (X, 7., )(by Theorem 2.17). i.e. for any ro with I’ < rg <k,
we have A is N-compact in (X, 7). (11)

Now let o' = A{r € Ip; A is N-compact in (X, 7,.)}.
i.e. a is the gradation of compactness of A.
Soa’ <l'ie. Ais NEY compact. Hence the proof. O

Proposition 4.5. Let (X,7) be an fts such that 7(&) = 1 Va € [0,1]. Let (X, 7)
be To'® where k > 0 and A be a fuzzy subset of X which is N compact, where
>k . Then F.(A) > k.

Proof. We have k = V{r € Iy; (X, 7,) is a T Chang fts}.

"= N{r € Ip; A is N-compact in (X, 7,)}.

Let rg € Iy be such that I’ < rg < k. Then Jsp € I such that ro < sg and (X, 7,)
is Ty Cfts. Since rg < so implies 7, D Ts0. So, (X, 7.,) is To Cfts. Again we have
T(@)=1Vael.

So, (X, 7,,) is stratified level-To Chang fuzzy topological space. On the contrary
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I'<r= A{rely;Ais N-compact in (X,7,)} < ro,

= J to € Iy such that I’ < typ < 9 and A is N-compact in (X,7,) and since
Tty 2 Try- 90, A is N-compact in (X, 7). So A is closed in (X, 7,)(by Theorem
2.17). This holds for every rq satisfying I’ < ro < k. Hence b = V{r € Ip; A is
closed in (X, 7,.)} > k. i.e. F-(A) > k. ] O

Proposition 4.6. Let X be a non-empty set, (Y,0) be a fuzzy topological space and
f:X — (Y,0) be an onto mapping and 1 € (0,1). Let 7 : I — I, be defined by

1 if A= ()X or iX

I+6(V)—1 if A can be expressed as A= f~1(V); for some V € IV
such that 6(V) >1—1}

0 otherwise.

7(4) =

Then 7 is the smallest gradation of openness on X to make cont(f) = 1.

Proof. O1. Follows from the definition of 7.
02. Let Ay, Ay € IX:

If at least one of A1, As is Ox or 1x then the case is obvious.

Now let A, A3 be two proper fuzzy subsets of X. Then if at least one of
7(A1),7(Az2) is 0 then the case also holds trivially.

So let Ay, As be two proper fuzzy subsets which can be expressed as A; =
f71(W1) & Ay = f=1(Va) for some Vi, Vo € IY with §(V1),8(Va) > 1 — L.
SO, Ai1NAy = ffl(Vl) n fﬁl(‘/g) = fﬁl(Vl N ‘/2) and (5(V1 n VQ) > (5(‘/1) A\
(Vo) >1-—1.

So, T(Al ﬂAg) :l—l-(S(Vl ﬂVg) -1

>1+0(Vi)AS(Va) —1=(1+0(V1)—1)A(1+6(Va)—1) =7(A1) AT(A2)

03. Let {A;;¢ € A} be a family of fuzzy sets in X. If either of the following two
cases
i) one of 7(4;) = 0, ii) 7(UijeaA;) = 1 holds then O3 holds trivially.
So, let us consider the case when U;cpa A; # 1x and 7(A;) #0, Vi € A.
So, for each i € A, A; can be expressed as A; = f~1(V;) for some V; € IV
such that 6(V;) > 1 —1,
= Uiead; = UieafH(V;) = F7H(UieaVs). Also 6(UieaVi) > Niead(Vi) >
1-1.
Hence 7(UjepAi) =1+ 0(UieaV;) — 1
>+ Niead (V) =1
= Niea(l +6(Vi) — 1)
= /\ieAT(Ai)
To show that cont(f) =l consider the following cases:
1. Let V =0y or 1y then 1 — §(V) +7(f~4(V)) = 1.
2. IfV e I~Y be such that §(V) < 1—1 then 1=3(V)+7(f~1(V)) > 1-1+14+0 =L
3. If V(# 0y, 1y) € IY be such that 6(V) > 1 —1then 1 —§(V)+7(f~1(V)) =L
These three cases show that cont(f) = .
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Then 7 is a gradation of openness (GO) on X such that cont(f) =1.

Lastly we have to show that 7 is the smallest gradation of openness to make
cont(f) = 1. Let o be any gradation of openness on X such that cont(f) = I
then

i) obviously, 0(0x) = o(1x) = 1.

ii) For A = f~Y(V) such that §(V) > 1 —1,1 — (V) + o(f~1(V)) > I,(since
cont(f) =1 w.r.t. o and )

=o0(A)>1+6V)-1

iii) For A = f~1(V) such that 6(V) < 1 — I, then obviously o(A4) > 7(A) = 0.
These three cases show the result. (I

Example 4.7. Let X be a non-empty set and I be the unit closed interval [0, 1].
Let 7 : I*X — I be defined by

1 if A=0x or 1y
T(A) =¢ L if A= % , (n € N-set of natural Nos.)
0 otherwise.
1 if A=0x or 1x
I(A) = 0.2+ % if A= %, (n > 2 and n € N -set of natural Nos.)
0 otherwise.

Then clearly 7 and § are gradations of openness on X. o
Let f: (X,7) = (X,6) be the identity mapping . Then as we have 796 = {0,1}
and 6.6 = {0,1, 3}, so, f~'(d0.6) Z To.6-

Hence f is not a gradation preserving (gp) mapping.

Now to find the gradation of continuity of f we see that cont(f) = Ayerx{l —
S(V)+7(/~ (V)

=min{l —02-1+1}

=0.8

Example 4.8. Let I/ and T be the usual and lower limit topology on R respectively (R-
the set of real numbers).
Let 7 : I — I be defined by
T(pa)=1if Acl
= 0 otherwise,
where 114 denotes the characteristic function of A.
Let 6 : I® — I be defined by
o(ua)=1ifAel
=05ifAeT -U
= 0 otherwise.
Then 7 and ¢ are gradations of openness (GO) on R and the identity map
f:(R,7) = (R,d) is not a gp-map.
However cont(f) = Aver{l —06(V)+7(f~1(V))} =0.5

Definition 4.9. Let (X, 7), (Y, ) be any two fuzzy topological spaces with 7,d as
gradations of openness on XY respectively. We define the gradation of mapping
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closedness of the mapping f : X — Y by C(f) = Ayerx{1 —7(U) + S(FONY,
where 7 and ¢ are the gradations of closedness on X and Y respectively.

Definition 4.10. Let (X, 1), (Y,0) be any two fuzzy topological spaces with 7 and
¢ as gradations of openness on X and Y respectively and f : X — Y be a mapping.
The pair (cont(f),O(f)) is called the homeomorphism grade of f and is denoted

by H(f)

Proposition 4.11. Let (X, 7),(Y,0) be any two fuzzy topological spaces with 7,0 as
gradations of openness on X,Y, respectively. Then a bijective mapping f : X —Y
has a gradation of mapping closedness | iff f has a gradation of mapping openness
I, where 7 and 6 are the gradations of closedness on X and 'Y respectively.

Proof. We have 3

C(f) =rver{1 =7(V) +(f(V))}

= Avrerc {1 =7(V') +3(f(V'))},

= Ayrerx{1 = 7(V) 4+ 0(f(V))'} (since f is bijective) ,

= Avrerx {1 =7(V) +6(f(V))},

= Averx{1=7(V) +4(f(V))}, = O(f). O

Proposition 4.12. Let (X,7) and (Y,0) be any two fuzzy topological spaces with
7 and § as gradations of openness respectively and f : (X,7) — (Y,0) be a mapping
with gradation of mapping closedness > 1 iff for any U € 71—, = f(U) € o1, V7 <
I ie. f(F1_y) Co_p, Y1 <1L.

~— —

Proposition 4.13. Let (X,7),(Y,0) be any two fuzzy topological spaces with T,0
as gradations of openness on X,Y respectively. Now if (X,7) is N'-compact and
(Y,0) is Ty with grade 1, where §(a) =1 Va € [0,1] and f: X = Y is a bijective
mapping with grade of continuity I. Then H(f) = (I,m), where m > 1.

Proof. Now there are two cases:

1. Let A be any fuzzy set having gradation of closedness r where [ + r > 1.
Let 0 < s < r. Then (X,75) is N-compact and A is closed in (X, 7). So by
Theorem 2.17 A is N-compact in (X, 75). Since A is N-compact in (X,7,) for
every s satisfying 0 < s < r. Hence A is NM-compact. So by Proposition 3.7
f(A) is NZY-compact. i.e. f(A) is closed with grade > I(by Proposition 4.5). i.e
1—FA)+F(f(A))>1—r+1>1.

2. l+7 <1then1— F(A) + F(f(A)) >1—r>1 ie. in both cases 1 — F(A) +
F(f(A)) > 1. Now since A is arbitrary this relation holds for any A € I¥.

i.e. f has a gradation of mapping closedness > [. i.e. f has a gradation of mapping
openness > l.i.e. H(f) = (I,m), where m > . O

5. Application

With topological spaces defined for design and manufacturing representation, it
is possible to investigate the mapping from the design space to the manufacturing
space. One of the most important properties of such a mapping is its continuity,
the crisp version of which might be failed because of the manufacturing process
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[25]. But under the fuzzy approach, introduced in this paper, where a gradation of
continuity is used and also topologies of domain and codomain spaces are fuzzified,
a theoretical background can be developed with soft reasoning which will be very
useful in this field.
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